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Abstract

There is a model of ZF with a A} definable Hamel bases in which AC,, (R)
fails.

Answering a question from [9, p. 433] it was shown in [1] that there is a Hamel
basis in the Cohen—Halpern—Lévy model. In this paper we show that in a variant
of this model, there is a projective, in fact A}, Hamel basis.

Throughout this paper, by a Hamel basis we always mean a basis for R, construed
as a vector space over Q. We denote by E the Vitali equivalence relation, xEy iff
x—y € Q for z, y € R. We also write [z]g = {y: yEz} for the E—equivalence class
of z. A transversal for the set of all E—equivalence classes picks exactly one member
from each [z]g. The range of any such transversal is also called a Vitali set.

A set A C Ris a Luzin set iff A is uncountable but A N M is at most countable
for every meager set M C R. A set S C R is a Sierpiriski set iff S is uncountable
but S N N is at most countable for every null set N C R (“null” in the sense of
Lebesgue measure). A set B C R is a Bernstein set ifft BN P # () # P\ B for every
perfect set P C R. A Burstin basis is a Hamel basis which is also a Bernstein set.
It is easy to see that B C R is a Burstin basis iff B is a Hamel basis and BN P # ()
for every perfect P C R.

By AC, (R) we mean the statement that for all sequences (4,,: n < w) such that
0 # A, C R for all n < w there is some choice function f: w — R, i.e., f(n) € A,
for all n < w.

D. Pincus and K. Prikry study the Cohen-Halpern-Lévy model H in [9]. The
model H is obtained by adding a countable set of Cohen reals (say over L) without
adding their enumeration; H does not satisfy AC,(R). It is shown in [9] that there
is a Luzin set in H, so that in ZF, the existence of a Luzin set does not even imply
AC,(R). [1, Theorems 1.7 and 2.1] show that in H there is a Bernstein set as well
as a Hamel basis. As in ZF the existence of a Hamel basis implies the existence of
a Vitali set, the latter also reproves Feferman’s result (see [9]) according to which
there is a Vitali set in H.

Therefore, in ZF the conjunction of the following statements (1), (3), and (5)
(which in ZF implies (4)) does not yield AC,(R).

1
2

3
4

There is a Luzin set.
There is a Sierpinski set.
There is a Bernstein set.
There is a Vitali set.

(1)
(2)
(3)
(4)
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(5) There is a Hamel basis.
(6) There is a Burstin basis.

(2) is false in H, see [1, Lemma 1.6]. We aim to prove that in ZF, the conjunction
of all of these statements does not imply AC, (R), even if the respective sets are
required to be projective. What we have at this point is:

Theorem 0.1 There is a model of ZF plus —~AC,(R) in which the following hold
true.

(a) There is a A Luzin set.
(b) There is a A} Sierpiriski set.
(c) There is a A} Bernstein set.

(d) There is a A} Hamel basis.

1 Jensen’s perfect set forcing, revisited.

In what follows, we shall mostly think of reals as elements of the Cantor space “2.
We shall need a variant of the Cohen-Halpern-Lévy model. In order to construct
our model, we need to introduce a variant of Jensen’s variant of Sacks forcing, see
[6] (see also [7, Definition 6.1]), which we shall call P. The reason why we can’t work
with Jensen’s forcing directly is that it does not seem to have the Sacks property
(see e.g. [2, Definition 2.15]).

By way of notation, if Q is a forcing and N > 0 is any ordinal, then Q(N)
denotes the finite support product of N copies of Q, ordered component-wise. In
this paper, we shall only consider Q(N) for N < w. If a is a limit ordinal, then <,
denotes the canonical well-ordering of .J,,, see [10, Definition 5.14 and p. 79],! and
<r=U{<y,: ais a limit ordinal }.

Let us work in L until further notice. Let us first define (g, fe: £ < wr) as
follows: ¢ = the least o > sup({B¢: £ < &}) such that Jo = ZFC™,? and ¢ =
the least 8 > ag such that p,(Jg) = w (see [10, Definition 11.22]; p,,(Jg) = w is
equivalent with P(w) N Jagyw & Jg).

We shall also make use of a sequence (fe: § < w) which is defined as follows.
Let ( fg: ¢ < w) be defined by the following trivial recursion: f_g be the <p-least
f such that f € (“Ju, N Jw,) \ {fe: £ < &} Then if m denotes the Godel pairing
function, see [10, p. 35], we let fr((¢, ¢,)) = fe,. We will then have that fe € Jo, for
all ¢, and for each f € (“J,, N Ju,) the set of { such that f = f¢ is cofinal in ws.

Let us then define (P¢, Q¢ : £ < wy). Bach P¢ will consist of perfect trees T C <“2
such that if T € Pe and s € T, then T, = {t € T: t C sV s C t} € P¢ as well.? Each
P will be construed as a p.o. by stipulating 7' < T” (T “is stronger than” T”) iff
T CT'. We will have that P¢ € J,, and Pg C P¢ whenever E<E<uw.

IThe reader unfamiliar with the J -hierarchy may read L. instead of Jg.

2Here, ZFC~ denotes ZFC without the power set axiom. Every J, satisfies the strong form of
AC according to which every set is the surjective image of some ordinal.

3We denote by = C y the fact that z is a (not necessarily proper) subset of y.



To start with, let Py be the set of all basic clopen sets Us = {t € <¥2:¢ C sVs C
t}, where s € “2. If A < wy is a limit ordinal, then Py = [J{P¢: £ < A}

Now fix £ < wy, and suppose that P¢ has already been defined. We shall define
Qg and P§+1.

Let g¢ € “Ja, be the following w-sequence. If there is some N < w such that f¢
is an w-sequence of subsets of P¢(N), each of which is predense in P¢(N), then for
each n < w let g¢(n) be the open dense set

{(Th,...,Tn) €Pe(N): AT, ..., T4) € fe(n) (T, ..., Tw) < (T},.... T4},

and write N¢ = N. Otherwise we just set g¢(n) = P¢(1) for each n < w, and write
N¢ = 1. Let dg be the <, , -least d € WX (P(Pe) N Ja,) N Jge 4w such that

(i) for each (n,N) € wxw, d(n, N) is an open dense subset of P¢ (V) which exists
in JB&’

(ii) for each N < w and each open dense subset D of P¢(N) which exists in Jg,
there is some n < w with d(n, N) C D,

(ili) d(n,N¢) C ge(n) for each n < w, and
(iv) d(n+1,N) C d(n,N) for each (n,N) € w X w.

Let us now look at the collection of all systems (T7": m < w, s € <“2) with the
following properties.

for each T' € P¢ there are infinitely many m < w with 7j" =T,

)
)

(c) T/» <T!™ for all m, t D s,

(d) stem(T7%,) and stem(77™) are incompatible elements of T7™ for all m, s,
)

if (m,s) # (m/,s"), where m,m’ < n and lh(s) = lh(s") = n + 1 for some n,
then stem(77™) and stem(T7") are incompatible, and

(f) for all N < n < w and all pairwise different (m1, s1), ..., (mn,sy) with ms,
...,my <nand sy, ..., sy €12,
(T, ..., TN) € de(n, N).

It is easy to work in Jg 4, and construct initial segments (7¢7": m < w,s €

<«2,1h(s) < n) of such a system by induction on n < w. Notice that (f) formulates

a constraint only for mq, ..., my < lh(s;) =1 = ... = lh(sy) — 1, and writing
n+1

n =1h(s1) — 1, there are Y n_, (n(’;iif,]\',). (i.e., finitely many) such constraints.

We let (T : m < w,s € “2) be the <g,y-least such system (T;": m < w,s €

<w2). For every m < w, s € <¥2, we let

me= () (U T = {stem(T{%) [ k: t D s,k < w}.
n>lh(s) t2s
Ih(t)=n



Notice that (e) implies that
(1) o N AZ}:E is finite, unless m = m’ and s C s’ or s’ C s.

(1) will imply that AT, and Agfjg will be incompatible in every P, n > £, unless
m=m'and s C s or s’ C s.
We set Q¢ = {A;: m <w, s € <“2}. Finally, we set Pei1 = Pe U Q.

Lemma 1.1 Let N < w, £ < wy.

D ={(Ty,...,Tn) € Qe(N): stem(T;) L stem(T;) fori+# j}

is dense in Pgiq(N).4
Proof. Let (T1,...,Tn) € Pey1(N). For i € {1,...,N} such that T; € P¢ pick
some m; < w such that T; = T&?, and write s; = (). This is possible by (b).
If i € {1,...,N} is such that T; € Qg, then say T; = A;” . Now pick n >
max({ma,...,my}) and t1 D s1, ..., t§y D sy such that lh(¢;) = ... = lh(tny) =
n + 1 and the (m;, t;) are pairwise different.

Then by (e) the finite sequences stem(Tt’Zg) are pairwise incompatible, so that by

AZ‘% < Tt:n%, the AZ‘% are pairwise incompatible. But then (AZ”E, ceey A%Ng) eD
and (A7, AT < (T, Ty). O

Lemma 1.2 (Sealing) Let N <w, { <wi. If D € Jpg, is predense in P¢(N), then
D is predense in all P,(N), n > &, n < ws.

Proof by induction on 7. The cases n = £ and 7 being a limit ordinal are trivial.
Suppose n > ¢, n < w1, and D is predense in P, (N). Write D' = {(T4,...,Tn) €
P,(N): 3(TY,...,Ty) € D(Ty,...,Tn) < (T1,...,TN)}. As Be < 3, D' € Jg, and
by (ii) and (iv) there is some ng < w with d,(n, N) C D’ for every n > ng.

To show that D’ (and hence D) is predense in P, 1 (N), by Lemma 1.1 it suffices
to show that for all (T1,...,Tn) € Q,(N) there is some (17,...,T}) € Q,(N),
(T{,...,Ty) < (Th,...,ITn), and (T7,...,Ty) is below some element of D’.

So let (A7, ..., ADN,) € Q,(N) be arbitrary. Let

S1,M?

n > max({ng, N — 1,mq,...,my,lh(s1),...,lh(sn)}),

and let 1 D s1, ..., ty D sy be such that lh(t;) = ... = lh(ty) = n+ 1. By
increasing n further if necessary, we may certainly assume that ti, ..., ty are
picked in such a way that (my,t1), ..., (my,ty) are pairwise different. Then
(T3 s - TEN,) € dy(n, N) C D’

by (f). But

(A - ALT) < (T T,
and also

(A s AR) < (A, AT,
which means that (Af}!,, ..., A{}Y,) is compatible with an element of D’. [J

4Here, stem(T;) L stem(T;) means that the stem of T; is incompatible with the stem of 7.



Corollary 1.3 Let N < w, & < w;.
{(Th,...,Tn) € Q¢(N): stem(T;) L stem(T;) fori#j}
is predense in P(N).

Lemma 1.4 Let N <w. P(N) has the c.c.c.

Proof. Let A C P(N) be a maximal antichain, A € L. Let j: J3 — J,, be
elementary and such that 8 < wy and {P, A} C ran(j). Write £ = crit(j). We have
that 5~ (P(N)) = B(N) N Je = Pe(N) and j~1(A) = AN Je = ANPe(N) € Jg is a
maximal antichain in P¢(N). Moreover, 8¢ > S, so that by Lemma 1.3 A NP¢(N)
is predense in P(N). This means that A = A NP is countable. O

Lemma 1.5 Let N < w. (c1,...cn) € N (¥2) is P(N)-generic over L iff for all
& < wy there is an injection t: {1,...,N} — Q¢ such that for all i € {1,...,N},
c; € [t(l)]

Proof. “=": This readily follows from Corollary 1.3.

“«=": Let A C P(N) be a maximal antichain, A € L. By Lemma 1.4, we may
certainly pick some § < w; with A C P¢(N) and A € J,,. Say ng is such that
de(n,N) C {(Th,...,ITn) € Pe: A(TY,..., Ty) € A(Tu,....,Tn) < (T7,...,TH)}
for all n > ng. By our hypothesis, we may pick pairwise different (mq,s1), ...,

(my,sn) with Th(sy) = ... = lh(sy) = n + 1 for some n > ng and ¢; € [T}, ¢]
for all ¢ € {1,..., N}. But then (Tsm{é, ..., T{N) is below an element of A, which
means that the generic filter given by (c1,...,cn) meets A. O

Corollary 1.6 Let N < w, and let (cy,...cn) € N(“2) be P(N)-generic over L. If
x € L[(c1,...cn)] is P-generic over L, then x € {c1,...cn}.

Proof. If x € L[(c1,...cn)] is P-generic over L, then (c1,...cy,x) € VT1(¥2) is
P(N + 1)-generic over L, hence x ¢ L[(cy,...cy)]. Contradiction! O

Corollary 1.7 Let N < w, and let (c1,...cy) € V(¥2) be P(N)-generic over L.
Then inside L[(c1,...cn)], {c1,...cn} is a (lightface) T13 set.

Proof. Let ¢(x) express that for all { < w; there is some T' € Q¢ such that
x € [T]. The formula ¢(z) may be written in a IT} fashion, and it defines {c1,...cny}
inside L[(c1,...cn)]. O

Lemma 1.8 (Sacks property) Let N < w, and let g be P(N)-generic over L.
For each f: w — w, f € Lla], there is some g € L with domain w such that for each
n <w, f(n) € g(n) and 5 Card(g(n)) < (n+1)-2"*1L

Proof. Let 7 € LFW™N) 79 = f. Let (A,: n < w) € L be such that for each n,
A, is a maximal antichain of T' € P(N) such that Im < w T IF 7(72) = . We may
pick some £ < wy such that [J{A,: n <w} CPe(N) and (A,: n <w) = fe.

5Tn what follows, the only thing that will matter is that the bound on Card(g(n)) only depends
on n and not on the particular g.



By Lemma 1.5, there are pairwise different (mq,s1), ..., (my, sn) such that

(Agﬁg, el A:;‘fog) € g.

Let
n > max({N — 1,m1,...,mn,lh(s1),...,lh(sn)}).
If 4 D $1, ..., tnv D tn are such that lh(¢t1) = ... = lh(ty) = n + 1, then
(T - T%) € de(n, N) C Ay, so that also
Im < w (TZZE, e thZi\lg) Ik 7(R) = m.

Therefore, if we let

gn)={m<w:3t; Ds1,...3tn Ditn(h(t1)=...=lh{ty)=n+1A
(T, T F () = )},
then (A7, ..., ATY,) Ik 7(7) € (9(n)) , hence f(n) € g(n), and Card(g(n)) =

N - 271 < (n +1) - 27! for all but finitely many n. O

2 The variant of the Cohen-Helpern-Lévy model.

Let us force with P(w) over L, and let g be a generic filter. Let ¢,, n < w, denote
the Jensen reals which g adds. Let us write A = {¢,: n < w} for the set of those
Jensen reals. The model

_ _ HODLW
H = H(L) = HOD}Y, |

of all sets which inside L[g] are hereditarily definable from parameters in ORU AU
{A} is the variant of the Cohen—Halpern—-Lévy model (over L) which we shall work
with. For the case of Jensen’s original forcing this model was first considered in [4].

For any finite a C A, we write La] for the model constructed from the finitely
many reals in a.

Lemma 2.1 Inside H, A is a (lightface) 11} set.

Proof. Let ¢(—) be the 11} formula from the proof of Lemma 1.7. If H = ¢(x),
x € Lla], a € [A]<¥, then L[a] &= ¢(z) by Shoenfield, so z € a C A. On the other
hand, if ¢ € A, then Lc] = ¢(c) and hence H = ¢(c) again by Shoenfield. O

Fixing some Godelization of formulae (or some enumeration of all the rud func-
tions, resp.) at the outset, each L[a], a € [A]<¥, comes with a unique canonical
global well-ordering <, of L[a] by which we mean the one which is induced by the
natural order of the elements of a and the fixed Gédelization device in the usual
fashion. The assignment a —<,, a € [A]<“, is hence in H.® This is a crucial fact.

Let us fix a bijection

(2) € w— w X w,

and let us write ((n)g, (n)1) = e(n).
We shall also make use the following. Cf. [1, Lemma 1.2].

6More precisely, the ternary relation consisting of all (a, ,y) such that <, y is definable over
H.



Lemma 2.2 (1) Let a € [A]<* and X C L[a], X € H, say X € HODbLLB?{]A}, where
b2Da, be [A]<¥. Then X € L[b)].

(2) There is no well-ordering of the reals in H.

(3) A has no countable subset in H.

(4) [A]<¥ has no countable subset in H.

Proof sketch. (1) Every permutation 7: w — w induces an automorphism e,
of P(w) by sending p to ¢, where ¢(w(n)) = p(n) for all n < w. It is clear that
no e, moves the canonical name for A, call it A. Let us also write ¢p, for the
canonical name for ¢,, n < w. Now if a, and b are as in the statement of (1),
say b = {cnyy--sCnpts i p, ¢ € Plw), if 7w [ {n1,...,nk} = id, p [ {n1,...,nk}
is compatible with ¢ [ {ni,...,nt}, and supp(w(p)) Nsupp(q) C {n1,...,nx}, if
x € L,if aq, ..., ap, are ordinals, and if ¢ is a formula, then

and m(p) is compatible with ¢, so that the statement (&, &1, ... Gm, gy - - - Cny s A)
will be decided by conditions p € P(w) with supp(p) C {n1,...,nx}. But every set
in L[b] is coded by a set of ordinals, so if X is as in (1), this shows that X € L[b].

(2) Every real is a subset of L. Hence by (1), if L[g] had a well-ordering of the
reals in HODaLL[Jgg Ay Some a € [A]<“, then every real of H would be in L[a], which
is nonsense.

(3) Assume that f: w — A is injective, f € H. Let x € “w be defined by
z(n) = f((n)o)((n)1), so that x € H. By (1), x € Lla] for some a € [A]<Y.
But then ran(f) C Lla], which is nonsense, as there is some n < w such that
cn, € ran(f) \ a.

(4) This readily follows from (3). O (Lemma 2.2)

Let us recall another standard fact.
(3) If a, b € [A]<%, then L[a] N L[b] = Lla N b].

To see this, let us assume without loss of generality that a \ b # () # b\ a, and say
a\b={c,:nel}and b\a={c,: n € J}, where I and J are non—empty disjoint
finite subsets of w. Then a \ b and b\ a are mutually P(I)- and P(J)-generic over
Llanb]. But then Lia] N L[] = LjaNb][a\ b N LlaNb][b\ a] = Ljanb], ct. 10,
Problem 6.12].

For any a € [A]<%, we write R, = RN L[a] and R} = R, \ U{Rp: b C a}.
(R : a € [A]<¥) is a partition of R: By Lemma 2.2 (1),

(4) RNH = | {RS: a € [A]},
and R, NR, = R,np by (3), so that
(5) R NR, =0 for a,b € [A]<“,a #b.

For z € R, we shall also write a(z) for the unique a € [A]<% such that z € R},
and we shall write #(x) = Card(a(z)).



Adrian Mathias showed that in the original Cohen—Halpern—Lévy model there
is an definable function which assigns to each x an ordering <, such that <, is a
well-ordering iff  can be well-ordered, cf. [8, p. 182]. The following is a special
simple case of this, adapted to the current model H.

Lemma 2.3 (A. Mathias) In H, the union of countably many countable sets of
reals is countable.

Proof. Let us work inside H. Let (A,,: n < w) be such that for each n < w,
A, C R and there exists some surjection f: w — A,. For each such pair n, f let
Yn,; € “w be such that y,, r(m) = f((m)o)((m)1). If a € [A]<¥ and y,,,; € R, then
Ay, € Lla]. By (3), for each n there is a unique a,, € [A]<¥ such that A,, € L[a,]
and b D a,, for each b € [A]<“ such that A,, € L[b]. Notice that A, is also countable
in Llay,].

Using the function n — a,, an easy recursion yields a surjection g: w —
U{an: n < w}: first enumerate the finitely many elements of ag according to their
natural order, then enumerate the finitely many elements of a; according to their
natural order, etc. As A has no countable subset, (J{a,: n < w} must be finite,
say a = J{an: n < w} € [A]<¥. But then {A,: n < w} C L[a]. (We don’t claim
(Ap:n <w) € Llal.)

For each n < w, we may now let f, the <,—least surjection f: w — A,. Then
f(n) = f),((n)1) for n < w defines a surjection from w onto J{A,: n < w}, as
desired. O (Lemma 2.3)

The following is not true in the original Cohen-Halpern—-Lévy model. Its proof
exploits the Sacks property, Lemma 1.8.

Lemma 2.4 (1) Let M € H be a null set in H. There is then a G5 null set M’
with M' > M whose code is in L.

(2) Let M € H be a meager set in H. There is then an F, meager set M’ with
M’ > M whose code is in L.

Proof. (1) Let M € H be a null set in H.

Let us work in H. Let (e,: n < w) be any sequence of positive reals. Let
Usex Us D H, where X C <“2 and p((U{Us: s € X}) < e.” Let e: w — X be
onto. Let (k,: n < w) be defined by: k,, = the smallest k (strictly bigger than k,_;
if n > 0) such that u(|J{Us: s € e’w\ k}) < €,. Write k_; = 0. We then have that
p(UH{Us: s € €’ [kn—1,kn)}) < €, for every n < w.

Now fix € > 0. Let c

n - 22n+2’

and let (k,: n <w) and e: w — <“2 be such that (J,cy Us D H and p(|J{Us: s €
€ [kn=1,kn)}) < €, for every n < w. We may now apply Lemma 1.8 inside L|a]
for some a € [A]<“ such that {e, (k,: n < w)} C Lla] and find a function g € L
with domain w such that for each n < w, g(n) is a finite union U,, of basic open
sets such that {Us: s € €’[kn—1,kn)} C U, and p(U,) < # But then O =
U{On: n <w} D M is open, O is coded in L (i.e., there is Y € L, Y C <¥2, with
O ={Us: s€Y}), and pu(O) <e.

€p =

"Here, p denotes Lebesge measure.



We may hence for every n < w let O,, be an open set with O,, D M, u(0,) <
%_H, and whose code in L is <p-least among all the codes giving such a set. Then
({On: n <w}is a Gs null set with code in L and which covers M.

(2) Let M € H be a meager set in H, say M = |J{N,,: n < w}, where each N,
is nowhere dense.

Let us again work in H. It is easy to verify that a set P C “2 is nowhere dense
iff there is some z € “2 and some strictly increasing (k,: n < w) such that for all
n < w,

(6) {‘T €¥2:x [ [knakn-l-l) =z [ [knakn-l-l)} NP = (Z)

Look at f: w — w, where f(m) = k,41 for the least n with m < k,. We may
first apply Lemma 1.8 inside L[a] for some a € [A]<* such that f € L[a] and get a
function ¢g: w — w, g € L, such that g(m) > f(m) for all m < w. Write ¢, = 0 and
lni1 = g(£y), so that for each n there is some n’ with

(7) en < kn’ < kn’-i—l < Zn-i-l-

Define e: w — w by e(n) = 3_/_ (¢+1)-29%". We may now apply Lemma 1.8 inside
L|a] for some a € [A]<* such that f € L[a] and get some n — (27: i < (n+1)-2"T1)
inside L such that for all n, ¢, 2*: e(n) — 2, and for all n there is some ¢ with
z | e(n) = 2. From this we get some z’: w — w, 2z’ € L, such that for all n there
is some n' with 2’ [ [y, bnry1) = 2 | [bnr, b 41). But then, writing

(8) D= {I €“2:dnzx I [ge(n)vée(n-i-l)) =2 I [ge(n)age(n-i-l))}a

D € L, and D is open and dense.

We may hence for every n < w let O,, be an open dense set with O, " N,, = (),
whose code in L is <p-least among all the codes giving such a set. Then (J{¥2\
On:n < w} is an F, meager set with code in L and which covers M. O

Corollary 2.5 In H, there is a A} Sierpiriski set as well as a A} Luzin set.

Proof. There is a A} Luzin set in L. By Lemma 2.4 (2), any such set is still a
Luzin set in H. The same is true with “Luzin” replaced by “Sierpinski” and Lemma
2.4 (2) replaced by Lemma 2.4 (1). O

Lemma 2.6 In H, there is a A} Bernstein set.

Proof. In this proof, let us think of reals as elements of the Cantor space “2.
Let us work in H.
We let

B={zcR:Jeven n(2" < #(z) <2"™)} and
B'={z €R:Jodd n (2" < #(z) <2""H}.

Obviously, BN B’ = ().
Let P C R be perfect. We aim to see that PN B # 0 # PN B'.



Say P=[T)={zx€¥“2: Vnz | n €T}, where T C <“2is a perfect tree. Modulo
some fixed natural bijection <“2 + w, we may identify T with a real. By (4), we
may pick some a € [A]<¥ such that T' € L[a]. Say Card(a) < 2", where n is even.

Let b e [A2"", bDa, and let z € R;". In particular, #(z) = 2"F1. It is easy to
work in L[b] and construct some z € [T such that z <7 2 & T® e.g., arrange that
if z [ m is the k*® splitting node of T along z, where k < m < w, then z(m) = 0 if
xz(k) =0 and z(m) =1 if (k) = 1.

If we had #(z) < 27, then #(z @ T) < #(2) + #(T) < 2" + 2" = 2"F1 50
that #(z) < 2" by # <7 2 ® T. Contradiction! Hence #(z) > 2". By z € L[b],
#(z) < 27t Therefore, z € PN B.

The same argument shows that PN B’ # (). B (and also B’) is thus a Bernstein
set.

We have that x € B iff

Ja € [A]<¥ 3 even n3J,[d]

(x € Jufa] A2" < Card(a) < 2" TP AVD C aVJg[blz ¢ Js[b]),
which is true iff

Va € [A]S“VJu[a] (z € Jula] = Fa' C aF even n 3]y [d]
(x € Ju[a'] A 2™ < Card(a) < 2" Y AVD C ' VJg[blx ¢ Js[b])).

By Lemma 2.1, this shows that B is Al. O

Recall that for any a € [A]<¥, we write R, = RN L[a]. Let us now also write
Req = span(J{Rp: b C a}), and R = R, \ R.,. In particular, Ry = {0} by our
above convention that span(()) = {0}, and Rj = (RN L)\ {0}.

The proof of Claim 2.8 below will show that

(9) RN H = span(|_{R}: a € [A]<*}).
Also, we have that R* C R}, so that by (5),
(10) R: NR; =0 for a,b € [A]<¥,a # b.

Lemma 2.7 In H, there is a A} Hamel basis.

Proof. We call X C R* linearly independent over R, iff whenever

m
Z Gn - Tn, € Rg,
n=1

where m € N, m > 1, and ¢, € Q and z, € X for all n, 1 < n < m, then
g1 =...= ¢mn = 0. In other words, X C R? is linearly independent over R, iff

span(X) NR., = {0}.

8Here, (z ® y)(2n) = x(n) and (z @ y)(2n + 1) = y(n), n < w.
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We call X C R mazimal linearly independent over R, iff X is linearly independent
over Re, and no Y 2 X, Y C R} is still linearly independent over R.,. In
particular, X C Rj = (RN L)\ {0} is linearly independent over Rg = {0} iff X is
a Hamel basis for RN L.
For any a € [A]<¥, we let b, = {z¢: i < 6%}, some 0* < wy, be the unique set
such that
(i) for each i < 09, x{ is the <,-least € R} such that {z}:j < i} U {x} is

3
linearly independent over R, and

(ii) b, is maximal linearly independent over R,,.

By the above crucial fact, the function a — b, is well-defined and ezists inside H.
In particular,

B = J{ba: a € [A]*}

is an element of H.
We claim that B is a Hamel basis for the reals of H, which will be established
by Claims 2.8 and 2.9.

Claim 2.8 RN H C span(B).

Proof of Claim 2.8. Assume not, and let n < w be the least size of some a € [A]<¥
such that R* \ span(B) # 0. Pick x € R} \ span(B) # ), where Card(a) = n.

We must have n > 0, as by is a Hamel basis for the reals of L. Then, by the
maximality of b,, while b, is linearly independent over R.,, b, U {2} cannot be
linearly independent over R.,. This means that there are ¢ € Q, ¢ # 0, m € N,
m >1,and ¢, € Q\ {0} and z,, € b, for all n, 1 < n < m, such that

m
z:q-x—l—z Qn - Tp € Rog,.

n=1

By the definition of R, and the minimality of n, z € span(J{b.: ¢ € a}), which
then clearly implies that x € span(|J{b.: ¢ C a}) C span(B).
This is a contradiction! O (Claim 2.8)

Claim 2.9 B is linearly independent.

Proof of Claim 2.9. Assume not. This means that there are 1 < k < w, a; €
[A]<* pairwise different, m; € N, m; > 1 for 1 < i < k, and ¢}, € Q\ {0} and
xi € by, for all i and n with 1 <i < k and 1 < n < m; such that

mi mg
(11) Zq}l-x,ll—i—...—i—ZqZ-xfl:O.
n=1 n=1

m;

By the properties of b,,, >
z €ERX 2z #£0,1 <14 <k, such that

a;?

g, - =}, € R% | so that (11) buys us that there are

(12) z1+...+2,=0.
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There must be some ¢ such that there is no j with a; 2 a;, which implies that

=

ajNa; C a; for all j # 4. Let us assume without loss of generality that a; Na; C a4

forall j, 1 <j <k

Let a1 = {c¢: £ € I}, where I € [w]<%, and let a; Nay = {¢;: ¢ € I;}, where
L CIforl<j<l.

In what follows, a nice name 7 for a real is a name of the form
(13) T= U {(n,m)"} x Apm,

n,m<w
where each A, ,, is a maximal antichain of conditions of the forcing in question
deciding that 7(n) = .

We have that z; is P(I)—generic over L, so that we may pick a nice name 71 €
LFD for 2 with (1) = z;. Similarly, for 1 < j < k, z; is P(I;)-generic over
Lg | (w\ )], so that we may pick a nice name 7; € Llg | (w\ I)]*3) for z; with
(1;)9Mi = z;. We may construe each 7;, 1 < j < k, as a name in L[g | (w\ 1)]* by
replacing each p: I; — P in an antichain as in (13) by p’: I — P, where p/(¢) = p(¢)
for £ € I; and p’(¢) = () otherwise. Let p € g | I be such that

P H—IE([?F(M\I)] m+7m+...+7 =0.

We now have that inside L[g [ (w\ I)], there are nice P(I)-names 7}, 1 < j <k
(namey, 7, 1 < j < k), such that still inside L{g [ (w \ I)]

(1) pIFFD 7 47+ ...+ 7, =0, and
(2) for all j, 1 <j <k and for all p in one of the antichains of the nice name 77,
supp(p) € 1.
By Lemma 1.4, the nice names 7, 75, ..., 75, may be coded by reals, and both (1)
and (2) are arithmetic in such real codes for 71,73, ..., 7}, so that by 7 € LPD) and
Y1-absoluteness between L and L[g | (w \ I)] there are inside L nice P(I)-names
77,1 < j <k, such that in L, (1) and (2) hold true. But then, writing 2} = (7})9!/,
we have by (2) that 2% € Ry, for 1 < j <k, and 21 + 25 + ... + 2, = 0 by (1). But
then z; € R} NR<y, which is absurd. O (Claim 2.9)
We now have that x € B iff
Ja € [A]<¥ 3Jua] Hwi: i < 0) € Jo[a) IX C 0 + 1 ( the z; enumerate the first
0 + 1 reals in J,[a] acc. to <, A0 € X Ax = x9A

Vi e 0\ X3Jgla] Jsla] E {z;: j € X Ni} U {x;} is not linearly independent over R.,A

Vi € XVJgla] Jgla] = {x;: j € X Ni} U {x;} is linearly independent over R.,)),
which is true iff

Va € [A]<*VJala]V(z;i: i < 0) € Ju[a] VX C 6+ 1(( the z; enumerate the first
0 + 1 reals in J,[a] acc. to <, Ax = zoA
Vie (0+1)\ X3Jgla] Jgla] = {z;: j € X Ni} U {x;} is not linearly independent over R, A
Vi e XVJglal Jgla] = {x;: j € X Ni} U {x;} is linearly independent over R.,) —
6 e X).

By Lemma 2.1, this shows that B is A}. O
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