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Abstract: The notion of ordinal definability and the related notions of ordinal definable sets (class
OD) and hereditarily ordinal definable sets (class HOD) belong to the key concepts of modern
set theory. Recent studies have discovered more general types of sets, still based on the notion of
ordinal definability, but in a more blurry way. In particular, Tzouvaras has recently introduced the
notion of sets nontypical in the Russell sense, so that a set x is nontypical if it belongs to a countable
ordinal definable set. Tzouvaras demonstrated that the class HNT of all hereditarily nontypical
sets satisfies all axioms of ZF and satisfies HOD C HNT. In view of this, Tzouvaras proposed a
problem—to find out whether the class HNT can be separated from HOD by the strict inclusion
HOD & HNT, and whether it can also be separated from the universe V of all sets by the strict
inclusion HNT & 'V, in suitable set theoretic models. Solving this problem, a generic extension
L[a, x] of the Godel-constructible universe L, by two reals a, x, is presented in this paper, in which
the relation L = HOD G L[a] = HNT G L[, x] = V is fulfilled, so that HNT is a model of ZFC
strictly between HOD and the universe. Our result proves that the class HNT is really a new rich
class of sets, which does not necessarily coincide with either the well-known class HOD or the whole
universe V. This opens new possibilities in the ongoing study of the consistency and independence
problems in modern set theory.

Keywords: forcing; HOD sets; countable sets; nontypical sets

MSC: 03E35

1. Introduction

We recall that a set X is ordinal definable if X can be defined by a formula with
ordinals as parameters in the universe of all sets. The class of all ordinal definable sets
is denoted by OD. Further, a set X is hereditarily ordinal definable if X itself, as well
as all elements of X, all elements of elements of X, etc., belong to OD. In other words,
it is required that TC(X) C OD, where TC(X), the transitive closure of X, is the least
transitive set containing X, and a set Y is transitiveif x € y € Y = x € Y. The class of
all hereditarily ordinal definable sets is denoted by HOD. To conclude,

OD =
HOD =

{x: x is ordinal definable}

{x:TC(x) C OD}

See more on these fundamental notions of modern set theory in [1] (Chapter 13) or [2]
(Section 11.8), or [3] as the original reference. In particular, it is known that HOD is a
transitive class and a model of the set theory ZFC (with the axiom of choice AC). In
general, classes OD and HOD, as well as Godel’s class L of all constructible sets, have
played a key role in modern set theory since its early days.
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Research in recent years has brought to the fore some other notions of definability, such
as algebraic definability studied in [4-6], blurry definability of [7], and finally nontypicality
in the sense of Russell, introduced by Tzouvaras [8,9]. Our paper is dedicated to this last
concept. By Tzouvaras, a set x is nontypical, for short x € NT, if it belongs to a countable
ordinal definable set Y. A set x is hereditarily nontypical, for short x € HNT, if it itself,
all its elements, elements of elements, and so on, are all nontypical—in other words, it is
required that the transitive closure TC(x) satisfy TC(x) C NT. To conclude,

NT = {x:3Y(Y iscountable and ordinal definable, and x € Y)}
HNT = {x:TC(x)C NT}

Tzouvaras [8,9] connected these notions with some philosophical and mathematical
ideas of Bertrand Russell and works of van Lambalgen [10] et al. on the concept of
randomness. They contribute to the ongoing study of important classes of sets in the set
theoretic universe V which themselves satisfy the axioms of set theory, similarly to Godel’s
class L and the class HOD. The class HNT is transitive and, as shown in [9], satisfies all
axioms of ZF (the axiom of choice AC not included).

It is customary in modern set theory (see e.g., [1,2,11,12]) that any new class of sets is
checked in terms of relations with already known classes. In that respect, Tzouvaras [9]
established the non-strict inclusion HOD C HNT, and proposed a problem: to find out
whether the class HNT can be separated from HOD by the strict inclusion HOD & HNT,
and can also be separated from the universe V of all sets by the strict inclusion HNT & V,
in suitable set theoretic models.

Problem 1 (Tzouvaras [9], 2.15). Does there exist a model of ZFC in which the class HNT
satisfies the strict double inclusion HOD G HNT & V?

The following theorem answers this important problem in the affirmative.

Theorem 1. Let C = w=% be the Cohen forcing for adding a generic real x € w® to L. There
is a forcing notion P € L, which consists of Silver trees, and such that if a pair of reals (a, x) is
(P x C)-generic over L then it is true in L[a, x] that

L=HOD G L[a]=HNT & V=L[ax]. (1)

This is the main conclusion of this paper: the relation (1) provides the double sepa-
ration property required. Note that the class HNT = L[a] by (1) satisfies ZFC, not merely
ZF, in the model L|g, x| of the theorem, which is an additional advantage of our result.

To prove the theorem, we make use of a forcing notion P introduced in [13] in order to
define a generic real 2 € 2 whose Eg-equivalence class [a]g, is a lightface I1} (hence OD)
set of reals with no OD element. (We recall that the equivalence relation Ey is defined on
2% so that x Eg y iff x(k) = y(k) for all but finite k.) This property of PP is responsible for a
P-generic real a to belong to HNT, and ultimately to L[a] C HNT, in L[g, x]. This will be
based on some results on Silver trees and Borel functions in Sections 2—4. The construction
of P in L is given in Sections 5 and 6. The proof that L[a] C HNT in L[a, x] follows in
Section 8.

The inverse inclusion HNT C L[a] in L[g, x| will be proved in Section 9 on the basis
of our earlier result [14] on countable OD sets in Cohen-generic extensions.

See flowchart of the proof of Theorem 1 on page 3, Figure 1.

The reader envisaged is assumed to have some knowledge of the pointset topology of
the Baire space w® (we give [15] and [1] [Chapter 11] as references) along with some basic
knowledge of forcing and Godel’s constructibility (we give [1,2,16] as references).
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Figure 1. Flowchart of the proof of Theorem 1.

2. Silver Trees

The proof of Theorem 1 in this paper will involve a forcing notion [P which consists of
Silver trees. Here, we recall the relevant notation.

By 2<“ we denote the set of all tuples (finite sequences) of terms 0, 1, including the
empty tuple A. The length of a tuple s is denoted by 1hs, and 2" = {s € 2<“: 1hs = n}
(all tuples of length n). A tree @ # T C 2<% is a perfect tree, symbolically T € PT, if it has
no endpoints and isolated branches. In this case, the set

[T]={a€2Y:Vn(alneT)} )
of all branches of T is a perfect setin 2¢. If u € T € PT, then
Tl,={s€T:uCsVsCu}ePT (3)

is a portion of T. A tree S C T is clopen in T iff it is equal to the union of a finite number of
portions of T. This is equivalent to [S] being clopen in [T] as a pointset in 2.

Definition 1. A tree T € PT is a Silver tree, symbolically T € ST, if there is an infinite sequence
of tuples uy = uy(T) € 2<%, such that T consists of all tuples of the form

s = Mof\iof\ul/\ilﬂuzf\izﬁ . “un”in
and their sub-tuples, where n < w and i =0, 1.
Note that the stem stem(T) = 1((T) of any tree T € ST is equal to the largest tuples € T

with T = T, and [T] consists of all infinite sequences a = 1y ~ig " uy ~iy “up "ip ™ - -+ € 29,
where i, = 0,1, Vk. We further put

spl,(T) =lhug+1+1hu;+1+---+1hu, 1+1+1hu,, 4)

the n-th splitting level of a Silver tree T. In particular, sply(T) = lhu.

Action. Let ¢ € 2<¢. If v € 2<% is another tuple of length 1hv > 1ho, then the
tuple v = o +v of the same length 1h v’ = 1hv is defined by v/(i) = v(i) +, o (i) (addition
modulo 2) for all i < 1ho, but v'(i) = v(i) whenever 1ho < i < 1hv. If 1hv < 1ho, then
we just define c+v = (0| 1hv)-v.
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If a € 29, then similarly @’ = o+a € 2%, a'(i) = a(i) +2 0(i) for i < 1lho, but
a'(i)=a(i) fori > 1ho. If T C 2<%, X C 2%, then the sets

c:T={c-v:veT} and oc-X={c-a:a€e X} (5)

are shifts of the tree T and the set X accordingly.

According to (ii) of the next lemma (Lemma 3.4 in [17]), all portions T'| ;, of the same
level, of any Silver tree T € ST are shifts of each other, or saying it differently, T can be
recovered from any its portion. This is not true for arbitrary trees in PT, of course.

Lemmal. (i) Ifs€TeSTando €2<¥, theno+T € STand T|, € ST.
(i) Ifn<wandu,oe TN2", then T, =v-u+(TT,).

Refinements. Assume that T,5S € ST, S C T, n < w. We define S C,; T (the tree S n-
refines T) if S C T and spl;(T) = spli(S) for all k < n. This is equivalent to (S C T and)
up(S) = uy(T) for all k < n, of course.

Then, S Cp T is equivalentto S C T,and S C,, 1 T implies S C,, T (and S C T).

In addition, if n > 1 then S C,, T is equivalent to spl,_;(T) = spl,_¢(S).

Lemma 2. Assume that T,U € ST, n < w, h > spl,_{(T), vy € 2" T, and U C TT 4,
Then, there is a unique tree S € ST such that S C,, T and S [UO = U.
If in addition U is clopen in T then S is clopen in T, as well.

Proof. Define a tree S so that SN2" = TN 2", and if v € TN 2" then, following Lemma 1(ii),
S|, = (v+vg)+U; in particular S|, = U. To check that S € ST, we can easily compute the
according tuples 1 (S) to fulfill Definition 1. Namely,as U C T v,» We have g C up(U) =
stem(U), hence the length ¢ = 1h (uo(U)) satisfies ¢ > h > m = spl,_;(T). Then, we
have

u(T) forall k<mn,

up(S) =< up(U)[[m,£) for k=n —thusu,(S)ec2i-m,
u(U) forall k>n,

and Definition 1 for S is satisfied with these tuples u;(S). In addition, if U is clopen in T
(i.e., U is a finite union of portions in T), then clearly sois S. O

Lemma 3 ([17], Lemma 4.4). Let ... C4 T3 C3 T, Cp T1 €4 Ty be a sequence of trees in ST.
Then, T =, tn € ST.

Proof (sketch). By definition, we have uy(T,) = uy(T,+1) for all k < n. Then, one easily
computes that u,(T) = u,(T,) foralln. O

3. Reduction of Borel Maps to Continuous Ones

A classical theorem claims that in Polish spaces every Borel function is continuous on
a suitable dense G set. It is also known that a Borel map defined on 2 is continuous on a
suitable Silver tree. The next lemma combines these two results.

Our interest in Borel functions defined on 2% x w® is motivated by further applications
to reals in generic extensions of the form L[a, x], where a € 2% is a P-generic real for a
certain forcing notion P C ST, whereas x € w® is just a Cohen generic real. These
applications will be based on the fact that any real y € 2% in such an extension can be
represented in the form y = f(a, x), where f : 2 x w* — 2% is a Borel map coded in the
constructible universe L (Corollary 2 below in Section 5).

In the remainder, if v € w<%“ (a tuple of natural numbers), then we define .4, =
{x € w¥ :v C x}, aclopen Baire interval in the Baire space w®.
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Lemmad4. Let T € ST and f : 2“ x w® — 2% be a Borel map. Then, there is a Silver tree S C T
and a dense G set D C w® such that f is continuous on [S] x D.

Proof. By the abovementioned classical theorem (Theorem 8.38 in Kechris [15]), there exists
adense G set Z C [T] x w® such that f is already continuous on Z. It remains to define a
Silver tree S C T and a dense G4 set D C w® such that [S] x D C Z. This will be our goal.

By the choice of Z we have Z =, Z,, where each Z,, C [T] X w® is open dense.

Let us fix an enumeration w x w<“ = {(Ny,vx) 1k < w} of the cartesian product
w X w<“. We shall define a sequence of Silver trees Sy and tuples wy € w<% satisfying the
following three conditions (a)—(c):

(@ ...C453C35)Cors1CqS9=T,asin Lemma 3;
(b) if k < w then Sy is clopen in Sy (see Section 2);
()  vx € wy and [Sgyq] X A7, C Zy,, for all k.

At step 0 we already have Sg = T by (a).

Assume that a tree Sy € ST has already been defined. Let & = spl;_ 1(Sk).

Consider any tuple t € 2" N S;. As Zy;, is open dense, there is a tuple u; € w=“ and
a Silver tree Ay C Sk, clopen in Sy (for example, a portion in Si) such that vy C uq and
[A1] x My, € Z N+ According to Lemma 2, there exists a Silver tree Uy Cy4q Sk, clopen in
Sk along with A, such that Uy [, = Ay, so [Uy [ 4] x Ay, € Zy, by construction.

Now, take another tuple t' € 2" N Sy, and similarly find u, € w<“ and a Silver tree
Ay C Uy [y, clopen in Uy, such that 1y C up and [Ay] x .43, C Zy,. Once again, there is a
Silver tree Up Cgq Uy, clopen in Sy and such that [Us [ ] x A3, C Zy,.

We iterate this construction over all tuples t € 2" NSy, C; q-shrinking trees and
extending tuples in w<“. We obtain a Silver tree U Cy 1 S, clopen in Si, and a tuple
w € w<¥, that vy C w and [U] x A, C Zn, - Take wy = w, Siyq = U. This completes the
inductive step.

As a result we obtain a sequence ... C4 S3 C3 Sp Cp S1 €1 So = T of Silver trees Sy,
and tuples wy € w<“ (k < w), which really satisfy conditions (a)—(c).

We put S = (), Sk; then S € ST by (a) and Lemma 3,and S C T.

If n < w thenlet W, = {wy : Ny = n}. We claim that D, = U,ew, % is an open
dense set in w®. Indeed, let v € w<“. Consider any k such that that vy = v and Ny = n.
By construction, we have v C wy, € W;,. Thus the set D =, D;, is dense and G;.

To check [S] x D C Z, let n < w; we show that [S] x D C Z,. Leta € [S] and x € D,
in particular x € Dy, so x € A3, for some k with Ny = n. However, [Sy;1] x A5, C Z,
by (c), and at the same time obviously a € [Si1]. Therefore, (a,x) € Z,, as required. [

Corollary 1. Suppose that T € ST and f : 2 — 2% be a Borel map. Then there is a Silver tree
S C T such that f is continuous on [S].

We add the following result that belongs to the folklore of the Silver forcing. See
Corollary 5.4 in [18] for a proof.

Lemma 5. Assume that T € ST and f : 2 — 2% is a continuous map. Then there is a Silver
tree S C T such that f is either a bijection or a constant on [S|.

4. Normalization of Borel Maps

In this section, we continue studying the behavior of Borel maps defined on 2¢ x w®
modulo restrictions on products of Silver trees and dense G; sets. We work in the context
of the following definition of normalization, and the following Lemma 6 will be of key
importance in the applications to the genetic extensions below in Section 6.

Definition 2. A map f : 2 X w¥ — 2% is normalized on a tree T € ST for a set of trees
U C ST if there exists a dense G set X C w® such that f is continuous on [T] x X and
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— either () there are tuples v € w<“, o € 2<% such that f(a,x) = c+a forall a € [T] and
x € My N X, where, we remind, Ny = {x € w¥ :v C x};

— or(M) f(a,x) € Useo<wpscu 0*[S] forall a € [T] and x € X.

Lemma 6. Assume that U = {Ty, Ty, Tp,...} € ST and f : 2% x w“ — 2% is a Borel map.
Then there exists a set of trees U' = {Sy, S1,S2,...} C ST, such that S, C T), for all n and f is
normalized on Sy for U'.

Proof. First of all, according to Lemma 4, there is a Silver tree T’ C Tj and a dense Gy
set W C w® such that f is continuous on [T’] x W. Since any dense Gy set X C w® is
homeomorphic to w®, we can w.l.0.g. assume that W = w® and T" = Ty. In other words,
we just suppose that f is already continuous on [Tp] x w®.

Assume that option (I) of Definition 2 does not take place, that is

(*) if X C w¥ isadense Gsset,and v € w<¥, ¢ € 2<%, S € ST, S C Ty, then there
exist reals a € [S] and x € .4, N X such that f(a,x) # o-a.

We shall construct Silver trees S, C T, and a dense G4 set X C w® satisfying (II) of
Definition 2, that is, in our context, the negative relation f(a,x) € Uyeco<wpn<w 0+ [Sn] will
be fulfilled for all a € [Sp] and x € X. To maintain the construction, let us fix an arbitrary

enumeration
w x 259 x <Y = {(Ng, 01, 01) 1 k < w}. (6)

Further, auxiliary Silver trees S} (1,k < w) and tuples wy € w=% (k < w) will be
defined, satisfying the following conditions (a)-(c).

(@) ...C485 C385 S ST Sy Sf =T, asin Lemma 3, for each n < w;

(b) Si,,=S{foralln >0, n# Ng;

() SI?H Crr1 SY, Sﬁfl Cri1 S,I(\]", v C wy,and f(a,x) & Uk'[S}C\]H] forallreals a € [Sgﬂ]
and x € Ay, .

At step 0 of the construction, we input S§f = T, for all n, according to (a).

Assume that k < w and all Silver trees S}, n < w are already defined. We input
= S} forall n > 0, n # N, by (b). (The number Ny is defined by (6).)

To define the trees Sgﬂ and S,ﬁ‘l, we put h = spl;1(SY), m = spl; 1 (SV).

n
Sk+l

Case 1: Ny > 0. Take any pair of tuples s € 2" N Sy, te2mn S,I{\]k and any reals
a9 € [SY] 4] and xp € w®. Consider any real by € [S]I:]" [¢] not equal to o+ f(ag, xp). Let us
say bo(£) =i # j = (0%~ f(aop,x0))(£), where i,j < 1, { < w. As f is continuous, there
is a tuple u; € w<“ and a Silver tree A C 52 I's such that vy C uy C xg, a9 € [A], and
(0% f(a,x))(¢) =jforall x € A4, and a € [A]. Itis also clear that

B={teSM,: ht <lVT(l) =i} @)

is a Silver tree containing by, and b(¢) =i for all b € [B]. According to Lemma 2, there exist
Silver trees Uy Cyyq Sg and Vq; Cpyq SN", such that Uy [, = A and V; [, = B. It follows by
construction that oy f(a,x) & [Vi [, foralla € [U;],] and x € A4,

Now, consider another pair of tuples s € 2" N SY, ' € 2" N S,I(\]". We similarly obtain
Silver trees Uy Cy,q Uy and V, Cyq V4, and a tuple up € w<%, such that 3 C up and
o f(a,x) & [Va(—t')] foralla € [Up [ ¢] and x € .4, . In this case, we have Vo [; C Vi [,
and Uy [, C U, so that what has already been achieved in the previous step (s, t) is
preserved.

We iterate over all pairs of s € 2" N Sy, te2mn S]Zc\]k, by Cg1-shrinking trees and
extending tuples in w<% at each step. This results in a pair of Silver trees U Cj 4 52,

V Criq S,I(\Ik and a tuple w € w<“ such that vy C w and o+ f(a,x) ¢ [V] for all reals
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Ny

a € [U] and x € 4;,. Now, to fulfill (c), take wy = w, S ., = U, and St

k+1
here N; > 0.
Case 2: Ny = 0. Here, the construction somewhat changes, and hypothesis (+) will be
used. We claim that there exist:

= V. Recall that

(d) atuple wy € w<“ and a Silver tree Sgﬂ Cra1 52 such that vy C wy and f(a,x) &
0i+[SY, ] forall a € [S?

Py ii1l, X € A, (This is equivalent to (c) as Ny = 0.)

Take any pair of tuples s,t € 2" N SY, where i = spl;,(S?) as above. Thus, S|, =
s+(S)Is), by Lemma 1(ii). According to (+), there are reals xg € .4, and ag € [S}] ]
satisfying f(ag, xo) # 0 +s+t-ag, or equivalently, oy« f(ag, xo) # s+t-ay.

Similarly to Case 1, we have (o f(ag, x0))({) =i # j = (s+t+ap)(¥) for some ¢ < w
and i,j < 1. By the continuity of f, there is a tuple u; € w<* and a Silver tree A C S,? ls,
clopen in S?, such that v, C uy C xg, ag € [A], and (0}« f(a,x))(¢) = jbut (s+t-a)(f) = j
forall x € .4, and a € [A]. Lemma 2 gives us a Silver tree Uy Cyyq SY, clopen in S as
well, such that Uy [ ; = A — and then U; [ ; = s+t+ A. Therefore, 0y« f(a,x) ¢ [U; | ] holds
foralla € [U;[,] and x € .4, by construction.

Having considered all pairs of tuples s, t € 2" N SY, we obtain a Silver tree U Cyy1 S
and a tuple w € w<%, such that vy C w and o f(a,x) & [U] forall a € [U] and x € A4,

Now, to fulfill (d), take w; = w and 52 41 = U. This concludes Case 2.

To conclude, we have for each n a sequence ... C4 S5 C3 S5 Co S C1 Sf =Ty
of Silver trees S}/, along with tuples w; € w=“ (k < w), and these sequences satisfy the
requirements (a)—(c) (equivalent to (d) in case Ny = 0).

We put S, = " Sf forall n. Then, S, € ST by Lemma 3,and S, C T,.

If n < wand o € 2<%, then let W,y = {wy: Ny = n Aoy = o}. The set Xp =
Uwew,, ~Yw is then open dense in w®. Indeed, if v € w®, then we take k such that v, = v,
Ny =n, 0 = 0; then v C wy € Wy, by construction. Therefore, X = ., sep<w Xuo isa
dense G; set. Now, to check property (II) of Definition 2, consider any n < w, ¢ € 2<%,
a € [So|, x € X; we claim that f(a,x) & 0+ [S,].

Indeed, by construction we have x € Xy, ie., x € A, where k € Wy, so that
Ny =n, o = 0. Now, f(a,x) & 0+[Sy] directly follows from (c) for this k, since Sy C SgH
and S, C SZH' O

5. The Forcing Notion for Theorem 1

In this section, we define a forcing notion P € L, P C ST, involved in the proof of
Theorem 1. This will be a rather lengthy construction, and we begin with auxiliary material.

We use letters X and I1 to denote effective (lightface) projective classes.

Using the standard encoding of Borel sets, as e.g., in [19], or [20] [§ 1D], we make use
of coding systems for Borel functions f : 2¢ x w“ — 2“ and g : 2¢ — 2.

(A) We fix a coding system for Borel functions g : 2% — 2%, which includes a IT]-set of
codes BC C w%, and for each code r € BC, a certain Borel function F, : 2¢ — 2%
coded by r. We assume that each Borel function has some code, and there is a X1
relation &(+,-,-) and a H% relation (-, -, -) such that for all » € BC and a,b € 2% it
holds Fr(a) =b <= &(r,a,b) < B(r,a,b).

(B) We fix a coding system for Borel functions f : 2¢ x w®” — 2, that includes a IT}-set
of codes BC, C w®, and for each code r € BC,, a Borel function Frz 129 x W — 2@
coded by r, such that each Borel function has some code, and there is a ZJ% relation
62(-,‘,-,-) and a H% relation ‘Bz(', -,+,) such that for all » € BC,, x € w¥, and
a,b € 29 itholds F?(a,x) = b <= &%(r,a,x,b) <= P*(r,a,x,b).

If U C ST, then Clos(U) denotes the set of all trees of the form o+ (T],), where

ce2%%ands € T € U, ie., the closure of U w.r.t. both shifts and portions.

The following construction is maintained in L. We define a sequence of countable
sets Uy C ST, a < w satisfying the following conditions 1°-6°.
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1°.  Each U, C ST is countable, Uy consists of a single tree 2<¢.

We then define Py, = Clos(Us), P<a = Ug<, Pz. These sets are obviously closed with
respect to shifts and portions, that is, Clos(P,) = P, and Clos(P<,) = P,.

2°. Forevery T € Py, thereisatree S€U,, SCT.

Let ZFC™ be the sub-theory of ZFC, containing all axioms except the power set axiom (and
with the wellorderability principle instead of AC), and additionally containing an axiom
asserting the existence of the power set & (w). This implies the existence of #?(X) for any
countable X, the existence of w; and 2%, as well as the existence of continual sets like 2%
or ST.

By 9, we denote the smallest model of ZFC™ of the form L, containing the sequence
(Ug)g<a, in which a and all sets Uz, ¢ < a are countable.

3°. IfasetD € M,, D C P, isdensein P.,,and U € U,, then U C*i® |J D, meaning
that there is a finite set D’ C D such that U C JD'.

4°. IfasetD € My, D C Pey x Py is dense in Py X Py, and U # V belong to
Uy, then U x V Cfi% |JD, meaning that there is a finite set D’ C D such that
[U] x [V] € U yyep U] x [V].

Given that Clos(P~,) = P, this is automatically transferred to all trees U € P,, as well.

It follows that D remains pre-dense in P, UP,.
To formulate the next property, we fix an enumeration

ST x BC x BC, = {(Té,bg,Cé) ¢ < (4)1} 8)

in L, which (1) is definable in L, , and (2) involves each value in ST x BC x BC; being
taken uncountably many times.

5°. If T, € P-,, then thereis atree S € U, such that S C T and:

. sza is normalized for Uy on [S] in the sense of Definition 2, and
e F, is continuous and either a bijection or a constant on [S].

6°. The sequence (Uy)u<cw, is €-definable in Ly, .

The construction 1°-6° goes on as follows. We work in L.
We first define Uy = {2<“}, to obey 1°.
Now, suppose that
() 0 <& < wy, the subsequence (Ug)z, is defined and satisfies 1°,2° below «, and the
sets Pz = Clos(Us) (for ¢ < a), Py, M, are defined as above.

The induction step of the construction is based on the following lemma.

Lemma 7 (in L, see the proof in Section 6). Under the assumptions of (1), there is a countable
set Uy C ST satisfying conditions 2°, 3°, 4°, 5°.

To accomplish the construction on the base of the lemma, we take U, to be the smallest,
in the sense of the Godel wellordering of L, of those sets that exist by Lemma 7. Since the
whole construction is relativized to L, , requirement 6° is also met.

We put Py = Clos(Uy) forall a < wy, and P = Uy, Pa-

The next result, in part related to the countable chain condition, or CCC for brevity,
is a fairly standard consequence of 3° and 4°, see for example [13] (6.5), [18] (12.4), or [21]
(Lemma 6); we will omit the proof. Recall that a forcing notion Q satisfies CCC iff every
antichain A C Q is finite or countable.

Lemma 8 (in L). The forcing notion P belongs to L, satisfies P = Clos(P) and satisfies CCC in
L. The product P x P satisfies CCC in L, as well.
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Corollary 2. (i) Ifareal a € 2% is P-generic over L and y € 2% N L[a], then there is a Borel
map § = F, : 2 — 2% with a code b € LN BC such that y = f(a).

(i) Ifapair (a,x) € 29 x w is (P x C)-generic over L and y € 2 N L[a, x] then there is a
Borel map f = FZ : 29 x w® — 2 with a code b € LN BCy such that y = f(a, x).
Proof. (i) By the Godel constructibility theory, there is an ordinal § < wlL[ﬂ] such that y is
the ¢th element of L[a] N 2% in the sense of the canonical wellordering of L[a]. However,
the forcing notion PP preserves cardinals by Lemma 8, and hence ¢ < w} = w{“ . Finally,

as ¢ < wl, it is known that the map

a — (the Zth element of L[a] N2“) 9)

is Al (p) with a parameter p € L N2% by [20], Theorem 2.6(ii), and, hence, the map (9) is
Borel with a code in L, as required.

The proof of (ii) is similar. The forcing notion IP x C satisfies CCC since so does P,
whereas C is countable. [

Lemma 9 (in L). Assume that T € IP. If g : 2% — 2% is a Borel map then there is a tree S € Uy,
S C T, such that g is either a bijection or a constant on [S].

If f 29 x w* — 2% is a Borel map, then there is an ordinal & < wy and a tree S € Uy,
S C T, such that f is normalized for Uy on [S].

Proof. By the choice of the enumeration (8) of triples in ST x BC x BCy, there is an ordinal
o <wipsuchthatT e Pepand T=T,, f = FZ’X, g =F,,. Now, wereferto5°. [

6. Proof of the Extension Lemma
Proof (proof of Lemma 7). This section is entirely devoted to the proof of Lemma 7.

We work in L under the assumptions of (1) above.

We first define a set U = {U,, : n < w} of Silver trees U, C 2% satisfying 2°, 3° 4°;
then further narrowing of the trees will be performed to also satisfy 5°. This involves a
splitting /fusion construction known from our earlier papers, see [13] (§4), [17] (§ 9-10), [18]

(§10), and to some extent from the proof of Lemma 6 above.

. N t : .
We fix a bijection B : w *= w*. We also fix enumerations

2={D(j):j<w} and 2, ={Dy(j):j < w} (10)

of the set Z of all sets D € M, D C P, open dense in P.,, and the set %, of all sets
DeMy, DC Py x Py opendensein Py X Py

The construction of the trees Uy, is organized in the form U, = [, U}}, where the Silver
trees U}! satisfy the following requirements (a)—(d):
(@) Wehave ... Cy Uy C3 Uy S, UY S U as in Lemma 3 for each n < w;
(b) if T € P<y then T = U} for some n;
(c) each U} is a k-collage over P—.

Here, a Silver tree T is a k-collage over P, [17,18] when T | ; € P, foreachtuples € TN 2
where /1 = spl;(T). Then 0-collages are just trees in P—,, and every k-collage is a k + 1-
collage as well, since Clos(P.,) = P,.

(d Ifk>1,Bk) ={,j,M,N), u= splk(lléw), V= splk(llli\]) (integers), s € U,?’I N2k,
t € UN N2Y (tuples of length, resp., 1, ), M # N, then the tree UM | ; belongs to D(j)
and the pair <ll,i\/I I's, UNT;) belongs to Dy (j"). — It follows that UM Cf2 |J D(j) and
(UM, UuNy C*n | D,(j') in the sense of 3°, 4° of Section 5.

To begin the inductive construction of the trees U}, we assign Uj € P, so that
{Uj :n < w} = P4, to obtain (b). Now, let us maintain the step k — k + 1; it continues
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simultaneously for all n. Thus, suppose that k < w, and all Silver trees U}, n < w are
defined and are k-collages over P,.

Let B(k) = (j,j', M,N). If N = M, then put U}’ ; = U} for all n.

Now, assume that M # N. Put U}, ; = U} forall n ¢ {M, N}.

It takes more effort to define U,i\il and U,ﬁrl. Let u = sply 1 (UM), v = sp1; (UY).
To begin with, we input U%rl := UM and U,?IH := UN. These k + 1-collages are the initial
values for the trees U,ffrl and Ui\lﬂ,
(within the step k — k + 1), each substep corresponding to a pair of tuples s € UM N 2#
and t € UN N2".

Namely, let s € U,ﬁl N2k, t e U,ﬁrl M 2Y be the first such pair. The trees Uﬂl [s,
U}(\ﬂrl [+ belong to P, as U,i‘frl, U,ﬁrl are k + 1-collages over P,. Therefore, by the open
density there exist trees A, B € D(j) such that the pair <U,€11 [ss U,ﬁrl [+) belongs to Dy (j')
and A C U,ﬁ\jlrl s, BC Ulﬁl I'+. Now, Lemma 2 gives us Silver trees S Cj 1 UI?/I and
T Cii1 Uli\] satisftying S|, C A, T[; C B. Moreover, by Lemma 1, S and T still are k + 1-
collages over P, since P, is closed under shifts by construction. To conclude, we have
defined k + 1-collages S, T over P, satisfying S Cryq UM, T g U4, ST € D(j),
Tl € D(j),and (S|, TI;) € Dy(j'). We reassign the “new” UM ; and U},
resp. S, T.

Applying this Cj,q-shrinking procedure consecutively for all pairs of tuples
s € UMN2# and t € U N2Y, we eventually (after finitely many substeps according to the

number of all such pairs) obtain a pair of k + 1-collages U,?frl Cri1 LI,iVI and U]ﬁl Crat U,i\’

to be Cyq1-shrunk in a finite number of substeps

to be equal to

over P, such that for every pair of tuples s € UM N2¥ and t € UN N2", we have
U,ﬁl I's € D(j) and (Ulﬁl [s/ Uﬁrl I'+) € Da(j"), so conditions (c) and (d) are satisfied.

Having defined, in L, a system of Silver trees U}’ satisfying (a)-(d), we then put
U, = Nk Uli\] for all n. Those are Silver trees by Lemma 3. The collection U, := {U,:
n < w} satisfies 2° of Section 5 by (b).

To check condition 3° of Section 5, let D € M,, D C P, be dense in P.,, and
U € U,. We can w.l.o.g. assume that D is open dense; if not, then replace T by D' =
{§€P:3T € D(SCT)}. Then, D = D(j) for some j, and U = Uy for some M by
construction. Now, consider any index k such that (k) = (M, N, j,j') for M, j as above
and any N, j'. Then, we have U = Uy, C U]?/I by construction, and U,ﬁ” cfin D by (d),
thus, U C*i% |J D, as required.

Condition 4° is verified similarly.

It remains to somewhat shrink all trees U, to also fulfill 5°. We still work in L.

Recall that an enumeration ST x BC x BCz = {(T¢, b, ¢¢) : { < wy}, parameter-free
definable in L, , is fixed by (8) in Section 5. We suppose that the tree T, belongs to P,. (If
not, then we are not concerned about 5°.) Consider, according to 2°, a tree U = Uy € Uy,
satisfying T C T,. Using Corollary 1 and Lemma 5 in Section 3, and Lemma 6, we shrink
each tree U, € U, toatree U], € ST, U’ C U, so that the function Fgﬂ is normalized on
Uy, for U = {U}, : n < w} and F,, is continuous and either a bijection or a constant on
[U},]. Take U’ as the final U, and T’ as U, to fulfill 5°. O

7. The Model, Part I

We use the product P x C of the forcing notion P € L defined in Section 5 and
satisfying conditions 1°—6° as above, and the Cohen forcing, here in the form of C = w<%,
to prove the following more explicit form of Theorem 1.

Theorem 2. Let a pair of reals (ag, xo) be P x C-generic over L. Then,

(i) ag is not OD, and, moreover, HOD = L in L[ayg, x| ;

(i) ap belongs to HNT, and, moreover, L{ag] C HNT in L[agp, o] ;

(iii) xo does not belong to HNT, and, moreover, HNT C Lao] in Lag, xo] .



Mathematics 2022, 10, 491

11 of 16

We prove Claim (i) of the Theorem 2 in this section. The proof is based on several
lemmas. According to the next lemma, it suffices to prove that HOD = L in L]ap].

Lemma 10. (HOD)L[’ZOf"O] C (HOD)L[QO}.

Proof. By the product forcing theorem, x is a Cohen generic real over L|ag]. It follows by a
standard argument based on the full homogeneity of the Cohen forcing C that if H C Ord
is OD in L[ag, x¢], then H € L[ap] and H is OD in Liay].

Now, prove the implication Y € (HOD)M%% — y ¢ LAY € (HOD)U%! by
induction on the set-theoretic rank rkx of x € L[ag, xo]. Since each set consists only
of sets of strictly lower rank, it is sufficient to check that if a set H € L[ag, xo] satisfies
HC (HOD)L[aOYand H € HOD in Lag, xo], then H € L{ag and H € (OD)L®!, Here, we
can assume that, in fact, H C Ord, since HOD allows an OD wellordering and hence an
OD bijection onto Ord. However, in this case, H € L[ag] and H is OD in L[ag] by the
above, as required. [

Lemma 11 (Lemma 7.5 in [13]). ag is not OD in L[a].

Proof. Suppose towards the contrary that ag is OD in L{ag]. Yet, a¢ is a P-generic real
over L, so the contrary assumption is forced. In other words, there is a tree T € P with
ap € [T] and a formula ¢(x) with ordinal parameters, such that if a € [T] is P-generic over
L then a is the only real in L[a| satisfying ¢(a). Let s = stem(T). Then, the tuples s~0 and
s”1 belong to T, and either s~0 C ap or s™1 C ag. Let, say, s~0 C ag. Let n = 1h(s) and
o = 0""1, so that all three strings s~0, s"1, ¢ belong to 2"l and s~0=o0- (s71). As the
forcing PP is invariant under the action of o, the real a; = o-ay is P-generic over L, and
o+T = T. We conclude that it is true in L[a;] = L[ap] that a; is still the only real in L][a;]
satisfying ®(a1). However, it is clear that a; # ag! O

Lemma 12. If b € L{ag] \ L is a real, then b is not OD in L[ag].

Proof. It follows from Corollary 2(i) that b = g(ag) for some Borel function § = F, : 2 —
2% with a code r € BCN L. Now, by Lemma 9, there is a tree S € P such that ap € [S]
and h = ¢S] is a bijection of a constant. If & is a bijection, then b ¢ OD in L[ag] since
otherwise ap = h~1(b) € OD, contrary to Lemma 11. If 1 is a constant, so that there is a
real by € LN 2% such that h(a) = by for all a € [S], then b = h(ag) = c € L, contrary to the
choiceof b. O

Lemma 13. If X C Ord, X € L[ag] \ L, then X is not OD in L[ay).

Proof. Suppose to the contrary that X C Ord, X € L[ag] \ L, and X is OD in L[ag]. Let ¢
be a P-name for X. Then a condition Ty € P (a Silver tree) P-forces

t €Llag)~L A t€OD (11)

over L. Say that t splits conditions S, T € P if there is an ordinal y such that S forces y € ¢
but T forces y ¢ t or vice versa; let yg7 be the least such ordinal 1.
We claim that the set

D={(S5T):S,TePASUT C TyAtsplitsS, T} € L (12)

is dense in P x P above (T, Tp). Indeed, let S,T € P be subtrees of Tj. If ¢ splits no
stronger pair of trees S’ C S, T" C T in [P, then easily both S and T decide -y € ¢ for every
ordinal 7, a contradiction with the choice of Tj. Thus, D is indeed dense.

Let,in L, A C D be a maximal antichain; A is countable in L by Lemma 8, and hence
theset W = {ys7: (S, T) € A} € L is countable in L. We claim that
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(f) theintersection b = X N W does not belong to L.

Indeed, otherwise, there is a tree Ty € P, Ty C Ty, which P-forces that t "W = b. (The sets
W, b € L are identified with their names.)

By the countability of A, W there is an ordinal a < w{“ such that A C P, X P,
Ty € Py, and W C a. We can w.l.0.g. assume that A € 9, for if not then we further
increase a below w{“ accordingly. Let u = stem(T). The trees Tjg = Ty [~y and Tj; =
Ty 1 ,~, belong to P, along with T, and hence there are trees U, V € U, with U C Ty
and V C Tyy. Clearly, U # V, so that we have [U] x [V] € Uy yryea[U'] x [V'] fora
finite set A’ C A by 4° of Section 5. Now, take reals a’ € [U] and a” € [V] both P-generic
over L. Then, there is a pair of trees (U’, V') € A’ such that a’ € [U'] and a” € [V’]. The
interpretations X’ = t[a’'] and X" = t[a”'] are then different on the ordinal y = yyv € W
since A” C A C D. Thus, the restricted sets ¥’ = X'|W and b = X" W differ from
each other. In particular, at least one of ¥/, b” is not equal to b. However, a’,4” € [T] by
construction, hence this contradicts the choice of T; and completes the proof of ().

Recall that b C W, and W € L is countable in L. It follows that b can be considered as
a real, so we conclude that b is not OD in L{ag] by Lemma 12 and (7).

However, b = XN W, where X is OD and W € L, hence W is OD in L[ag] and b is
OD in L[ag]. The contradiction obtained ends the proof. O (Lemma 13)

Now, Theorem 2(i) immediately follows from Lemma 10 and Lemma 13.

8. The Model, Part II

Here, we establish Claim (ii) of Theorem 2. To prove L[ag] C HNT, it suffices to
show that ay itself belongs to HNT, and then make use of the fact that by Godel every set
z € Llag] has the form x = F(ag), where F is an OD function.

Further, to prove ag € HNT, it suffices to check that the set

Epy ={b€2Y:30€2(b=0c-a9)} (13)

(which is a countable set) is an OD set in L[ag, x]. According to 6°, it suffices to establish
the equality

Eoy = mr§<w1 UTEIP’@ (T]. (14)

Note that every set IP,; is pre-dense in P; this follows from 3° and 5°, see, for example,
Lemma 6.3 in [13]. This immediately implies ay € Urep, [T] for each ¢. Yet, all sets Pz are
invariant w.r.t. shifts by construction. Thus, we have the relation C in (14).

To prove the inverse inclusion, assume that a real b € 2¢ belongs to the right-hand
side of (14) in Lag, xo]. It follows from Corollary 2(ii) that b = g(ap, x¢) for some Borel
function g = F; : 2 x w“ — 2% witha code g € BCNL.

Assume to the contrary that b = g(ag, xo) & Eq,-

Since xp € w® is a C-generic real over L[ag]| by the forcing product theorem, this
assumption is forced, so that there is a tuple u € C = w<“ such that

flao,x) € Nz<wy Urep, [T]~ Eqy, (15)

whenever a real x € .4, is C-generic over L[ag]. (Recall that .4, = {y € w“:u C y}.)
Let H be the canonical homomorphism of w® onto .4;,. We input f(a,x) = g(a, H(x)) for
a €29, x € w?’. Note that H preserves the C-genericity, and hence

flao,x) € Nz<wy Urep, [T]~ Eqy, (16)

whenever x € w® is C-generic over L{ag]. Note that f also has a Borel code r € BCin L,
so that f = F,.

It follows from Lemma 9 that there is an ordinal v < w; and a tree S € U,,, on which
f is normalized for U,,, and which satisfies a9 € [S]. Normalization means that, in L,
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there is a dense G; set X C w® satisfying one of the two options of Definition 2. Consider
areal z € wY NL (a Gs-code for X in L) such that X = X; = ) Uz(zk.3f):1 %,j, where
25 ={wj : j < w} is a fixed recursive enumeration of tuples.

Case 1: there are tuples v € w<“, ¢ € 2%, such that f(a,x) = ¢-a for all points
a € [S] and x € 4, N X. In other words, it is true in L that

Vae[S|Vxe #4NX, (f(a,x)=0c-a). (17)

However, this formula is absolute by the Shoenfield theorem, so it is also true in L[ag, x].
Take a = ag (recall: ap € [S]) and any real x € .4, C-generic over L[ag]. Then, x € Xz,
because X, is a dense G; set with a code from L. Thus f(ag,x) = 0+ag € Eg,, which
contradicts (16).

Case 2: f(a,x) & Uyer<wpucu, 0+ [U] forall a € [S] and x € X. By the definition of P,
this implies f(a,x) € Urep, [T] forall a € [S] and x € X, and this again contradicts (16)
for a = ayp.

The resulting contradiction in both cases refutes the contrary assumption above and
completes the proof of Claim (ii) of Theorem 2.

9. The Model, Part III

Here, we prove Claim (iii) of Theorem 2. We make use of the following result that
belongs to a series of results on countable and Borel OD sets in Cohen and some other
generic extensions in [14].

Lemma 14. Let x € w be Cohen-generic over a set universe V. Then, it holds in Vx| that if
Z C 2% is a countable OD set then Z € V. More generally, if g € 2% in 'V, then it holds in V[x]
that if Z C 2% is a countable OD(q) set then Z € V.

Proof. The pure OD case is Theorem 1.1 in [14]. The proof of the general case does not
differ, g is present in the flow of arguments as a passive parameter. []

Lemma 14 admits the following extension for the case V = L[a]. Here, OD(a) natu-
rally means sets definable by a formula containing a and ordinals as parameters.

Corollary 3. Assume that a € 2%, and a real x € w® is Cohen-generic over La]. Then, it holds
in Lla, x] that if X € L[a] and A C 2% is a countable OD(a) set then A C L.

Proof. As the Cohen forcing C = w<% is countable, thereisaset Y C X, Y € L[g],
countable in L[a] and such that if f # ¢ belong to 2%, then f(x) # g(x) for some x € Y.
Then, Y is countable and OD(a) in L[a, x], so the projection B = {f[Y : f € A} of the set A
will also be countable and OD(a) in L[a, x]. We have B € L[a] by Lemma 14. (The set Y
here can be identified with w.) Hence, each w € B is OD(a) in L[a, x].

However, if f € Aand w = f[Y, then w € B, hence w is OD(a) in L[a, x] by the
above. Moreover, by the choice of Y, it holds in L[g, x| that f is the only element in A
satisfying f|Y = w. Therefore, f € OD(a) in L[a, x]. We conclude that f € L[a]. O

Proof (Claim (iii) of Theorem 2). We prove an even stronger claim
x € HNT(a9) = x € Liag] (18)

in Lag, xo] by induction on the set-theoretic rank rk x of sets x € L[ag, xo|. Here, HNT (ag)
naturally means all sets hereditarily NT(a), the latter means all elements of countable sets
in OD(ﬂo) .

Since each set consists only of sets of strictly lower rank, to prove (18), it is sufficient
to check that if a set H € Lag, xo| satisfies H C L[ag] and H € HNT(ay) in Lag, xo], then
H € L[ag]. Here, we can assume that in fact H C Ord, since L[ag] allows an OD(ag)
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wellordering. Thus, let H C A € Ord. Additionally, since H € HNT(ay), we have,
in Llag, xo], a countable OD(ap) set A C #(A) containing H. However, A € L[ag| by
Corollary 3. This implies H € L[ag] as required. [

This ends the proof of Theorem 2 as a whole and the proof of Theorem 1.

10. Conclusions and Discussion

In this study, different descriptive set theoretic and forcing tools are employed to define
a generic extension of L in which the class HNT of all hereditarily nontypical sets is a
model of ZFC (not merely ZF), separated from the class HOD of all hereditarily nontypical
sets and from the universe V of all sets by the strict double inequality HOD & HNT & V.
This is the content of our main result, Theorem 1, and this solves a problem proposed
in [9]. This result demonstrates that the class HNT has its own merits and deserves further
special study.

As for possible applications, this research can facilitate the ongoing research of different
aspects of definability in modern set theory. Let us briefly present three such lines of
research.

1. Tzouvaras [9] and Fuchs [7] (in terms of blurry definability) pursued a more general
approach to nontypical sets. Namely;, if « is a cardinal, then let NT, (x-nontypical sets)
contain all sets x which belong to ordinal definable sets Y of cardinality cardY < «.
Accordingly, let HNT (hereditarily x-nontypical sets) contain all sets x satisfying TC(x) C
NTy, as usual. Then, HNT = HNT,,, of course, whereas HNT,, coincides with the
class HOA of hereditarily algebraically definable sets in [6] and HNT; coincides with
hereditarily ordinal definable sets as in Section 1 above. All classes HNT; satisfy ZF, and
we obviously have

HOD = HNT, € HOA = HNT,, € HNT = HNT,, € HNT, € HNT, (19)

for w; < x < A. This naturally leads to the following questions considered in [7,9]:

(1) characterize cardinals A satisfying Uy, HNT, & HNT), strictly;
(2) find out what forms of the axiom of choice are true in HNTy for different «;

(3) investigate the nature of classes HNTy in different generic models and large cardinal
models.

2. Another model, in which HNT is strictly between HOD and the universe but does
not satisfy the axiom of choice unlike the model if Theorem 1, was introduced in [22]. It
was briefly considered in [7,9] in the context of nontypical sets. This model extends L
by an infinite sequence b = (b, )n<« of reals a, € 2¢ generic in the sense of the Jensen
forcing [21], so that it is true in L[b] that the whole countable set B = {b, :n < w} of
those reals is a lightface H%, hence OD, set that has no OD elements. In particular, as
noted in [9], each b, belongs to HNT \. HOD, thus HOD ; HNT in such a model L[b].
On the other hand, the generic sequence b itself does not belong to HNT in L[b] [7], so
that HNT is a prover subclass of the set universe in L[b]. Yet the principal flaw of such a
model L[b] is that its class HNTL[?! fails to satisfy the axiom of choice AC (unlike the class
HNTM**] = La] of the model defined for Theorem 1). Thus, L[b] is a less worthy solution
of Problem 1 in the Introduction.

3. Recall that if x is a Cohen real over L, then HNT = L in L[x] by Lemma 14. The
following problem highlights another aspect of non-typicality in Cohen extensions.

Problem 2. Is it true in generic extensions of L by a single Cohen generic real that a countable
OD set of any kind necessarily consists only of OD elements, and hence NT = OD holds?

This is open even for finite OD sets. A more advanced techniques for studying Cohen
extensions as in this paper (Section 9) or in [23] could be useful here.
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Furthermore, it is not that obvious to expect the positive answer. Indeed, the problem
solves in the negative for Sacks and some other generic extensions even for pairs. For
instance, if x is a Sacks-generic real over L then it is true in L[x] that there is an OD
unordered pair {X, Y} of sets of reals X, Y C #(2“) such that X, Y themselves are non-
OD sets. See [24] for a proof of this rather surprising result originally by Solovay.

4. It would be interesting to give any substantial treatment of topics related to defin-
ability (including ordinal definable and nontypical sets) in the frameworks of alternative set
theories like recently introduced finitely supported mathematics FSM [25] or more classical
and well-known ZFA with atoms [16] (Chapter 7), [26] (Chapter 7).
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