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ON THE NONEMPTINESS OF CLASSES IN AXIOMATIC SET THEORY

UDC 51.01.16
V. G. KANOVEI

Abstract. Theorems are proved on the consistency with ZF, for n > 2, of each of
the following three propositions: (1) there exists an L-minimal (in particular, nonconstructive)
a C w such that ¥V = L[a] and {a}E 1'[,11, but every b C w of class E,ll with constructive
code is itself constructive; (2) there exist a, b C w such that their L-degrees differ by a
formula from H'll, but not by formulas from 2'11 with constants from L (X and Y are said to
differ by a formula ¢(x) if ~ {(3x € X)p(x) = (3¥ € Y)p(¥)]); (3) there exists an infinite,
but Dedekind finite, set X € P (w) of class I'[,ll, whereas there are no such sets of class ‘_Erll.
The proof uses Cohen’s forcing method.

Bibliography: 17 titles.

§1. Introduction. Formulation of the theorems

As N. N. Luzin predicted (see the Conclusion to [1a], and [1b]), the classical methods
of descriptive set theory are not successful in solving nontrivial problems concerning projec-
tive sets for levels beginning with the third, and sometimes for the second and even for the
first level. For example, it is impossible to prove or to refute the assertion of the Lebesgue
measurability of every set of real numbers of the class A,. (This was established, on the
one hand, by P. S. Novikov [2], and, on the other, by R. M. Solovay [6].) Thus, that
assertion and its negation are each consistent with the Zermelo-Fraenkel axiomatic set theory
ZF. Many other problems of this kind also allow of a solution only in terms of consistency
with ZF or ZFC (ZF + Axiom of Choice).

The theorems proved in the present paper can be called “theorems on the consistency
of the nonemptiness of differences”. Theorems 1 and 2 have the following general form:

The proposition “In the class K, there exist elements satisfying a certain property A”
is consistent (with respect to ZF or ZFC) with the proposition “In the class K, there do
not exist elements satisfying the same property A.”

Here, K, and K, are certain fixed classes of sets. For example, in Theorem 2 one
takes as K, and K, , respectively, the projective classes CA, and 4, of N. N. Luzin ([I¢c],
Works p. 586).

Thus, the difference K, — K, turns out to be “nonempty” (in the sense of consistency)
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with respect to the property A. In Theorem 3, the “consistency of the nonemptiness™ of
the difference K, — K, is understood in a somewhat different way.

Before formulating the theorems, let us make some terminological remarks. By R we
denote P(w) = {x: x C w}, the collection of all subsets of the natural number sequence
w. We shall use the standard notation (cf. [5], § §16.1 and 16.6) for classes of subsets
of spaces of the form w™ x R¥, as well as the notation for corresponding collections of
formulas of second-order arithmetic with variables of type 1 over R ([5], §16.2). In
particular, if i < 2 and n € w, then E; is the collection of all subsets of such spaces defined
by E’;,-formulas without parameters; Zf;x is the same with the additional condition that we
can use a fixed x C w as a parameter of type 1. Similarly, Hi and Hi;" are the collections
of all subsets of the indicated spaces defined by H’;,-formulas without parameters and with
the parameter x, respectively. Further, A; = Z; N H’;, and Ai;x = Ef;x N Hﬁ;x. In addition,
one defines an = UwaEf;x (coinciding with the class 4, for spaces of the form R¥) and
LII;, =U,.co l'[i;" (coinciding with C4,). In this connection, in a Z}-prefix we do not
permit a qﬁ-antiﬁer of type O to stand to the left of the quantifier of type 1; and the same
for I}.

THEOREM 1. Let n = 2. The proposition “In the class A,‘1 41 there exists a non-
constructive subset of the set w” is consistent with ZFC + ““In the class 2,1, all subsets of
w are constructive’.

TueorREM 2. Let n 2 2. The proposition “In the class CA,, there exists an infinite
D-finite subset of the set R” is consistent with ZF + “In the class A, there are no infinite
D-finite subsets of R.”

(A set is said to be infinite if it is not equinumerous with any natural number; that is,
if it is not finite. A set is said to be D-finite if it is not equinumerous with any of its
proper subsets (cf. [4], §5).)

Before formulating Theorem 3, let us introduce some more definitions. If U is any
set, by L(U) we denote the class of all sets constructible with respect to U (cf. [4], §11).
For a C w, we define [2] = {x C w: L(x) = L(a)}, the collection of all subsets of w which
are “equiconstructible” with a; that is, the L-degree or the degree of constructibility of a.

In addition, if X, ¥, ZCR andif [XNZ=0& YNZ#0]VXNZ#0& YNZ=0]
is satisfied, then we say that Z distinguishes the sets X and Y.

THEOREM 3. Let n = 2. The proposition “There exist nonconstructible a, b C w such
that there is in the class H; a set Z C R which distinguishes [a] and [b], but in the class
E,ll there is no such set Z C R” is consistent with ZFC.

§2. Comments on the theorems
2.1. On Theorem 1. The consistency of the assertion of the existence of a non-
constructible subset of w was proved by Cohen [3]. The first nontrivial result on the
position of such subsets in the analytic hierarchy is due to Shoenfield [10] :
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PROPOSITION (A). Ifx,y Cwand y € )7, then y € L(x), and y € 1™ is true
in L(x).

Proposition (A) follows easily from the well-known Absoluteness Principle:

ABSOLUTENESS PRINCIPLE [10]. If M is a transitive class which is a model of ZF, if
w, €M, and if  is a closed H;-formula with parameters from M, then ¢ is true in M if
and only if it is true in the universe V (that is, the class of all sets).

(A) implies, in particular, the constructibility of every x C w of the class 221. Thus,
Theorem 1 is not true forn = 0, 1.

In the present paper, we actually prove not Theorem 1, but rather the following
stronger one.

Tueorem 1. Let n > 2. The proposition “There exists an L-minimal a C w satisfy-
ing the condition V = L(a) (i.e., all sets are constructible relative to a) and {a} € Hrll” is
consistent with ZFC + “If x, y Cw,if x €L, and if y € E,ll’x, theny €L and L =
y e Erll ,x.”

(A set a C w is called L-minimal [8] if a is nonconstructible, and, for every b € L(a)
such that » C w, from b € L it follows that a € L(b).)

Theorem 1 follows from Theorem 1’ by virtue of the fact that every L-minimal subset
of w is nonconstructible by definition, and from {a} € Hrl. it easily follows that ¢ € A:H L

The consistency of the assertion of the existence of an L-minimal a C w satisfying the
condition ¥V = L(a) was proved by Sacks [8]. Later, Jensen [7] strengthened Sacks’s result
by the requirement {a} € H;. In view of Proposition (A), Jensen’s result coincides with the
special case n = 2 of Theorem 1'.

Theorem 1" was announced by the author in [16] and proved in [17] by a somewhat
different method than in the present paper. Some other results about minimal subsets of
« were announced in [14].

2.2. On Theorem 2. The axiom of choice implies the equivalence of the two defini-
tions of finiteness: Every set X is finite if and only if it is D-finite ([4], §5). Thus, the
nonexistence of infinite D-finite sets is provable in ZFC. Let us also mention that any set
X is D-finite if and only if it does not contain a subset equinumerous with the natural
number sequence w ([4], §5); the proof does not use the axiom of choice.

Although the existence of infinite D-finite sets is inconsistent with ZFC, nevertheless
it is consistent with ZF ([3], Chapter 4, §9). Infinite D-finite sets can be projective ([15],
Theorem T4) and even occur in H; ([13], without proof). On the other hand, in ZF (with-
out the axiom of choice!), the following holds.

ProposITION (B). There does not exist an infinite D-finite set X such that X CR and
Xe Z;.

Proo¥r. Assume X CR, X € g;, X infinite. Let us construct a set ¥ C X which is
equinumerous with w. We define G as the collection of all pairs (1, x) € w x R such that
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(x); € X for arbitrary i <n (where (x); = {k € w: 2" - 3% €x})and (x); # (x); for i, j <
n,j#i. Itis clear that G € _2_); and dom(G) = w (the latter from the infinity of X). By
the Novikov-Kondo-Addison uniformization theorem ([5], §16.7, Theorem XLV), we find
a function F C G such that dom(F) = dom(G) = w. Now, Y = {(F(m));: i <m € w} is
the desired subset of X equinumerous with «w, and Proposition (B) is proved.

Proposition (B) refutes Theorem 2 for n = 0, 1. It also implies the equivalence of the
result of [13] mentioned above and the special case n = 2 of Theorem 2.

We also shall prove Theorem 2 in the following stronger form.

THEOREM 2. Let n > 2. The proposition “In the class H; there exists an infinite
D-finite subset of the set R is consistent with ZF + “In the class Z),ll there are no infinite
D-finite subsets of R.”

The derivation of Theorem 2 from Theorem 2’ is trivial by virtue of the fact that l'lrll
is a subclass of the class C4,, = _I_I,I, Theorem 2’ was announced by the author in [16].

2.3. On Theorem 3. Assume X, Y CR -and let K be any class. The sets X and Y
are said to be K-distinguishable if there is a set Z € K, Z C R, such that Z distinguishes X
and Y. In the contrary case, we say that X and Y are K-indistinguishable.

The problem of the distinguishability of L-degrees of subsets of  has not been
considered in the literature. We note that, if one or both of @ and b are constructible, then
the situation becomes trivial. In fact, [a] = [b] for a, b € L; {0} distinguishes [2] and [b]
forac€ L and b ¢ L.

ProrosITION (C). If a and b are nonconstructible (for example, L-minimal) subsets
of the set w, then [a] and [b] are T1-‘-indistinguishable.

y =L we denote U Z1:%: that is, the collection of all Z!.sets “with
n xEL,xCw “n “n
constructible coding”.)

PROOF. Assume Z CR, Z€ z1-F and Z N [a] # 0. It is clear that Z ¢ L (since
a, b €L). According to a theorem of [12], in this case there exists an R-perfect set P C Z
“with constructible coding”. Obviously such a set has a nonempty intersection with every
[x], x Cw. Thus Z N [b] is nonempty. Q.E.D.

From Proposition (C) it follows that Theorem 3 is not valid for n = 0, 1.

Theorem 3 also is proved in a stronger form.

THEOREM 3'. Let n = 2. The proposition “There exist L-minimal a, b C w such that
the sets R N L(a) and R N L(b) are N1}-distinguishable but 3\"*-indistinguishable” is
consistent with ZFC.

The derivation of Theorem 3 from Theorem 3’ is based upon the following lemma.

LEMMA. Let n = 2. Assume that a, b C w are L-minimal, and that the sets X = R N
L(@) and Y = R N L(b) are 11} -distinguishable but =\ -indistinguishable. Then the sets
[¢] and [b] are N\-distinguishable but 3} -indistinguishable.
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PrROOF. We note two subsidiary facts:

(1) X=[a) UL*and Y = [b] U L*, where L* = L N R. (This follows from the
definition of L-minimality.)

(2) L* € T} (cf., for example, [9]).

Assume now that Z CR, Z € 11}, and Z distinguishes X and Y. Then Z' = Z — L*
distinguishes [a] and [b] by virtue of (1), and Z’ € I} by virtue of (2) and the fact that
zenln=2.

Conversely, assume Z CR, Z € E;’L, and Z distinguishes [a] and[b]. Then
Proposition (C) implies that n > 3. So, the set Z' = Z — L* belongs to E};L by (2). On
the other hand, Z' distinguishes X and Y by virtue of (1). This proves the lemma.

The derivation of Theorem 3 from Theorem 3’ and the lemma is trivial. Theorem 3'
was announced by the author in {16] in a somewhat different form.

2.4. Formulation of the Fundamental Theorem (FT). Theorems 1', 2’ and 3 are
corollaries of the fundamental theorem FT that will be formulated below. Before formulat-
ing FT, let us introduce, for every n, Proposition B,,(4) as the conjunction of the following
nine propositions.

A1A): A CR, V = L(A), and the elements of A have pairwise distinct L-degrees.

U2(A): A is infinite and D-finite.

A3(A4): The elements of A are L-minimal.

U4,(A): A is a set of the class T},.

Wd, (A): In the class T} there are no infinite D-finite subsets of R.

US,(A): Ifa€ A, then {a} € NN} is true in L(a).

US1(4): Ifa€A,x ER N L, andy €R N L(a), and, moreover, y € L1 is true in
L(a), then y € L, and y € £} is true in L.

U6, (A): Ifa, b€ Aanda+#b, then the sets L(a) N R and L(b) N R are 11}-
distinguishable in L(a, b).

%[6;"(A): If a, b € A, then the sets L{a) "R and L(b) N R are E}I’L-indistinguishable
in L(a, b).

We shall prove that, for any n > 2, the proposition 34 B,(4) is consistent with ZF,
from which it is trivial to obtain Theorems 1’, 2" and 3'. In fact, for Theorem 1’ one has
to use parts U1, U3, U5/, and YS! of Proposition B,; for Theorem 2', parts U1, A2, U,
and U4, for Theorem 3', parts 21, U3, U6, and U6,,.

The consistency of 34 B,,(4) is proved in the following form.

FUNDAMENTAL THEOREM (FT). Let n > 2 and assume that (w, Y- (constructible
w,, [7]) is countable in the universe. Then there is a set A such that Proposition B,(A4)
is true in L(A).

The consistency of the premise of this theorem with ZF is well known (cf. [3],
Chapter 4, §10); thus, this theorem implies the consistency with ZF of the proposition
34 B,,(A4) for n > 2. Hence, FT implies Theorems 1',2', 3' (and 1, 2, 3).

2.5. Plan of the proof. In the remainder of the paper (§ §3—7), we shall assume the
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countability of (w, Y. In §3, we shall consider a general construction of generic extensions
L(A) of the constructible universe L with the help of sets A CR. In this connection, as
sets of forcing conditions (s.f.c.) we shall take sets of the form P*, where P is some con-
structible collection of perfect trees in <@ 2. For the proof of FT it suffices to choose a
set PE L, P C <2, such that B,,(4) is satisfied in all P-generic extensions of the form
L(A). The existence of such extensions is obtained in the usual way from the countability
of (wz)l‘ in the universe. Properties 1(4) and U2(A) are of a trivial nature; their satisfac-
tion in all extensions of the form L(A) also is proved in §3 (Theorem 3 4).

In §4 we shall study properties of extensions of the form L(4), under the assumption
that the s.f.c. P has the form P = U,
type constructed in [7] (a Jensen sequence, Definition 4.2). We shall show that if, in

1P°‘ in L, where (P, « € w,) is a sequence of the

addition, 4 is a subset of R which is P-generic over L, then every ¢ € A will be L-minimal
(Theorem 4.6), and A itself will be the collection of all subsets of w in L(4) which are P-
generic over L (4.4). If, in addition, the sequence P, satisfies a suitable definability condition
in L (in [7] such a condition follows from the construction), then in L(4) the properties

Wi\ (A),i=4,5,6, will be satisfied (4.5).

To ensure the truth in L(4) of the “dual’’ properties Hi;:(A) (Theorem 6.1), in §6 we
impose on the sequence P, the requirement of “‘elementary equivalence” of P and the
collection P’ of all constructible perfect trees (P C P") relative to forcing of formulas of the
class 11} _, (Definition 6.1).

We note that, in the P'-generic extensions of L of the form L(4), the properties
?Ii;,'(A), i =4,5, 6, are satisfied for any #; this stems from the existence of a sufficient
number of order automorphisms of the set P'. However, we shall not deal with P'-generic
extensions; instead of them we shall consider a suitable relation forc (5.4), to the study
of which §5 is devoted.

Finally, in §7, for a fixed n > 2 we shall construct a sequence (P, a € w,) satisfying
the requirements of both §4 and §6; this concludes the proof of FT. That is the plan of
the proof.

All the standard set-theoretic symbolism is taken from [4], except for the following
change: cardinality is denoted by card(x), instead of |x |.

The author is deeply grateful to Professors V. A. Uspenskii and V. N. Grisin for reading
this paper and for their valuable assistance.

83. Generic extensions used in the proof of FT

We presuppose that the reader is familiar with the general theory of generic extensions
and the method of forcing, as well as with the elementary theory of the hierarchy of subsets
of spaces of the form w* x R™ and of formulas of second-order arithmetic ([3], Chapter 16).
The construction of generic extensions of permutational (symmetric) type and the symmetry
properties of such extensions are taken from [3], Chapter 4, §9. In the presentation of the
connection between forcing and truth in generic extensions we follow [6]. Finally, from [7]
we take the idea of replacing generic filters by generic subsets of w, and the use of generic
extensions of the constructible universe L, but not of a countable model of the theory
ZF + V = L. Moreover, the existence of generic extensions is guaranteed by the introduction
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of the additional axiom on the countability of (w, )F in the hypothesis of FT.

We shall begin with the definition of the forcing conditions—perfect trees in the set
<w
2.

3.1. Perfect trees. By ¥ X we denote the set {f: fis a function from Y into X} ([4]1,
p. 5). (This is not to be confused with the Cartesian power X' ; see below.) We introduce
the set <“2 = |J, "2, the collection of all finite sequences of zeros and ones (including
the sequence O of length zero). For e € <“?2 and i € 2 we define e ~ i = eU {(dom(e), 0}
(an “extension™ of the sequence €) ([4], §18).

A nonempty p C <“2 is called a perfect tree (in <“2)if: (1) fore €p and e’ € <2,
¢ Ce implies ¢’ € p; (2) for arbitrary e, € p there exists e € p such that e, C e and
e”0 and e "1 belong to p. By Perf we denote the collection of all perfect trees.

For every p € Perf one can define Cl, as the collection of all x C w such that, for each
n € w, there exists e € p N "2 satisfying (Vi < n) [i € x = e(i) = 1]. Cl, is a perfect sub-
set of the space R = P (w).

If e € <92, then by ¢e) we denote {&' € <“2: €' Ceore Ce'}; {e) € Perf, and
Cl,,, is clopen (closed and open).

Before any further definitions, let us agree that an (m-tuple) finite sequence (s, . . .,
S, 1) coincides with O for m = 0 and with s, for m = 1. Then the Cartesian power X
of every nonempty X is equal to {0} = 1 for m = 0 and is equal to X for m = 1.

Assume now that p = (P, - . ., P, _1) € Perf™ (an m-tuple of perfect trees). We
define Clp ={xg, .-+ Xy 1) X € C]Pi for every { <m} (if m = 0, then a, = Cly, =
{0} = R%;if m = 1, then Clp = Clpo). For the same p we define |jp || = m (*dimension”).
If k<m,then wesetp L k= (py,...,P;_;) (=0 for k =0), and for k¥ > m we define

Pl =Py ...r Pm-p 2 ..., “2).

k-m times

Similarly, if a = (@, ... ,a,,_;)ER™, k<m,weseta | k= (ay,...,a_,)
Ifa=(a,i€w)c“Rand k € w, then by a | k we denote the finite sequence (g, . . .
a,_,) (ERF).

3.2. Generic sequences and finite sequences. For every P C Perf we define P~ =
U,,eP" (the collection of all finite sequences of elements of P). The set Perf™ is
ordered by the relation < : (py, ... ,P;_;) <@g, - - -4q,,_,)if and only if & < m and,
for every i <k, gq; C p; holds.

As sets of forcing conditions we shall consider sets of the form P™ (ordered by the
relation <), where P C Perf satisfies the condition

if eepsP, then p[I(e)P.
The collection of all P satisfying this condition will be denoted by Spl (“splitting”
sets).
We now introduce the important concept of generic sequences and finite sequences of
subsets of w. Let K be a transitive class which is a model of ZF (below, as a rule, K = L),
and let P € L N Spl be fixed. A sequence (function) a € “ R is said to be a Pgeneric
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sequence over K if the set G, = {p € P”:a | |pll € Clp} has a nonempty intersection with
every set @ € K which is dense in P, (Q is said to be dense in U ([6],1. 1.2)if Q CU C
Perf™ and the following conditions hold: (1)q €0 & u€U&u=qg —u€Q, and (2)
(Vuc U)(3q €0) lqg > u].) P-generic sequences over L will be called simply P-generic
sequences.

The method of dealing with P-generic sequences instead of generic filters on P™ is
taken from [7]. Moreover, membership of P in Spl implies that K(z) = K(G,), as well as
the fact that G, is a P-generic filter over K, for any P-generic sequence a over K (cf. [7],
the reasoning on p. 124).

Similarly, if 2 € R™, we define G, = (pE€P": a € Cl,}; the finite sequence a is
called a P-generic m-tuple over K if G, N Q is nonempty for every set Q € K which is dense
in P™. In particular, 2 C w is a P-generic subset of w over K if (a) = a is a P-generic 1-tuple
over K (this coincides with the definition in [71). As above, P-generic m-tuples over L are
simply called P-generic m-tuples.

We shall use the following properties of generic sequences and finite sequences over L.
Assume P € Spl is constructible.

1. If(aq, ..., a,)is a Pgeneric (m + 1)-tuple, then a,, € L(a,,...,q,_,). In
fact, by the “produce lemma” ([6], 1. 2.3), a,,, is P-generic over K = L(a,, . . . , 4,, ;).
From this and P € Spl it follows easily that a,, & K, Q.E.D.

2. Ifa= (a, i € w) is a P-generic sequence (over L) and if m € w, then a,, ¢
L({a;: i #m}). (The proof is similar.)

3. Ifais as above, i, j € w, and @' is obtained from a by transposing a; and a;, then
d' is also a P-generic sequence (over L). (This follows easily from the definitions.)

4. If m € w, a € R™ is a P-generic m-tuple, Q € L, and Q is predense in P™, then
a€ UqGQCIq. (Obvious)

(A set Q@ CP™ is called predense in P™ if {p EP™: (3g €Q) [p = q] }is dense in
P™ [71)

5. Assume p € P, Then there exists a P-generic (over L) sequence a € “R satisfying
pEG,.

In fact, the countability of (w, Y (cf. 2.5) easily yields the countability (in the universe)
of the collection of all constructible sets that are dense in P*°; then we apply the argument
of [6], L.1.8.

3.3. Forcing. We fix some PE L N Spl. A set A CR is called a Pgeneric set if
A = mg(a) = {a;: i € w} for some P-generic (over L) sequence a = (g;, { € w). For the
study of generic extensions of the form L(4), where 4 is a P-generic set, we introduce a
suitable forcing relation.

First we define the language | to be the extension of the usual elanguage obtained by
adding the constants 4, a; (k € w), and x (x €L). If pis a formula of L, and a =
(¢;, | € w) € “R, then we define the interpretation ¢* of the formula ¢ by changing 4, 4,
and x to {¢;: { € w}, a; and x, respectively. Following [6], .19, we introduce a forcing
relation: p |- py if and only if ¢ is true in L(mg(a)) for any P-generic (over L) sequence
a satisfying p € G,.

In this definition it is presupposed that p € P* and that ¢ is a closed formula of the
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language L. If P is clearly determined by the context (as in this section), then we shall write
[ instead of |}-p.

The basic properties of the relation |i-p are as follows:

1. The relation |\ (i.e., |Fp for a given P € Spl) is expressible in L in the following

sense: if o(x,, . .., X,,) is an eformula without parameters, then {(p, c,, ..., c,,):
PE€EPc,,...,c, are constants of the language | and p |- o(c,, . . ., ¢,,)}is a class in
L.

2. Assume a is a P-generic sequence, A = mg(a), ¢ is a formula of the language [ and
¢ is true in L(A). Then there exists p € G, such that p |t .

We refer the reader to [6],1.1.9.

3.4. Symmetry properties, and securing U1(A) and 2(A) in L(A). The set P of 3.3
remains fixed. We formulate some properties of generic extensions of type 3.3, studied in
detail in [3], Chapter 4, §9.

1. Assume o is a closed formula of the language |.. Then the set (p € P":p ¢
or p |-~ ¢} is dense in P” and belongs to L. (This follows easily from 3.3.1 and 3.3.2.)

2. Assume p € PT, ¢ is a formula of language |, m € w, and every constant a,
occurring in ¢ satisfies i <m. Then p |\ ¢ and p | m |\ ¢ are equivalent.

3. If pand m are as in 2, then the set {p EP™:p |l porp |-~ p}is dense in
P™ and belongs to L.

4. If A CR is a P-generic set and z € L(A), z C w, then there exist m € w and
1 €A such that z € L(a,, . . . ,a,,_,).

Assertions 2 and 4 are common to all “permutation’ extensions ([3], proof of the
lemma on Russian p. 261), and 3 follows from ! and 2.

a,...,a

THEOREM. Assume A CR is a P-generic set. Then U1(A) and U2(A) are satisfied
in L(A).

We carry out the proof in L(4). The validity of A1(4) is obvious from 3.2.2. Let
us prove that A4 is infinite and D-finite. That A4 is infinite follows from 3.2.2 again. Let us
suppose that fis a bijection from w into 4 (f € L(4)). Applying assertion 4, we easily

obtain that f € L(ay, . . . ,a,,_,) forsomemE wanda,,...,a, , €A. Then
mg(f) € L(ay, . . . ,a,,_,). Again by 3.2.2, since mg(f) C 4, we conclude that mg(f) C
{ag, . . ., a, 1}, which contradicts the fact that f is bijective. This contradiction completes

the proof of the theorem.

§4. Application of Jensen’s method for securing
properties U3(4) and Ui,(4), i = 4, S, 6, in L(A)

Thus, we are able to construct a set A C R such that ¥ 1(4) and U2(A4) are true in
L(A4). In fact, one must take any constructible P € Spl (for example, P = Perf N L) and
any P-generic (over L) set 4.

In this section we shall consider a method for constructing constructible P € Spl such
that ¥3(4) and Ui, (4),i = 4, 5, 6, also hold in L(4). This method consists in constructing
P (in L) in the form P = UaPa, where (P, a € (wl)L) is a sequence constructed by the
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method of [7] (such sequences will be called Jensen sequences—see Definition 4.2). Imposing
on the Jensen sequence (P, a € (wl)L ) the additional requirement of definability in L, we
obtain the fulfillment in L(4) of properties U3(4) and QIi;(A), i=4,5,6 (for suitable
n = 2) (Theorems 4.5 and 4.6).

Below in §6 we shall indicate another requirement on Jensen sequences leading to the
fulfillment in L(A4) of properties ?Ii;l'(A ). In this connection, in §4 we shall deal with not
a particular Jensen sequence (as was done in [7]), but rather an “arbitrary” one. A particular
choice of a Jensen sequence for the proof of FT is carried out in §7.

The ideas of [7] form the basis for the arguments of this section.

4.1. Splitting. Let us introduce some preliminary definitions. If p, g € Perf and
p=qNe)V-- Ul )forcertaine,,...,e, €q,then we say that p is closed-open
(clopen) in g; in that case, Cl, N Cl, will be clopen in Cl, in the topological sense. We say
that p = (pg, . . ., P, ) € Perf™ is componentwise disjoint if p, N p; is finite (that is,
Clp, N Cl,_is empty) for i # j. If p € Perf™, U C Perf™, and p C UQ for some finite
Q C U, then we write p > VU.

Assume P, Q € Spl, and let = be any set. We say that Q is a splitting of P over =
if the following assertions (1)—(4) hold:

(1) for every p € P, there exists g € Q such that g C p;

(2) for every g € Q, there exists p € P such that g C p;

(3) ifp € Pand q € Q, then p is clopen in ¢;

4) if m € w, U € Zis predense in P, and ¢ € Q™ is componentwise disjoint, then
q= \VU.

Let us show that, if (1), (2) and (3) hold, then (4) is equivalent to:

() if m € w, UE Z is predense in P, and ay, . . . , 4, _, € quQC]q are
pairwise distinct, then (g, . .., a,, _;) € UuGUC1u'

First let use prove (5) — (4). Assume g € @™ is componentwise disjoint. Then
every a = (@g, - - . , a4, _4)€Cl, obviously satisfies a; # a; for i # j. According to (5),
this yields a € U, ¢, Cl,. Thus, €1, € U,y Cl,. But, by (3), the set Cl, N Cl_ is clopen
in Cl, for any u € U. From this, with the help of the compactness of R™  we obtain
qg=> VU,ie. (4).

Let us prove the converse implication. Since Q € Spl, it is not difficult to choose a
componentwise disjoint ¢ € @™ such thata = (g, ...,q,, ;)€ Clq. But, according to
(4), g = VU, and this yields a € Uue uCl,, ie., (5) has been proved. This completes
the proof of the equivalence.

42. Jensen sequences. Assume m = (P,, o € v) € L is a sequence of elements of Spi
that are countable in L. We call 7 a Spl-sequence (of length v) if, for every 8 € v, the set
Py is a splitting of Pz = UaEBPa over Ly,(ﬂ/ﬁ), where by v*(7/B) we mean the least
7 € On for which 7|8 € L and § is countable in L, . Spl-sequences of length (wl)L are
called Jensen sequences. We note that every Spl-sequence (and Jensen sequence) is constructible
by definition.

Jensen sequences were constructed for the first time in [7]. We shall formulate some
trivial properties of Spl-sequences.
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LEmMMA 1. Assume m = (P, a € v) is a Spl-sequence and a € v. Then P is predense
in P = U,e,b, (cf. [7], Corollary 5).

The proof is easily obtained by induction on « and », taking into account that
ta€ P} C Lv*(nlﬁ) for any 8 € v.
From the lemma and the definitions, we obtain

P

«

COROLLARY 2. Let 7 be as in Lemma 1, and assume a € § € v.
(1) If q € Py, thenq > \/P,.
(2) If p € P,, then there exists q € Py such that q = p

4.3. A property of antichains. 1f Q C U CPerf™ and, for arbitrary p, ¢ € Q and
u €U, u>p &u>qimplies p = q, then we call Q an antichain in U. A maximal antichain in
U obviously is a set which is predense in U.

THEOREM, Assume n= (P,,a € (wl)l‘) is a Jensen sequence, P = UaE(w )LP
m € w, and Q € L is a maximal antichain in P™. Then Q is countable in L and there exists
AE (wl)L such that the following conditions are satisfied:

() @ CPZ, (where P, =, e\P,)

() Ifag, ... 0, 4 € UpEP}\Clp are pairwise distinct, then (a,, . . . ,a,, )€
UqgeoCly-

(iii) If q € P’ is componentwise disjoint, then q > Vo.

ProoF. The beginning of the argument is in L. We introduce the notation

Qo= (PA) NQ
(where P, = UaE}\Pa) for every X € w,. It is clear that w,, n, P and Q are elements
of sz. This permits us to choose a countable set M € sz containing the indicated sets
and such that

(1) Mis an elementary submodel of L,

Obviously, M is an extensional set. So, there exist a transitive V and a e-isomorphism
¢ of M onto N. We define A = ¢(w,), and we shall show that A is what is required. Taking
into account (1) and the choice of ¢ and N, we obtain the following sequence of propositions:

(2) If x € M is countable, then x CM. (One uses (1) and the formula “There exists
a function from w onto x"".)

(3) If x € M is hereditarily countable, then o(x) = x. (This follows from (2) by
induction on the rank of x.)

4) =MD w, (from (2) and (3)).

(5) o(m)y=nl\ = (P, a €)) (from (1), (3), (4) and the choice of ¢).

() o) = Py oQ) = Oy, (from (3) and (5)).

(7) Q. is a maximal antichain in P, . (This follows from (1), (6), and the
hypotheses.) Hence, O, is predense in P;"}\_

(8) N=Lg for some s € w,.

(9) X is nondenumerable in N = Lg (since w, is nondenumerable in sz); thus,

& < y*(ml\)and N CLyxniny
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(10) Q. ELW*("I)\) (from (7) and (9)).

(1) @ =0, ie, Q CPZ,. In fact, suppose the contrary; that is, assume v € Q —
Q<. By 42.2(2), one can select € w,, § 2 A, and a componentwise disjoint g € P"i”
such that ¢ 2 v. (One also uses Py € Spl.) Applying (7) and (10) and taking Definition 4.2,
into account, we obtain g > \/Q<>\. From this, since u andl} € Spl, we obtain the existence
ofu€@ ., andw EPg' such that w2 g and w 2 u. Thus, w 2u, w > v, w € P", But
u and v automatically are distinct elements of Q (u € Q. ,; v € Q — Q_,), contrary to the
choice of Q as an antichain. This proves (11).

This ends the reasoning in L. Let us finish the proof of the theorem. From (11) we
deduce (i) and the countability of Q in L, and (ii) and (iii) follow from (7), (10), Definition
4.2, and parts 4.1(4) and 4.1(5) of Definition 4.1.

So, A is the required ordinal, and the theorem is proved.

4.4. Definability of A in L(4). Assume 7= (P, a € (wl)L) is a Jensen sequence,
and P = Uae(wl)L P,. In [7], with the help of an analogue of Theorem 4.3, it was
established that, if @ C w is P-generic over L, then

{a} = N U Gl

ac(w,)L PEPq
is true in L(a). We shall prove here an analogue of this proposition for extensions of type
3.3.

THEOREM. Let 7 and P be as above, and assume that A C R is a P-generic set. Then

(‘*’1)L = (wl)L(A) and
LAl=A=n UG,
as(o,)L PEP,,

Proor. Let 4 = {a;: k € w}, where a = (g, k € w) is a P-generic sequence over L.
We note that every constructible antichain in P™ is at most countable in L, by virtue of 4.3.
From this, in the usual way ([4], Lemma 56), we obtain (wl)L = (wl)L(A). In addition,
every P, a € (wl)L, is predense in P by 4.2.1, and every g, is P-generic. Applying 3.2.4,
we obtain the inclusion from left to right in the statement of the theorem. For a proof
of the reverse inclusion, we prove the following lemma:

LEmMMA 1. Assumem € w, b Cw, b ¢ {a,,...,a, ,},and b€ UpePaCIp for
every o € (wl)L. Then b ¢ L(ay, . . . ,a,,_,).
Proor. By 3.2.1 it suffices to verify that b= (g, . . ., a,, _,, b) is a P-generic

(m + 1)-tuple. Assume U € L and U dense in P™*1, We select Q CU, Q € L, such that
Q is a maximal antichain in U. Then Q is a maximal antichain in P *! (since U is dense
in P™+1). Let A € (w,)* be such that the requirement 4.3(ii) is satisfied. (It exists by
Theorem 4.3.)

We note that a,, . . ., 4, ., and b are pairwise distinct (¢; # ¢; by (3.2.2)) and are
elements of the set UpE P}\Clp. (For b this follows from the hypothesis of the lemma, and

for the a; from the already proved inclusion from left to right in the theorem.) By the
choice of A, this gives b € quQC]q- A fortiori, b € U, Cl, (Q CU). This means that
G, N U # 0, which proves the lemma.
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Let us return to the proof of the theorem. Assume b C w and b € UpEP Cl, for
o

every a € (wl)L. Let us show that b € 4. In fact, from 3.4.4 it follows that b € L(a,,,
. am_l) for some m € w. Now, by Lemma 1, we obtain b € {a,, ...,q, _,},
ie., b € A. This proves the inclusion from right to left and the theorem.

45. Securing ?Ii'n(A),i =4,5,6. Let m and P be as in 4.4, and assume that 4 CR
is a P-generic set. The preceding theorem shows that A is definable in L(4) by some €-
formula (with parameter #). So, imposing on 7 a certain condition of definability in L, we
can expect the satisfaction in L(4) of the properties Ui, (4),i = 4, 5, 6, for suitable n. Let
us take a short pause to introduce certain concepts connected with E-definability in the
collection T of all hereditarily at most countable sets. (We remark that T = Lw1 if the
axiom of constructibility ¥V = L holds.)

%, and II,, are standard designations for classes of €-formulas [9]. By I we denote
the collection of all X C T defined in T by some X, -formula without parameters.
Analogously, one defines HnT ; then Af = )3,7: N Hr{ . There is a remarkable connection
between definability in T and analytic definability:

ProposiTioN 1 ([11], the lemma on p. 281). Assumen>1and X CR. Then X €
s, ifand only if X € XL, and similarly for Il and A.

We shall use this proposition to prove the following theorem.

THEOREM. Let m, Pand A = {a,: k € w} be such that, as above, n 22 and n €
ZZ:_I is true in L. Then Qli;(A), i=4,5,6, hold in L(A).

We carry out the proof in L(4). From Theorem 4.4 it follows that (wl)L =W,
= (wl)L (4)y. From this, by the hypothesis and the equation T = Lw1 in L, we obtain that
TE Eﬁfll (in L(4)).

On the other hand, Lw1 € EIT (cf., for example, [7], the proof of Corollary 9). This
yields 7 € 25_1. This means, by Theorem 4.4, that 4 € H,{_ ,- Finally, using Proposition
1, we obtain 4 € II}; that is, W4, (4) (true in L(4)).

Let us turn to ?IS:,(A). Assume @ = @, € A. From 3.2.2 it follows that 4 N L(a) =
{a}, whence, just as in the proof of U4, (4), we obtain L(4) |= {a} € I1}; that is, U5, (4).

Finally, let us consider ?I6;,(A)‘ Assume k, | € w, k # 1. Then L(q,) N {g;} = 0 by
3.2.2, and L(g)) N {a;} # O (obvious). It suffices to prove, therefore, that {g;} € H; in
L(ay, a;). But {q;, q;} = A N L(a,, a;) (by 3.2.2); from this, as above, we obtain
{a,, a;} € ]'[,1, in L(a, a;). Now it is obvious that L(g, 4,) F {g;} € H,‘,, which proves the
theorem.

4.6. Securing the minimality of elements of A. The objects n, Pand 4 = {g;: k € w}
of 4.5 remain fixed. We shall prove that every a € 4 is L-minimal. We note that our proof
differs from the proof of minimality in [7].

THEOREM . L(A) = U3(A); that is, every a, is L-minimal.

ProoF. By 3.2.3, it suffices to prove the L-minimality of a,. a, €L follows from
3.2.2. Assume now that x € L(a,) — L and x C w. Let us prove that g, € L(x). From the
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choice of x it is clear that there exists a formula x(k) of the language [ (3.3), containing
only the constant a, and constants of the form ¢, ¢ € L, and satisfying x = {k € w:
L(a,) = x*(k)}. We write = instead of |Fp (cf. 3.3). We may assume that, if p € P™, then

Pl-{keso: Lg)|=%x(k)}e&L

(if this is not so, then we consider the formula

X (k=[x (k) if {k=w:L(a)|=%X(k)}L; and k € g, otherwise]).

Then the set U = {(p, q) € P? : for some k € w, either p I x(k) &
gl ~x(k) orp |-~ x(k) & q |- x(k)} is dense in P? (by 3.4.3 and the choice of x), and
UeL (by33.).

Now, choosing a maximal antichain and using Theorem 4.3, in a way similar to the
proof of 4.4, we select A € (wl)L such that

(1) ifu, v E€E P, and u N v is finite (that is, (u, v) is componentwise disjoint), then
(u, v) = VU.

Assume @ is the collection of all formulas obtained from formulas of the form
x(k), k € w, with the help of the symbols ~, & and V. From (1) and the definition of U,
one easily obtains

2) Ifu,ve P}\, and u N v is finite, then there exists a formula ¢ € ¢ such that
ullFy butvlF~ o

In addition, for ¢ € ¢ we define its interpretation x ¥ ¢ interpreting x(k) as k € x.
We now observe that from 4.2.1 and 3.2.4 it follows that

ge |J Cl,.
pEPy,

From this, since P, € Spl, on taking account of 3.4.2 and 3.3.2, we obtain that g is the
unique element in the set ﬂ{Clu: u€P,,and,if p<€ ®and x |, then ~ u |-~ ¢}.
Now g, € L(x) is obvious, and the theorem is proved.

§5. The language X and ramified forcing

5.1. Arithmetic functions. Now we want to introduce a language for describing real
numbers in extensions of the form L(4), where A CR is a P-generic set, and P =
U aE(w )L P, for some Jensen sequence (P, a« € (wl)L ). We desire, in particular, that
this language contain constants for all subsets of w in L(4).

The well-known methods of introducing a “ramified” language and forcing (the
parametric space of [3] or the Boolean-valued universe of [4]) cannot be used because of
their great complexity (in the sense of definability) and their “nondescriptive” character.
We offer a considerably simpler construction, connected with the use of arithmetic functions
as constants for subsets of w in extensions of the form L(A).

A function F: R — R is said to be an arithmetic function (a.f.) if {(x, m): x Cw &
m € F(x)} is a set in the class pod = Unsz,,?). It is clear that the collection F of all
a.f’s is a continuum, F = {Ff: f € w}, where the enumeration Ff can be chosen so that

{x,f.m):x,[Co&me F;(x)} = A, 1)
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In fact, to every f C w one can, in a canonical fashion, associate a construction of a
%9 set X; CR x w, starting from elementary intervals; further, Fy is set equal to {(x,
X }'{x}): x Cw}. (1) is satisfied by virtue of the canonical character of the choice of X f
from f.

Let us extend the operation of Ff onto R, m € w. If m = 1, we define a homeo-

morphism &, by the condition dJm(xo, ces X, )={mk+ii<m&k€Ex;}, and we
set Ff(xo, R S Ff(d)m(xo, X, 1)), Separately, for m =0 we set
F0)=f.

5.2. REPRESENTATION THEOREM. Assume n = (P, a € (ml)L ) is a Jensen sequence
P= UozE(wl)L P, a= (a,, k € w)is a Pgeneric sequence, and A = {a,: k € w}. In this
situation, every x € R M L(A) can be represented in the form of an a.f. with constructible
coding, in the sense of the following theorem.

THEOREM. Assume m € w and x € L(a | m), x Cw. Then there exists fE L, f C w,
such that x = Fy(a \ m).

ProoF. Assume (k) is a formula of the language L, containing as constants only
constants of the form a,, k <m, and ¢, ¢ € L, and satisfying x = {k € w: L(4) E ©*(k)}.

We reason within L. We define U, = {p €P™: p [} o(k) or p |- ~ ¢(k)}. (The
subscript P on || is omitted; cf. 3.3.) From 3.4.3 and the choice of ¢, we obtain that every
Uy is dense in P™. This permits us, using Theorem 4.3, to select a sequence (Q,, k € w)
of countable antichains maximal in P™ such that Q, C U, for all k. Let us set

R={p=Q:pl—~¢} G={rsQ:p|—9} @ UQ=0n,
Zy= U Cl,.
PEQ,

It is clear that every Z','c is a §g subset of the set R™.

Hence there exists an f C w such that:

() ifze Zg - Z}c, then k & F(z), and

) ifze Z,lc - Zg, then k € 14}(2).

This ends the reasoning in L. Let us prove that fis what is required; that is, x =
Ff(a } m). Assume k € x; we shall show that k € Ff(a } m). First we establish that:

(3) G,NQi #0and G, N Q,(: = 0. (For the definition of G, cf. 3.2.)

In fact, from 3.2.4 and the choice of @, as a maximal antichain in P™, we obtain
0, NG, #0. Assume q € 0, N G,. From k € x, the choice of ¢, and 3.3.2, it follows
that ¢ € Q; — O3, which is what was required. This proves (3). Now, defining

Ye= U Cl,
PEQ

(the analogue of Z) in the universe), we obtain from (3)

4 almey, -1

We note finally that (2) is equivalent to some Hi-formula with parameters from L
(the same in L and in the universe). Together with the Absoluteness Principle (cf. 2.1), this
yields

(5) ifzE Yy — YQ, then k € F,(2) (in the universe).
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From (4) and (5) we also obtain k € F,(z).

The derivation of kK € x — k & F}(z) is similar. Thus, fis what is required, and the
theorem is proved.

5.3. Aformulas. The theorem just proved provides the basis for introducing a
ramified language for describing elements of R N L(A), using as constants of type 1 (i.e.,
for R) arithmetic functions with coding from L (more precisely, we use the codings
themselves, attaching to them the meaning of the a.f.’s). The precise definition is as follows.

Let n > 1. By Z), we denote an “extension” of the collection of all Z}-formulas
(without constants) by means of:

(1) allowing symbols of the form /, I € w, to be taken as constants of type 0, and
symbols of the form m*f, where m € w and f € R N L, as constants of type 1;

(2) allowing us to provide certain constants of type 1 with subscripts from .

Moreover, we require that:

(3) quantifiers of type 1, occurring in the right-most block of such quantifiers, do
not have subscripts.

H?\,ll is defined similarly. Formulas occurring in ER:I or l'l)\,ll for some n > 1 are called
A-formulas. We note that A-formulas are constructible (i.e., their transcriptions are construct-
ible finite sequences), since every constant m*f satisfies f € L.

Assume ¢ is a A-formula. By ||¢ |l we denote the least m;, € cw such that: (i) if m*f
occurs in ¢, then m <mg, and (ii) if a quantifier with subscript s occurs in ¢, then m <
my. By lpl| we denote the least m, € w such that (i) is satisfied (note that lp| < llplf). If
g E E?\},, then by ¢~ we denote the result of the canonical transformation of ~ ¢ to a
M\, form; similarly for € TIAL.

We proceed to the interpretation of A-formulas. Assume ¢ is a A-formula and 2 € “R.
We define ¢” to be the result of replacing in ¢ all constants of the form ! and m*f by ! and
F}(a | m), respectively (cf. the definition of @ | m in 3.1), and of quantifiers of the form
3(V),,x by 3(V)x €R N L(a } m). (Quantifiers without subscripts are not changed.) We
note that, if, in addition, ¢ € E)\i U II)\}, then ¢? is a formula of second-order arithmetic
with parameters from R U w. (This follows from (3).)

5.4. Forcing (forc). The forcing relation forc for A-formulas which we define below
is not formally connected with truth in P-generic extensions of the form L(A4) for some P.
However, one can show that, in fact, it corresponds to (Perf N L)-generic extensions of the
indicated form. (This fact will be useful to have in mind, although it will not be used
anywhere in what follows.)

We shall define a relation p forc ¢, where it is presupposed that ¢ is a closed A-formula
and p € Perf™ N L, by induction on the complexity of o:

(1) If ¢ € Z\} V II\] and, for every a € “R satisfying a | |\pll € Cl,, ¢ is true,
then p forc ¢. (As we mentioned in 5.3, ¢ is a formula of second-order arithmetic with
parameters from R U w for v € Z)\} v H)\}, and, therefore, one can speak about the truth
of ¢%.)

Q) Ifpis 3, x9(x) and y € TN}y, YT\, k > 1, then p forc ¢ = (there exists f €
R N L such that p forc y(m*f)).

(3) Ifvis Ix Y(x), ¥ € AL, , U IIN,, k > 1, then p forc ¢ = (there exist m and
f € R UL such that p forc y(m*f)).
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@) If p €N\, k = 2, then p forc ¢ = (for every q € Perf™ N L such that q=2p,
q forc ¢~ does not hold).
In (2) and (3), x is a variable of type 1.

5.5. Some properties of forc.

1. The relation forc is expressible in L; more precisely, {p forc ¢] = [L |= p forc ¢].

In fact, in the transcription of p forc ¢, by the definition in 5.3, the constructibility
of p and (the transcription of) y is assumed. In addition, the proposition (Va € “R)
[allpl€ Cl, — ¢? is true], written in 5.4(1), is obviously a formula of the class I]i
(for p € ID\}) or H; (for p € Eki) with constructible parameters. Thus, this proposition is
absolute under relativization to L (cf. the Absoluteness Principle of 2.1). From this, we
obtain what is required for p € E)\i U m\i. If the formula ¢ is more complex, we carry
out the proof by induction on the complexity of ¢, taking into account the obvious
absoluteness of the definitions of 54 (2, 3,4). The details are trivial and are left to the
reader.

In the following propositions, we fix a closed A-formula ¢ and some p € Perf™ N L.

2. p forc ¢ and p forc ¢~ cannot hold simultaneously.

3. IfpE H)\}c, k =2, and ~ p forc ¢, then there exists g € L N Perf™ such that
q = p and q forc v~

4, If g €Perf™ N L and q = p and p forc ¢, then q forc ¢.

5. If lpll <k € w, then p forc p =p | k forc .

The proofs of 2—4 are trivial, and S is easily proved by induction on the complexity
of ¢, with the help of the definition of p | k¥ in 3.1. (For k = |lpll and @ € “R, we have
al k€ C]p x=a llpl e Clp; thus, p and p | k carry “the same information in the sense
of forc™.)

5.6. A restriction theorem. We want to prove in this subsection a proposition similar
to 3.4.2 (for forc). It will be proved that the relation p forc ¢ actually depends only on
p | lpl. We remark in passing that, in the transcription of ¢?, a; can occur with i > [¢| (at
the cost of subscripts for quantifiers of type 1); therefore, the following theorem expresses
a deeper fact than 34.2. (A direct analogue of 3.4.2 would have to contain [lgll, rather than

lel.)

THEOREM. Assume ¢ is a closed N-formula, p € Perf™ N L and |pll = lpl = m.
Then p forc g and p | m forc ¢ are equivalent.

The proof is carried out in L. (This is permissible by virtue of 5.5.1.) It is clear that
p | m <p. From this and 5.54, under the hypothesis of the theorem, one easily obtains
the implication from right to left.

For the proof of the reverse implication, we consider certain order automorphisms of
the set Perf™ (which is equal to Perf™ N L, since the proof is carried out in L), and their
extensions to arithmetic functions (a.f.) and A-formulas. Let us introduce the appropriate

definitions.
Ifl€w,and p=(@,y,...,p;,_)and q = (qq, - - . » q;_,) are elements of Perf’,
and the sequence n = (H,, i € w) is such that every H; is a homeomorphism of Cll’i onto

Clqi for i <! and a homeomorphism of R onto R for 7 > [, then we write n € Homp . If,

q
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in addition, ! > m and H; = {(x, x): x € ClPi} (that is, in particular, p; = q;) is satisfied for
all i <m, then n is said to be m-preserving. The following assertion is obvious.

1. If p, q € Perf!, m <1, andp \ m = q | m, then there exists an m-preserving n €

Hompq.
Assume now that p, g € Perf’ and n = Hyicw)E Hompq are fixed. Fork € w

one can define a homeomorphism H_,: Cl, |, ento_, q1 & by the condition

Her(xg, ooy Xpmt) = (Ho (%0)s « o ., Heex (Xe-1).

If, in addition, u € Perf¥, u > p, then the set H'Z,Cl, obviously has the form Cl, for some
(unique) v € Perf*, v > q; we denote it by v = [n] ((u). We have

2. [n], is a bijection of {u € Perf™: u > p} onto {v € Perf™: v > q}, preserving <
and || - - - II; [n] {(p) = q (this is obvious from the definition).

Let us extend the operation of np to af.’s. If fCw and F = F;‘ (cf. 5.1), then we
can define a function F’ from R¥ into R by the condition F'(H_,(x)) = F(x) for x €
Cl,,x and F'(y) =y for y €Cl, , (= HZ,Cly ). It is clear that F” is an a.f. (from R*
into R); that is, F' = F§ for some (not unique) ' C w; we denote one of these f* by
[n]1%(7). We note the following fact:

3. Assume k <m <1, is m-preserving, and f C w. Then Ff= Ff , where ' =
[15().

This allows us to require in addition:

4. Under the hypotheses of 3, [n)%(f) = f.

Finally, let us extend the operation of i to A-formulas. If ¢ is a A-formula, then by
[n] ;v we denote the result of replacing in ¢ every constant m*f by m*f’, where f' =
[n1%(7). It is not difficult to verify that

S. ifu€Perf”, u>p k= lul,a,d EYRalk€Cl, andd L k=H_,(a | k),
then ¢* coincides with (up')"', where ¢’ = [n] ;0.

PROPOSITION 6 (invariance of forc). Assume p, q € Perf’, n € Hom,,, u € Perf”,
u >p, ¢is a Mformula, u' = [n] @), and ¢’ = [n] 39. Then u forc ¢ and ' forc ¢’ are
equivalent.

The proof proceeds by means of a trivial induction on the complexity of ¢, using the
definition of 5.4. Moreover, in the case y € EA] U IIA], the desired result follows from 5
above, the passage from l'l?\,ll to E)\}I_H is obvious (one must use the operators [7] ;‘), and
the passage from A} to [I\}, n > 2, is realized with the help of 2 above. The details are
left to the reader.

Let us return to the proof of the theorem. Assume that m, p and ¢ are the objects in
the hypotheses of the theorem and that p forc ¢; we shall prove that p | m forc ¢. We set
g=(@ bm) !, wherel=|pll m). Itisclear thatp | m=q | m, lpll = ligll = 1.
Applying 1, we find an m-preserving n € Hompq. From p forc ¢ and 6 (with u = p), it
follows that [n],(p) forc [n];¢. But [n],(p) =¢q by 2, and [n] 3¢ = ¢ by 4 and the fact
that |p| = m. Thus, g forc v, whence, from 5.5.5 and the definition of g, we obtaing | m
forc ¢; that is, p | m forc 9. Q.E.D.
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§6. Conserving sequences

6.1. Definition and formulation of the fundamental property of conserving sequences.
First we give some intuitive motivation. Assume P = {J_P_; (P,, o« € (wl)L ) is a Jensen
sequence, @ = (a,, k € w) is a P-generic (over L) sequence of elements of R, and 4 =
{a,: k € w}. What properties of P can guarantee that ?Ii;:(A),i =4,5,6,hold in L(4)?

One can prove that the truth in L(4) of the indicated propositions follows from the
following general requirement:

(*) Assume (k) € E)\},, k is the unique free variable of ¢ (of type 0), and m = |y|.
Then

{ksw: L(A)Eq*(k)}=L(a|m).

For example, that part of ?IS;;(A) which asserts the constructibility of every element of
R in Z1* follows directly from (x) for m = Q.

But how can (*) be ensured? If we prove that forc and truth in L(4) agree (as in 3.3.2)
up to Zk,‘,-formulas, then, in the light of Theorem 5.6, one can be sure that (*) will be
satisfied.

In turn, how can we now ensure the indicated agreement? For formulas of 2)\1 V) H)\},
agreement follows from Definition 5.4(1) and the Absoluteness Principle (cf. 2.1). Theorem
5.2 guarantees that the agreement is preserved in passing from ¢(x) to 3,,x(3x)¢(x). But,
in passing from ¢~ to ¢, ¢ € H)\,lc, k = 2, it is difficult to be sure of the preservation of the
agreement, since, in Definition 5.4(4), g € Perf™ N L is written, not ¢ € P”. Thus, to
preserve the agreement under the indicated transformation, we must use a property that is
like an “elementary equivalence” of P™ and Perf™ M L. This is brought about in the follow-
ing definition.

A Jensen sequence (P, a € (wl)L) is said to be an n-conserving sequence (n-c.s.) if,
for every p € P (where P = U ey, )L Pa) and every closed formula ¢ € U, <rcnAL,
there exists ¢ € P~ such that ¢ > p, and either g forc ¢ or g forc ¢~

By 5.5.1, the formula “x is an n-c.s.” is absolute with respect to relativization to L.

THEOREM. Assumen 2 2,(P,, a € (wl)L) isan ncs., and P,aand A = {a;, k € w}
are as above. Then Ui, (A),i=4,5,6, are true in L(A).

The rest of §6 is devoted to the proof of this theorem. Let us briefly outline the
proof. In 6.2, with the help of Theorem 5.2, we prove the agreement of forc and truth in
L(A) up to N} -formulas. From this and 5.6, in 6.3 we easily show that proposition (*) is
satisfied. Finally, in 6.4-6.6, we prove the truth of ?Ii;,'(A), i=4,5,6,in L(4), with the
help of (*), which already has been established.

The objects P, a and A = {a;: k € w} of the hypothesis of the theorem remain fixed
in 6.2-6.6.

6.2. THEOREM (on the connection of forc and truth). Assume 1 < k < n and that
pE E)\}c is closed. Then ¢* is true in L(A) if and only if there exists p € G, such that
p forc ¢. (Compare 33.2.)

1. We begin the proof with an auxiliary lemma.
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LEMMA 1. There exists p € G, such that p forc ¢ or p forc ¢~ .

Proor. By the definition of n-cs., the set @ = {p € P*: p forc ¢ or p
forc ¢~ }is dense in P, and from 5.5.1 it follows that @ € L. From this and the
definition of P-generic sequence (3.2), we obtain the desired result.

Let us proceed to a proof of the theorem by induction on k > 1.

2. k=1. Assume first that p € G, and p forc ¢; we shall prove that L(4) & ¢
By Definition 5.4(1), p forc ¢ means that @” is true for any b € “R satisfying b | lpll €
Cl,. In particular, & is true (@ } lplt € Cl,, since p € G,). But ¢* obviously is a Z}-
formula with parameters from L(A4). Hence, by the Absoluteness Principle (cf. 2.1), ¢® is
true in L(4), Q.E.D. This proves the implication from right to left.

Conversely, assume L(4) = ¢”, and that there is no p € G, such that p forc ¢. Then,
by Lemma 1, there exists p € G, satisfying p forc ¢, As above, it follows from this that
L) = (p7)% that is, LA) = ~ ¢7; but this contradicts the assumption L(4) = .

Thus, the case k¥ = 1 has been dealt with.

3. Let us assume that the theorem has been proved for some k, 1 < k < n, and prove
it for formulas ¢ of E)\}c 4+ For simplicity, we assume that ¢ = 3, xy(x) (x a variable of
type 1), m € w and Y € II\L; that is, the leftmost block of quantifiers of ¢ consists entirely
of one quantifier, 3,, x. (The general case of various quantifiers 3 of type 1 is perfectly
analogous.)

Let us prove it from left to right. Assume L(4) |= ¢®. According to the definition of
5.3, this means that there exists x € R N L(a | m) such that L(4) |= y%(x). By Theorem
5.2, x has the form F{*(a | m) for some fER N L. Thus, L(4) F YAFF (@ | m)); that is,
L(A) & Y(m*f)°, and, finally, ~ L(A) = (Y(n*f)~)*. Applying the inductive hypothesis to
the formula y(m*f)~ € E)\}c and using Lemma 1, we deduce that there exists p € G, such
that p forc Y(m*f); that is, p forc ¢ (by 5.4(2)). This proves the implication from left to
right.

Conversely, assume p € G, and p forc 9. By 5.4(2), this means that p forc y(m*f)
for some f € R N L. Let us prove that

LA =y (m*°. M

In fact, in the contrary case, L(4) = (Y(m*f)™)*. Again applying the inductive
hypothesis to y(m*f)~, we can find ¢ € G, such that g forc Yy(m*f)~. We note that G,
is a filter (cf. 3.2); that is, there exists r € G, such that r > p and r =2 q. Together with
5.5.4, this yields r forc y(m*f) and r forc y(m*f)~, which contradicts 5.5.2. The contra-
diction proves (1).

But (1) means that y*(x) is true in L(4), where x = F7"(a | m). From f €L and
5.1(1), it easily follows that x € L(a | m), whence we obtain L(4) F (3,,x ¥(x))*; that is,
L) E ¢*. QED.

This completes the induction step, and the theorem is proved.

6.3. PrROOF OF PROPOSITION (*) OF6.1. We note first the following strengthening of
Theorem 6.2.

LEMMA 1. Assume ¢ € 27\}, is closed. Then ¢* is true in L(A) if and only if there
exists p € G, N P! such that p forc .
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The proof follows easily from 5.6 and 6.2.

THEOREM 2 ((*) of 6.1). Assume p(k) € Zk}, is a formula with the unique free
variable k (of type 0). Then the set z = {k € w: L(A) = ¢*(k)} belongs to L(a | m).

ProoF. Lemma 1 implies that z = {k € w: there exists p € P such thata | m €
Clp and p forc o(k)}. From this and 5.5.1, we easily obtain the desired result.
Let us derive another corollary of Lemma 1. Before formulating it, we note that

pl0O=0anda }0€ECl, , forarbitrary p € Perf™ (cf. 3.1).

CoRrROLLARY 3 (reformulation of Lemma 1 for |yl = 0). Assume ¢ € 2)\,1, is closed
and \p| = 0. Then ¢* is true in L{A) if and only if O forc ¢.

6.4. THEOREM. U4, (A) is true in L(A4).

PrROOF. Assume X CR, X € L(A),X € g}l in L(4), and X does not have any subsets
in L(A) which are equinumerous with «w. We shall prove that X is finite. First we choose a
E)\,ll-formula defining the set X in L(4).

By the choice of X, there exist a T)-formula k(x, ) (without parameters) and a
y €L(A) such that X = {x ER N L(A): L(4) E k(x, ¥)}. Using 344 and 5.2, we find
fER N L such that y = F}"(a | m). Let us consider the E)\,ll-formula 0(x) = «k(x, m*f).
By the definitions of 5.3 and the choice of f, it is clear that 8“(x) coincides with x(x, »).
Thus, X = {x € L(4) N R: L(A) E 0%(x)}. We note that |§| = m, by the definition of 6.
We shall prove two auxiliary propositions.

1. Ifl € w, then X N L(a | I) is finite.

In fact, the class L(a | /) has in L(A) a canonical well-ordering, and X does not contain
subsets in L(4) which are equinumerous with w.

2. Ifl€w, then XN L@ \ 1) CL(@ | m).

It suffices to prove this proposition for I = m. We let X' denote X N L(a |} I), and
we assume the contrary; that is, we assume x € X' — L(a | m). By the finiteness of X'
(according to 1), there exist s, . . ., $j» s:) e sl'- € w such that x is the unique element
of X' containing every s;, but not containing any s; (i <j). Assume (k) is the result of the
canonical reduction of the formula

Tx B &sg, ...y S;EX&S,, ..., SiEx&EE A

to Z)\,ll-form. Then, from the definitions of 5.3, the choice of s; and s;., and the definition
of X', it easily follows that x = {k € w: L(4) F ¢*(k)}. We note that, by the construction
of ¢, |¢| = |8| = m (the subscript ! does not occur in the definition of |y |; cf. 5.3).
Applying 6.3.2, we obtain x € L(a | m), which obviously contradicts the choice of x. This
contradiction proves 2.

Now, from 2 and 3.4.4, we obtain X C L(a | m), from which the finiteness of X
follows from 1. This proves the theorem.

65. THEOREM. U5 (A)is true in L(A4).

PROOF. Assumea =4, €A, x ERNL, y ER NL(a),andy € T} in L(4). We
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shall prove thaty € L and y € Z,ll *in L. By the equivalence of all the a; (3.2.3), we may
assume I = Q; that is, @ = a,. Assume Y(k) is a E,l,-formula with parameter x, defining y in
L(ay); that is, y = {k € w: L(gy) = Y(k)}. We define in the following way a formula
p(k) € TAL:

(1) We change in { every occurrence of x to 0*x. (We note here that F fc’(a L 0) =
FY(0) = x, according to the definition of 5.1.)

(2) Every quantifier of  of type 1 in the rightmost block of such quantifiers is left
without subscripts.

(3) All the remaining quantifiers of  of type 1 are provided with the subscript 1.

It is not difficult to verify that

(L (4) =" () = (L (@) =% (&)

for any k € w. (In fact, a quantifier 3(v);z is the relativization to L(ay) = L(a } 1) of a
quantifier 3(V)z, according to the definition of 5.3; the quantifiers mentioned in (2) need
not be relativized, by virtue of the Absoluteness Principle of 2.1; and the constants 0%x
occurring in ¢ are converted in the formula ¢? into the parameter x, as indicated in (1).)
Thus,

y={ks0:L(A)|=0¢" ()} = {k:0 forco (k).

(The second equation follows from 6.3.3; || = 0 is obvious from the construction of ¢.)
From this and 5.5.1 it follows that y € L.

For the proof of y € E}, ** in L, we use the following proposition, which it is conven-
ient for us to prove in §7.

(*) InL, {k € w: 0 forc o(k)} € T, is true (cf. 7.5.4).

From (#), we easily obtain that y € £}** in L. This proves the theorem.

6.6. THEOREM. U6)/(4) is true in L(A).

ProoF. It is necessary to prove that,if i, j € w, z € L(g;, a]-) is a set in the class
zitin L(a;, 2), Z CR, and Z N L(g;) # 0, then Z N L(a;) # 0. By 3.2.3, we can assume
that i =0 andj=1.

Assume, therefore, that Z € L(a,, @,), Z CR, Z N L(a,) # 0,and Z € z L holds in

L(a,, a,); we shall prove that
Z(1 L(@a)+0. ™

As in the proof of Theorem 6.5, we choose a formula p(x) € 2)\,1, such that |p| =0,
every quantifier of ¢ of type 1 except those occurring in the rightmost block of these
quantifiers has subscript 2 (this corresponds to the relativization to L(a | 2) = L(a,, a,)),
and, finally, L(A) E Z = {x C w: ¢*(x)}. Then Z N L(g,) # 0 means that (3, xp(x))* is
true in L(A) (since L(a,) = L(a } 1)); that is, O forc 3,x¢(x) (by 6.3.3). Assume now that
b= (b, € w)E€ “Rissuchthata, = by, a, =b,,and b, =a, for!1 >2. Then bisa P-
generic sequence by 3.2.3,and 4 = {b,: | € w} holds. From this, applying 6.3.3 (to b
instead of a) in the reverse direction, we obtain L(4) (Hlxgp(x))b ; that is,
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(@ xRN L) LA =0’ ().
We observe now that b, = a, by definition of b, and ¢ coincides with ¢? by the choice of
w. Hence the assertion just obtained can be rewritten in the following form:

HTxe RN L@) LA |=¢" ()

that is, L(z,;) N X # 0 (by the choice of v), Q.E.D. (1) and the theorem are proved.
Combining Theorems 6.4—6.6, we obtain a proof of Theorem 6.1.

§7. Proof of the fundamental theorem

By the results of 3.4, 4.5, 4.6, and 6.1, we see that, for the proof of FT for a fixed
n 2 2, it suffices to construct an n-conserving Jensen sequence = satisfying 7 € 25_1 in L,
and also to prove the proposition (*) of 6.5. Having such a 7 and applying 3.2.5, it is not
difficult to obtain a set A CR with the properties required in the statement of FT.

In this section we present a method for constructing a 7 of the indicated form. The
construction of « is carried out within L in the form of a transfinite procedure.

We begin with the following theorem, asserting the existence of a splitting (cf. 4.1).

7.1. Theorem on splittings. Before formulating it, we shall prove the following lemma.

LeMMA 1. Assume P € Spl and = countable. Then there exists a countable splitting
of the set P over =.

Proor. Without restricting its generality, our argument may assume that P and = are
elements of the collection T of all hereditarily countable sets. We define F as the collection
of all finite (as sets) functions £ C (w x <%2) x P satisfying the following property: if
(k, ) € dom(f), ' € <«2, and e’ Ce, then (k, e') € dom(f) and f(k, €) C f(k, €').

A set G CF is said to be dense in Fif (Vf€EF)(3g€G) [fCg]. In [7] it was shown
that one can construct a “total” function S from w x <“?2 into P such that the following
conditions are fulfilled:

(1) S(k, e) CS(k, €') fore' Ce.

(2) If G CF is dense in F and is defined in T by some &formula with parameters
from P U = (a countable number of parameters), then there exists f € G such that f CS
(that is, f = S| dom(f)).

Now let us set

= [ U Sk, e.

ME® oMy

From (1) and (2) it follows that g, € Perf for arbitrary k (cf. [7]). Thus, Q@ = {g, N
erk€wé&ecq,}<Spland Q is countable. Let us show that @ is a splitting of P over
Z. In fact, 4.1 (1, 2, 3) easily follow from (1) and (2). (For example, for the proof of 4.1
(1) it suffices to verify that G = {f € F: f(k, 0) C p for some k € w}is dense in F for
arbitrary p € P.)

Finally, property 4.1(5) (from which 4.1(4) follows, as we proved in 4.1) is taken by
us from [7] (Corollary 2).

A detailed proof of 4.1(5) is rather involved from a technical standpoint, and we leave
it to the reader.
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Thus, Q is what was required, and the lemma is proved.

THEOREM. Assume P € Spl and = countable, p € P, and U dense in Perf™. Then
there exist Q, a countable splitting of P over Z, and q € Q™ such that g = p and q € U.

PROOF. Assume (), is a countable splitting of P over Z. (It exists by Lemma 1.)
Using 4.1(1), we choose ¢' € QF' such that ¢’ > p and further, using the density of U, we
choose ¢ = (4, - - - » G,y 1) € U such that ¢ > ¢'. Finally, we define @ = Q, U {g; N
e:i<m&e&gq;}. Then Q is the desired splitting. (4.1(1, 2, 3) are obvious, 4.1(5) for
@ follows from 4.1(5) for Q,, and UqEQC]q = UqEQOCIq; finally, ¢ € 9™, ¢ = p and
g € U by construction.) This proves the theorem.

7.2. Theorem on extensions. All the reasoning of this subsection is carried out within
L. We shall apply the results of 7.1 to prove a theorem playing a key role in the construction
of the required sequence 7. First we shall prove two auxiliary propositions.

LEMMA 1. If p €EPerf™ , and BCR™ isa H}-set, then there exists q € Perf™, q > p,
such that either Clq NB=0or Clq CB.

Proor. Cl, N B possesses the Baire property in Cl, (cf. [1a], p. 153). Hence, one
can assume that either Cl, — B or Cl, N B is a set of the first category in Cl,. Let us
assume the first (the second is perfectly analogous). Then Clp M B contains a subset of the
form X = ﬂke Xy where every X, is a dense (in the topological sense) open subset of
Cl,. Setting P = {p N(e): e Ep}and U, = {uE€P™: Cl, C X;} we obtain that P € Spl
is countable, and every U, is dense in P™.

Let us apply 7.1.1 to P and = = {U,: k € w}. Assume Q is a splitting of P over =.
Using 4.1(1), we choose g € Q such that ¢ =p. Then g > VU, (by 4.1(4)); that is, CL, C
U”EUkCIu ; in addition, Cl, C X,. Thus, Cl, C X = ﬂkEka. This means that q is

what was required, and the lemma is proved.

COROLLARY 2. Assume ¢ is a closed \-formula, and m = |p|. Then the set {p €
P™: p forc ¢ or p forc ¢~} is dense in P™.

PrOOF. If p € II\] U IA], then what is required follows easily from Lemma 1, taking
into account the definition of 5.4(1). If p € II)\,IC U 27\,1(, k =2, we apply 5.5.3 and 5.6.
Now let us prove the theorem on extensions.

THEOREM. Assume p = (P, o € v) is a Spl-sequence, v € w,; (= (wl)L; all the
reasoning of this subsection is carried out within L), ¢ is a closed \-formula, P ,.=
UeevP,, and p €EPZ,. Then there exist P, and q € P,] such that (P,, a <v)also isa

v

Spl-sequence (of length v + 1), q = p, and either g forc p or q forc ¢~ .

PROOF. One can assume that m = ||pll = |l¢ll. We apply Theorem 7.1 to P=P_,
E =L,y (cf. the definition of v* in 4.2), p, and U = {q € Perf™: q forc y or q forc ¢}
(which is dense in Perf” by Corollary 2).

Assume P, is a countable splitting of P, over =, q €EP}’, g > p,and g € U. P, and
q are what is required, and the theorem is proved.
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7.3. Construction of a Ef—deﬁ'nable Jensen sequence. Because of considerations of a
technical nature, we shall prove FT separately for n = 2 and n > 3. In the case of n = 2,
Propositions (A), (B) and (C) of §2 permit us not to be concerned about ?Ii;:(A), i=4,5,
6. Thus, it suffices to construct (in L) a ElT-deﬁnable Jensen sequence.

THEOREM (formulated and proved in L). There exists a Jensen sequence w such that
T
TEZ].

ProoF. lLet < be a canonical well-ordering of the set T = Lwl(cf. [91). It has the
following property:

1. < € AT and Seg= {{y : y < x}: x € T} € AT (cf. [9], Lemma 21, p. 83).

Now we shall estimate the complexity of certain sets.

PROPOSITION 2. The following sets are in AT:
1) M, = {(P, Q, E) € T: Q is a splitting of P over Z};
(2) {mn € T: nisa Splsequence}.

ProoF. (1) Asis well known, (L, @ € w,) € AT ([9], p. 38 or p. 82). On the
other hand, if @ € w, is a limit ordinal and ¢ = (P, 0, E) € L, then it is easily verified
that E€EM, =L, |= £ € M,. This means that M, = {£ € T : there exists a limit ordinal
a€w, suchthatt €L and L, E (€M} = {{E€T:if a € w, is a limit ordinal and
(€L, then L, F £ €M, }. From this, (1) is obvious; and (2) easily follows from (1) and
the observation that (L,, a € w,) € AIT. The details are left to the reader.

Let us return to the proof of the theorem. For every at most countable Spl-sequence
p, by pT we shall denote the least (in the sense of <) countable Spl-sequence 7 satisfying
PGn (that is, » = dom(p) € dom(n) and p = n|v); such a sequence exists by Theorem 7.2,

Now we set pg =0,p,,, = o, pg = Uaeﬁpa for limit ordinals § € w,,and 7 =
Uecw 1Po‘. Let us show that n is the desired sequence. In fact, 7 is a Spl-sequence, since
every p, is a Spl-sequence and p,, C Pg for a € f. Moreover, dom(m) = w,, since dom(p, , ,)
is strictly greater than dom(p,). Hence, 7 is a Jensen sequence. It remains to prove that
e EIT.

LemMA 3. The set M = {(p, ) € T: p, n are Spl-sequences and n = p*} belongs to
AT

Proor. Let My = {(p, n) € T: p, n are Spl-sequences and p ; n}. From 2(2) it
follows that

M, Al Q)
Further, from the definitions of o™ and Seg (cf. Proposition 1), we have

M={PE,NeEM:VieT) <1, &Ml
={P,MNEM:(ASESeg) n=S&Vi=9) (7, L) =My~ =]}

From this and property 1, the lemma follows.
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COROLLARY 4. The set H= {p,: o € w, } belongs to E{.

PrRoOF. It is clear that p € H = [there exists a function f such that v = dom(f) is a
countable limit ordinal, f(0) = 0, f(a + 1) = f(®)™ for all « € », () = U 7”8 for limit
ordinals § € v, and p € rg(f)]. From this and 3, it follows that H € Ef.

Let us return to the proof of the theorem. From the construction it follows that
7= UH. From this, with the help of 4, we obtain that = € EIT, and = is what was
required. This proves the theorem.

7.4. Complexity of the relation forc. All the arguments of this subsection are carried
out within L. (Nevertheless, the propositions proved are also true in the universe by virtue
of 5.5.1)

As usual, every A-formula and every formula of second-order arithmetic will be
identified with its transcription (a finite sequence of symbols), regarding, in this connection,
all logical signs and other such symbols (encoded) to be sets of finite rank. Then every A-
formula will be a finite sequence of sets of finite rank and of constructible (by the definition
of 5.3) f €R, occurring in constants m*f. Thus, every A-formula is an element of the set
T= Lw1 (all our reasoning is carried out in L), and the collections T\ and I\, will be
Af-subsets of the set T.

If kK = 1, we define Forcf ={p, o) pEPerf™ & g€ 2»\11: is closed & p forc ¢}; we
define Forclk1 in a similar manner. Forcf and ForclkI are also subsets of T. Let us evaluate
their complexity.

Tueorem (in L). Forc!! € AT and ForeZ € NIT;if k > 2, then Forc] € N7_ | and
Forc,f € EZ_I.

The proof consists of three lemmas.
Lemma 1. Forc!! € AT,

ProoF. Using the definitions of 5.3 and 5.4(1), to every p € Perf™ and every closed
H)\i-formula ¢ one can associate a closed H}-formula Yoo with parameters from R such
that:

(1) pforcp= d/w is true, and

2) p, o+ dzp 0 is a transformation of the class AIT.

{The stipulation 5.1(1) allows us to ensure (2).)

In addition, for every closed Hi-formula Y with parameters from R, in [9], §5, there
is constructed a certain () C w x w such that:

() Y is true = r(V) is a well-ordering, and

(4) ris a function of the class AIT.

Finally, we note the following obvious fact:

(5) Word = {r Cw x w: ris a well-ordering} € AT.

From (1) and (3), we obtain

Forcl! = {(p, 9) : p = Perf® & ¢ = T\ is closed & r (Pp) = Word}.
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From this and (2), (4) and (5), the assertion of the lemma easily follows.

LeEmmA 2. Forc? € HIT.

OUTLINE OF THE PROOF. For p € Perf™ and closed ¢ € ZA!, one can construct a
E}-formula d/pw(x) with unique free variable x (of type 1) such that

piorc o=V (x) = (Vx=o0)[r (P (x) YEWord].

The rest is as in Lemma 1.
Let us now prove the “main” part of the theorem by induction with respect to k = 2,
formulating the induction step in the following form:

LEmMA 3. Assume k 2 1 and Forc,lc1 € A,{. Then Forc‘a1 S 2,7; and Forcl,g+1 €
nl.
The proof for Forc),fﬂ easily follows from the definitions of 5.4(2, 3) by virtue of

the fact that transformations of the type 3, xy(x) +— y(m*f) are expressible by AT-
relations. Moreover, according to the definition of 5.4(4).

Foreily = {(p, ¢) : p = Perf® & ¢ = Ak, is closed
& (V g = Peri™) G>p~@ )& Forckl).

From this expression, with the help of what already has been proved for Forc},i 11, WE
obtain without difficulty that Forcl,} 1 € H,f. This proves the lemma.
Combining Lemmas 1, 2, and 3, we obtain a proof of the theorem.

CorOLLARY 4 (Proposition (*) of 6.5). Assume o(k) € Z)\,ll, n=z2,xCw,andy
contains only the constant 0*x among constants of type 1. Then S = {k € w: 0 forc @(ic)}
ETh>.

ProoF. From the choice of o, it is clear that k — ¢(k) is a Af’x-function. From
this, with the help of the theorem just proved, we obtain S E_E,T; **,. But, by 4.5.1, this
means that § € Z1*, QED.

7.5. Construction of a 2,7; _ ,-definable n-conserving Jensen sequence for n = 3.

THEOREM (Formulated and proved in L). Assume n > 3. Then there exists an n-
conserving Jensen sequence m such that m € TT_ .

PROOF. We choose any functions P w, — Perf™ and ¢ w, — U, cpcn {0 €M
yp is closed } satisfying the following conditions:

() IfpePerf™, 1 <k<n and ¢ € HA,IC is closed, then there exists a nondenumer-
able set of « € w, such that p = p(a) and ¢ = g().

(2) p and ¢ are functions of the class AT.

(Fulfillment of (2) can be secured with the help of the well-ordering < of 7.3.)

Assume now that p = (P,, & € v) is a Splsequence, v € w,, P= Uy, P, P =
P() and ¢ = J (v). From Theorem 7.2 we obtain that there exists a Spl-sequence n € T
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such that p g n, and if, in addition, p € P~ then for some g € (Urng(p))” we have ¢ >p
and either q forc ¢ or q forc ¢~. By pt we denote the <-least of such 7.

Moreover, as in 7.3, we define p, =0, 0,,, = p;, pg = Uaeﬁpa for limit ordinals
B8,and 7 = UaEw Pa As in 7.3, 7 is a Jensen sequence. In addition, from (1) and the
definition of p* it easﬂy follows that 7 is n-conserving. ((1) takes care of all p € (Umg(n))™
and of all 9 € U, ¢4, JINL)

It remains to verify that n € 2{.

LemMA 1. {(p,n): n=p*}€Al_ .

The proof proceeds just as in 7.3.3, taking into account, in addition, (2), Theorem 7.4,
and the condition n = 3. (If n = 2, then the proof of the lemma cannot be carried out by
virtue of the fact that Forcf € 17 but does not belong to Af.) The details are left to the
reader.

Now 7 € 2,7; _, follows from Lemma 1 in a way similar to the derivation of 7.3.4 from
7.3.3. Thus 7 is as required, and the theorem is proved.

We note that the proof of the theorem makes essential use of the condition n = 3.
(For n = 2, it is impossible to prove Lemma 1.) Indeed, this was the reason for the
necessity of a separate construction in 7.3.

7.6. Completion of the proof of the Fundamental Theorem of 2.4). letn > 2 be
fixed. We select a Jensen sequence 7 = (P, a € (wl)l‘) satisfying the condition 7 € 25_1
in L and which is an n-conserving sequence for n 2 3. (The existence of a 7 with such
properties is guaranteed by Theorem 7.3 for n = 2 and Theorem 7.5 for n > 3.) We set
P= UaE(w yL P, and, using 3.2. 5, we choose a P-generic set A CR. (We note that the
countability of (w2) is required in the hypothesis of FT.)

Using Theorems 3.4, 4.5,4.6, and 6.1, as well as (for n = 2) Propositions (A), (B),
and (C) of §2, we deduce that the proposition B,(4) is true in L(4). This completes the
proof of FT.
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