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Abstract—Dynamic discrete-time games are generalized to a stochastic environment, in order
to examine the influence of various types of information structures on the course of a game.
It is shown that the information structure of a game, i.e., type and amount of information
available to players and, in particular, asymmetry of information, may lead to unexpected and
sometimes counter-intuitive effects on the game result, i.e., the players’ payoffs. The paper also
develops algorithms for obtaining the Nash equilibrium strategies in such games. These involve
reducing optimal reaction policies to the corresponding dynamic programming algorithms and
generalizing the classical optimal control technique. Results of computer simulations for a
variant of fishery harvesting game are presented.

1. INTRODUCTION

The paper studies a class of stochastic dynamic discrete-time games with explicit account of
information available to the players.

We explore a wide range of information structures in our games in order to study the role of
information available to players in constructing optimal strategies (in other words, we want to study
effects of contextual use of information in the behavior of players). Thus, we are dealing with the
semantic aspect of information (i.e., semantic information).

Two independent players perform control of a common discrete-time dynamic system, which is
also affected by random disturbing effects. At every time step, the players make decisions based
on some information about these effects. Specifically, each player selects his strategy in order to
maximize his total discounted payoff for a long enough time period provided that the other player
follows some fixed strategy. This means that the course of the game is described by the dynamic
Nash equilibrium.

Random effects mentioned above are represented by a random Markov parameter (which may
be multidimensional).

We shall explore a wide range of information structures [1] in our games. In particular, players
may possess various levels of knowledge about realizations of a random parameter, e.g., current or
delayed information [2, 3], or even information obtained from imperfect observation of a random
parameter. Moreover, information structure may be asymmetric; e.g., one player may possess
full current information while the other has only delayed or imperfect information. We shall also
consider cooperative games with different types of information structures, etc.

For each variant of the game, we propose an algorithm that reduces the original problem to a
multiple construction of the Nash equilibrium in a certain finite-dimensional space. Moreover, in
the most complicated case considered in Section 5.3, we construct an algorithm that reduces the
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STOCHASTIC DYNAMIC GAMES 267

problem to a multistage construction of the Nash equilibrium points in a function space, which in
turn leads to an iterative stepwise optimization procedure (at every stage).

In Sections 4.1, 5.3, and 8, we provide a set of simple propositions, whose major goal is to clarify
the main concepts and obtained algorithms. Instead of a theoretical analysis of our algorithms,
we performed extensive computations, which demonstrated fast convergence of these algorithms to
natural results for a substantial amount of initial data.

Then we present results of computer simulation for games in which information available to
players influences their optimal strategies (behavior) in a nontrivial way. The authors believe that
examination of effects that demonstrate the influence of available information on the course of the
game (i.e., the result of information utilization in the context of “organism activity”) clarifies the
very concept of “semantic informativeness.”

For a simple example of dynamic games and for demonstrative interpretation of results, following
the long tradition [4, 5], the specific context is taken to be marine fishery.

The authors consider the following observations (obtained in simulations) of information influ-
ence on the players’ behavior to be interesting and (to a certain extent) unexpected.

In the game with symmetric current information (“complete information”), reduction of the cost
of the harvest may lead to reduction of the average payoff (Fig. 2, the area around ¢ = 0.3, solid
curve). In the game with minimum information, a similar situation takes place as well. Moreover,
there exists an area where minimum information leads to higher payoffs than complete information.
However, for the cooperative behavior of players (and symmetric access to information), we obtain
natural and expected results.

For all noncooperative games and all types of information structures, an increase in information
accuracy (starting from a certain level) leads to a decrease in average payoffs. However, cooperative
behavior of players leads to natural results again (see Figs. 3 and 4).

Figure 5 shows that, at certain levels of the environmental variability, information structure may
have unexpected influence on a game result. For example, sometimes minimal information may be
more advantageous for players than complete information.

Figure 6 demonstrates that additional information is beneficial for players only if their degree
of cooperation is high enough.

All the peculiarities of the contextual influence of information mentioned above do not seem
to be evident (to the authors) or to follow from some general considerations. Besides, they seem
to be of interest for a possible formalization of a (non-Shannon and non-Kolmogorov) concept of
information, i.e., semantic information.

Let us say a few words about the interpretation (of the problems examined) that the authors
kept in mind. Intuitively, we have some apprehension of a certain confrontation and cooperation
of two forces, e.g., organism (or cell, population) and environment, individual and society, man
and destiny, etc. A cell (say, of a bacteria) confronts the environment and cooperates with it on
the basis of the genome, which is a certain list of a great number of instructions on biochemical
production (and transportation from the environment) of specific chemical agents (as well as special
instructions that are contained in regulatory parts of the genome and control the instructions
mentioned above, etc.). Sophisticated complexes of instructions turn on or off simultaneously,
depending on the current situation (in the cell or around it). The goal of the cell is maintaining its
certain parameters, while the goal of the environment is also to maintain some other parameters for
the convenience of population (this may be restrictive for the cell and partially antagonistic to its
interests). It is important that both sides at every moment of their action (decision making) possess
incomplete, partly common and partly separate (sometimes, contradictory) information. Thus, the
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268 GOLUBTSOV, LYUBETSKY

question on the character of their cooperation and, in particular, on the (optimal) strategy of
information exchange between them is of great evolutional importance.

For example, the environment may evolve a signal about the number of other cells (of the
same or other types) in a neighborhood of a given cell (feromon). As a result, the cell may stop
splitting, change the virulence, produce an antibiotic (to confront competitors in the environment),
collaborate in creating a biofilm, etc.

Another example of complex “game-like” interactions is the sporulation mechanism, when cells
of a population form a complex configuration (a head and a stalk). Cells that form the head
transform to spores and fly away, while the other cells die. Also mention symbiotic bacteria that
live in the luminous organ of a cuttlefish and interact with it; or seaweeds which secret analogs of
bacterial feromons in order to destroy a population of bacteria colonizing them.

In these examples, various interaction strategies are possible, depending on the level of inter-
action: a separate cell and its environment, interaction within a clone (descendants of one cell),
within a community of clones, etc. In addition, results of the interaction may be quite unexpected:
for example, one successful cell within a population-clone may deceive all the other cells, spawn,
and destroy the community; as a result, the whole clone will die out. Besides, interaction between
clones may be symbiotic or antagonistic. Priority may be given to a particular person or to the
common weal.

It may seem that standard mathematical approaches cannot adequately describe this kind of
systems (about which we presently have extensive and concrete scientific knowledge). One can
consider a space of states “cell (population)—environment” with transfers from a current state R to
the next one R, where, for a given state R, its estimation v is computed. An area of this space is
attainable depending on the pair S = <S°‘, B >, where S is the reaction of the cell on R, while
5P is the result of the environment activity. The authors plan to discuss interpretations of this
kind for a cell-environment system in further publications.

The structure of the paper is as follows: Sections 2 and 3 contain the description of a stochastic
discrete-time two-player game and a brief problem statement. Sections 4 and 5 contain specification
of problem statements and descriptions of algorithms that construct optimal strategies, which give
the Nash equilibrium. These algorithms reduce the original problem (of finding optimal control
policies) to the corresponding dynamic programming algorithms, generalizing the classical optimal
control technique (see, e.g., [6]). Section 6 considers cases of partial or complete cooperation of
players. Section 7 presents computer simulation results. Finally, Section 8 contains some general
facts about games, which are used in the main body of the paper.

2. DESCRIPTION OF A DYNAMIC GAME

In this section, we give a rather general description of a discrete-time nonantagonistic two-person
dynamic game

R7 ) a? 16
R p(R,v,p", p”) R..

Here, R and R, represent the current and the next-step states of the system respectively, v is a
random disturbance depending on the step (time), and p® and pP are decisions (actions) of players.
We assume that the next-step system state R, and current payoffs v® and v? of the players depend
on the current state R, decisions p® and p®, and realization of the random disturbance v for the
current step, i.e.,
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The players’ actions are determined by the current state R of the system and, possibly, by some
additional information £* and &P about disturbance v:

p* = PR, &%),  p’=PP(R,P),

where P® and P? are the players’ control strategies (policies), i.e., functions that depend on the
information that players a and 3 possess, respectively.

In what follows, we assume that random elements v; (where t is time) are independent and
identically distributed or, in a more general case, constitute a Markov chain with a known transition
distribution. In particular, if 14 assumes a finite number n of values, then its transition distribution
is determined by an n x n stochastic matrix.

3. THE INFINITE HORIZON GAME

Let us briefly describe a formulation of the optimal decision-making (control) problem for a
nonantagonistic dynamic game. More precise specifications and technical details of reducing such a
dynamic game to the corresponding dynamic programming formulation can be found in Sections 4
and 6.

For the sake of simplicity, in this section we consider a game with an infinite horizon. Typically,
in infinite horizon games it is assumed that the situation is stationary, that is, the functions p, p<,
and p” and the annual payoff functions v® and v? do not explicitly depend on t. We also assume
this in the current section.

Each player’s objective in the game is to choose an optimal stationary policy to maximize the
expected discounted sum of his annual payoffs given the policy of his competitor. Thus, player «
will choose P conditional on PP to maximize

Ua(-ROuPa?Pﬂ) = EZ’YQ/UO[( ta7p?7ptﬁuyt) = EZ’YE/UOZ( ta7Pa(Rt7€ta)7P[8(Rt7§t[8)uVt)7
t=0 t=0

while simultaneously § attempts to conditionally maximize U ﬂ(Ro, pe pB ). Here, the expectation
is taken over all the random variables v, and (in the case of imperfect observation) over all the
measurements & and 5,@3 .

Thus, we have a two-player game, which consists in finding a Nash equilibrium solution

max U (R, P*, Ph),
max U® (R, P, PP)
PB

for all possible R. If a pair ]30‘, PP constitutes the Nash equilibrium then, by the definition, for all
possible values of R and all policy functions P* and PP we have

U“(R, P*, P%) > U*(R, P*, PP),
UP (R, P, PP) > UP(R, P*, PP).

The optimal policies P and PP (and the corresponding optimal average discounted payoffs Ue
and U” ) can be constructed by taking the limit as 7' — oo for the corresponding game with finite
horizon T'. Algorithms for the corresponding finite horizon games (and also for the nonstationary
case) are considered in Sections 4 and 5.
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270 GOLUBTSOV, LYUBETSKY
4. FINITE HORIZON GAME: PLAYERS HAVE RESULTS OF PERFECT OBSERVATIONS

Let us consider a finite horizon game with final season 7. Since, in a finite horizon game, different
moments are not equivalent, we will not restrict ourselves to stationarity. Thus, the functions v¢
and v? may be different at different moments 7. Denote a decision policy for player « at time 7
by P2 and a sequence of decision functions P& from the moment ¢ to 7" by

P? - <Ptaa ti1a---ap%> = <Ptaa ?+1>-

Similarly for player S3.
In this section, we assume that random elements v; form a Markov chain (with a finite or infinite
number of states) with a given transition probability.

At time t, each player knows the current state of the system, R;, and has some information
about the stochastic parameter v; (or a preceding one v;_ ... ). Information on v, includes, at the
minimum, the probability transition matrix for this Markovian random sequence.

In this section, we consider two simplest cases: at time t, a player knows the realization of the
stochastic element 141 and all the preceding values 14_o, ..., or also knows the current value of v,
i.e., Vg.

In the next section, we will study the case where players get imperfect information about vy,
which is obtained from measurements. The knowledge structure may be symmetric, with both
players having the same information, or asymmetric, e.g., when one player has current knowledge
of vy while the other has only delayed knowledge ;1.

4.1. Players Have Current Information
Assume that information held by both players at time ¢ includes the current value of the random
element v;.

Then, at moment ¢, the expected discounted payoff for player « is

T
Vta (Rt7 Vi, Pta7 Ptﬂ) = E(Vt+17Vt+27---7VT|Vt) Z,yg;tvg (RT’ VT,p?f,pf) (1)

T=t

(a similar expression for player ), where

ps = PX (R, vr), pQZPf(RﬂVT)'

A pair <13? , IA’tﬁ> provides the Nash equilibrium for a pair (V,%, Vtﬁ ) if, for all possible values of
R; and v4, we have
‘/ta(Rta Vi, ﬁ?a ﬁtﬁ) = ITIID%X ‘/ta(Rta Vi, P?? ﬁf)?
t
~a ~ ~ 2
Vv (Re, 1, P, P = max V' (Ry, m, P}, PY). @)
Pt

In what follows, we will denote the corresponding Nash equilibrium discounted payoffs as
5 « DY Db
‘/t (Rtayt):‘/t (RhytaPtaPt)a
- 5o 8
VI (Ri,v) =V (Ry,m, Py, Py).

Since the random parameter v is a Markov process, which is completely determined by its
current value and single-stage transition distribution (i.e., the distribution of ;41 for any given 14),
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the mathematical expectation E can be presented as a sequence of conditional

expectations:

Vi 1,V842,0-07 | Vt)

E(Vt+17Vt+27---7VT |ve) = E(Vt+1 \Vt)E(Vt+2 |vegr) - - E(VT lvr—1)-

It follows that V% can be expressed through the immediate payoff vf and V9 ;:

‘/ta(Rt)VtaP:jyapt[B) - Ug(Rth)p??pt[B)
+YaE s ooy Vit (p(Res v, 3 17) s Vet Prs Plit). (3)

Note that we can also use expression (3) as an alternative (recursive) definition of the discounted
payoff.

Expression (3) allows one to reduce problem (2) to a series of considerably simpler problems
through a dynamic programming procedure. Assume that <13ta+1, 13?+1> are the Nash equilibrium

policies starting from the moment ¢ 4+ 1 and <17t°}rl, YZ&Q are the corresponding optimal discounted
payoffs.
By the analogy with classical dynamic programming, define the function

~ ~ =08
Vta(Rthtaptathﬁ) = V;a(Rtal/tv<EQ7P?+1>7<Eﬂ7Pt+1>)7

i.e., the discounted payoff for player « corresponding to arbitrary policies P and Ptﬁ at time ¢ and
optimal “tails” IA—"? and 135, and a similar function for player 3.

Then the optimal policies <13t°‘, 13f ) for time ¢ can be obtained by solving, for all possible values
of Ry and 14, the Nash equilibrium problem for the functions

{‘7)&@ (Rtu Vt7p?7ptﬁ) = Ug(Rta Vt7p?7ptﬁ) + ’YOzE(VH_l |Vt)‘7t(i1 (p(Rtup?7ptﬁ7 Vt)7 Vt+1)7 (4)
B

‘7t[8 (Rt7 Vtup?uptﬁ) = /Ut[B (Rt7 Vt7p?7pf) + ’Y,@E(VtJrl |Vt)‘/t+1(p(Rt7p?7pt[87 Vt)a VtJrl)
: o B Da _ 2 Do _ B s /oo 0
with respect to (p¢,p;). Namely, P*(Ri,vy) = pY and P, (Ry,v¢) = P, , where the pair (pY,p, )

attains the Nash equilibrium for these functions with given R; and v4. Thus, the Nash equilibrium
policies can be obtained recursively as

Sa Sa DY ~f =3 =0
Pt - <Pta7Pt+1>7 Pt = <Ptﬁ7Pt+1>‘ (5)

In order to express this more precisely, assume that R € R, the space of the system states;
v € N, the space of random parameter values; and D and D? are the spaces of decisions p®
and p” of players o and 3 respectively. We will assume that R, A/, D%, and DP are measurable
spaces and vg, Uf: RXN xD*xDP — R and p: RxN xD*xDP — R are measurable mappings.

At each stage ¢, the strategy P;* of player « is a measurable mapping from R x N to D*. Denote
by D the space of all measurable mappings R x N' — D®. Similarly, let D? be the space of all
measurable mappings R x N — DP.

Now the game with finite horizon T' can be considered as the two-player game
Gury = (DP, DY VAV, . RER, veN, t=1,..T,

with the states of strategies
T T
by =[[p*, ©D’=]]D’
T=t T=t

and with payoff functions V;* and Vtﬁ defined according to (1).
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272 GOLUBTSOV, LYUBETSKY

More precisely, at any fixed moment ¢, we have a family of games {Gyr, | R€ R, v € N},
which is parametrized by R and v. A pair of strategies <13?,13f> is optimal for this family of

games (is a Nash equilibrium point) if, for any strategies P and Ptﬁ and any R € R and v € N,
we have the following inequalities:

VA (R,v, P}, P)) > VO (R,v, P}, P}),

V7 (R, P} Py > VP (R.v. P} . PY).
Now let us consider the family of games determined by the payoff functions f/to‘ and f/tﬁ )
Giry = (DD VAV, . ReR, veN, t=1,.. T

The following proposition reduces the problem of constructing optimal strategies for the game
Gt g, to a series of constructions of optimal strategies for the simpler games Gy g,y .

Proposition 4.1. Assume that, for all t starting from t =T down to t =1 and for arbitrary
R e R and v € N, the game Gy g, has a Nash equilibrium point <ﬁ%7y,ﬁ% s and that the mappings

ﬁta and ﬁtﬁ defined as

PA(R,v)=p%,.  PP(Rv)=pp,, VRER, WEN, (6)

are measurable with respect to R and v. Then, for each t, there exists a pair of strategies <1A3?, 13?>
which provides a Nash equilibrium point for the family of games {Gyr, | R€ R, v € N'}.

The optimal strategies P; and 135 are determined recursively by expressions (5) and (6) through
the optimal strategies 13?;1 and Ptﬁﬂ at the next moment and through the equilibrium points
<13%7,,,13%7y> for the games étﬂ,y.

The payoff functions ‘ZO‘ and ‘Zﬁ for Ehe game é,; R, are expressed through the payoff functions
at the next moment (i.e., for the game Giy1,ry) by formulas (4) and the equalities

~ ~

VAR v) = VE (R, B B
‘Zﬁ(Ra v) = ‘Zﬁ(Rv v, ﬁ?%,wﬁg,y)‘

Proof. To prove the proposition, it suffices to verify the following “inductive” assertion for
any t = 1,...,T: If there exists a Nash equilibrium point <1A3?+1, 13?+1> for the family of games
{Gis1.ry | RER, v € N} and, for any R € R and v € N, there exists a Nash equilibrium point

@?&wﬁg,» for the game ét,R,m then <13?, Istﬁ> is a Nash equilibrium point for the family of games
{Giry | R€R, veN}, where P} and 13? are determined by formulas (5) and (6).

Now, assume that, for some moment ¢, the pair <13?+1, Isf+1> determines optimal strategies for
the family of games {Giy1,ry | RE R, v € N}. Let P§ be an arbitrary strategy for player a.

Consider the payoff function V,*(Ry, v, Py, 13?) Using equation (3), we get

50 50
Vta(R7 V7Pta7Pt) U?(R7 V7p%,V7l/)\§27V) +’YOZE(V+|I/)V£|—1(IO(R7 va?%,wﬁ?{,y)vV+7P?+17Pt+1)

~ ~1
S /Uta(R7 V?Z)%’y?i)ftV) +’YOzE(V+ |1/)‘/til (p(R7 V?Z)%Jﬂp\?{,y)?V+7Pt+17Pt+1)

’U? (R7 v, paRyaﬁ%J/) + PYOéE(V+ [v) ‘/}t(-)}—l (p(R7 v, p?{,yaﬁ%,y)a V—l—)
N . I
= Vi (R,v,ph o Pr,) < Vi (B, By Pry) = Vi (Rov P PY).
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Here, p% , = P{*(R,v).
Simi B DY pp B 5 pb 8
imilarly, V" (R,v, P, , P}) <V (R,v, P, , P;) for any strategy P} of player (3.

This yields that the pair <13?, ﬁf) is a Nash equilibrium point in the game Gy r, for all R € R
and ve N. A

Note that the Nash equilibrium points <ﬁ%7w ﬁg’,) for the games ét, R,» can be constructed by
the use of the iteration procedure described in Proposition 8.1.

4.2. Players Obtain Delayed Information

This case looks very similar to the case of current knowledge, except for the fact that the policies
and discounted values at time ¢ depend on not 14 but 14_1, i.e.,
pi = P (Re,vi-1), pr = P (R, vi-1),
and
5 T
‘/ta (Rh Vi—1, Ptaa Py ) = E(Vt,Vt+1,...,VT | Vt_l)zf}’;itvg (RT7 Vﬂpgapf)
T=t
T
= E(Vt ‘thl)E(VtJrly---,VT | ve) Z ’Y;_tvg (RT7 Vr,p?—,pf)

T=t

= E( “/ta(Rtaytaptavptﬁ)a

v |ve—1)

where V,* denotes the discounted value function for the “current information” case.

Thus, the case where both players have delayed information leads to the dynamic programming
procedure with the following Nash equilibrium problem at each step:

‘Za(Rtu thhp??pt[@) = E(I/t |l/t,1) [U?(Rta Vt7p?7pt[8) + ’Ya‘/}t?f—l (p(Rtupgapf7 Vt)7 Vt):|7

‘Zﬁ (Rtu thhp??pt[@) = E(Vt ‘thl) |:Utﬂ (Rt7 Vt7p?7pf) + ’Y,@Vﬁq (p(Rt7p?7pt[87 Vt)a Vt):| )
where YZO‘ (R¢,v4—1) and f@ﬁ (R¢,v4—1) are the Nash equilibrium values for these functions. Optimal

decision policies P and P are defined as P*(Ry,4_1) = p® and P (Ry,v4—1) = pi, where the
pair (p¢, ﬁf ) attains the Nash equilibrium for these functions with given R; and vy_.

4.3. Players Get Asymmetric Information: Current Versus Delayed

Now assume that the first player has current knowledge of v and the second one has delayed
information. Thus, the first player’s policy depends on v; and v;_1, while the second player’s policy
depends on v;_1 only, i.e.,

pi = PM (R, vi—1, 1), Ptﬁ = Ptﬁ(Rtp Vi—1).

In this case, at each dynamic programming step, we have the following (asymmetric) Nash
equilibrium problem:

‘Za(Rta Vi1, Vtaptavpf) - ’Uta(Rta Vtvpgvptﬁ) + ,‘)/OtE(Vt+1|Vt)‘/}t?l|»l (p(Rtvpgaptﬁa l/t)a Vt+1)7
‘Zﬂ(Rtv Vt—laptaapltg) = E(llt |ve—1) [Uf(Rtv Vtaptaaplf) + Vﬂ@il(p(Rtvpgapltgv Vt)a Vt)} .
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274 GOLUBTSOV, LYUBETSKY

Here, the first player utilizes the knowledge of 141 to compute the second player’s policy at
time t. However, while the second player can calculate the first player’s policy, he cannot know
his opponent’s actual response (since he does not know 14). Instead, he can only assign to it a
(conditional) probability distribution of v;.

Strictly speaking, a solution to this asymmetric Nash equilibrium problem is a pair of functions
PP (Ry,vi—1,1;) and Ptﬁ(Rt, v4—1) which, among all functions P*(Ry, vi—1,v;) and Pf(Rt, vi—1), for
all values of Ry, 11, and 14, attain the Nash equilibrium for the following pair of functions:

‘Zﬁa(Rtth—lthaPtaaPtﬁ) = ’Uta(RtthaPta(RtaVt—lal/t)aptﬁ(Rtayt—l))
+ %0 [0 Vi (p(Resve, PE(Re,vim1, 1), P (Rey i), v
‘Zﬁ(Rtthflaﬂaan) = E(ut|yt,1)[Uf(Rt,Vt,Pta(Rt,thlaVt),Pf(Rt,th))
+7[?‘2&1(10(&7VtaPta(RtaVt—laVt)aPt’g(Rt,Vt—l)),Vt)]

Note that each player can adjust his policy “pointwise,” i.e., for all possible values of his policy
arguments, provided that the other player’s policy is fixed. This, in fact, can be used for computing
optimal policies iteratively. Namely, for some a-policy, we can find an optimum response 3-policy.
Then we fix this S-policy and find the corresponding optimum a-policy, and so on.

5. FINITE HORIZON GAME: PLAYERS OBTAIN RESULTS
OF IMPERFECT OBSERVATIONS

Our assumption in Section 4 that the players possess precise knowledge of the realization of a
stochastic element v, is clearly idealization. Typically, its value cannot be determined precisely
but only with a certain error. In this section, we will introduce the notion of a measurement error
in observation of stochastic parameters. In particular, this allows us to formalize various levels of
players’ possession of information.

An imperfect observation of v; can be characterized through the transition probability from
the space of states of the parameter 14 to the space of states of the observation &. In the case
where these spaces are finite, say, the numbers of states for 14 and & are n and m, respectively,
the measurement is completely determined by an m x n stochastic matrix. The ith column of this
matrix represents the conditional distribution of the observation & when v; is in the ith state.

Thus, assume that information that a player possesses at time t consists of the current system
state R; and the result of the imperfect measurement &; of the current parameter v;. Different
players may have results of different measurements ¢ and &7, or these may be results of the same
measurement. Now, policies of players o and 3 at time ¢ depend on R; and on &* or ff respectively;
that is,

P =P(R,&),  pl =P (R.¢)).

If players have the same measurement information, i.e., & = ff , we will denote it by &;. Besides,
we will assume that the random elements v are independent and identically distributed.

5.1. Players Have Symmetric Information: Optimization of Average Payoff
Assume that the players’ policies depend on the common measurement &;:
p? :Pta(Rtaét)7 pt[B :]Dtﬁ(Rhgt)a

and each of them maximizes his average discounted payoff U® and U?, where

T
Uta (Rt7 taa Ptﬁ) = E(Vt,ft,ut+1,§t+1,...,VT,fT) Z ’Ygitvg (RTu Vr, Pq-a(RTu 57’)7 PE(RT7 é-T)) . (7)

T=t
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As in the previous cases, we can express Uy through the immediate payoft vf* and the next-step
average discounted payoff U, |, thus obtaining the following recursive expression:

Ut (Rt7 Pta7 ) = Ellt E(ft |1/t)EVt+1E(§t+1 |vig1) - EVT E(fT |vr) Z ’Ya RT: VT7pT7p7ﬁ')

T=t

- Ellt E(Et |Vt) |:/U§é (Rt7 Vt7p?7pt[8)

1
+’YO‘E(£t+17Vt+1 . éT,VT Z 'YT (t+1) RT7VT7pTupE):|
T=t+1

= EVt E(Et |ve) [Uta (Rt7 Vg, Pta(Rtv ft)a Ptﬂ(Rtv gt))

+'YaUtOfH(pt(RtpVtuPta(Rtagt)aPtﬁ(Rtagt))a ?H,Pf“)]

Denote, as usual, by IA’? and 13? the optimal policy sequences from the moment ¢t and by Uta (Ry)
and Utﬁ (R;) the corresponding average discounted payoffs, i.e.,

Fa «(p P PP 5 5 Bf
UM (Ry) = UP (R, Py, P)),  UJ(Ry) =U/ (R, P, ,P,).

Let U2 (Ry, P®, PP) and U/ (Ry, P, PP) be the average discounted payoffs for optimal “tail” poli-
cies, i.e.,

ﬁrfa(RtaPtaan) = Uta(Rt’<Pta713t+1>7<Pta713t+1>)
=EuEg |1 [Uf(Rt,Vt,ﬂa(Rtaft),ﬂﬂ(Rtaft))

+ ’YaUtOfH(Pt (Rt, Vt, Pta(Rta ft)a Ptﬁ(Rta ft)))}

Thus, the optimum policies ]3t°‘ and ﬁtﬂ at moment ¢ attain the Nash equilibrium for the pair of
functions N
Uta (Rt7 Pta7 Ptﬂ)7 (8)
U7 (R, P, PY).
These optimal policies can be found iteratively, pointwise in R (but not in ), by using the following
recursive procedure' For a given state R and some fixed policy P, (1) for player «, find the optimal

response P, (1) for player (3, then find the optimal response P(a) for o with respect to P( 1) etc., i.e.,

P(% = argrrlljaéXUf(R, P(O{),Pﬁ)a

PGy = arg max U (R, P, P(%).
Note that, at each iteration step, we have to find the whole function, e.g., P(Oi‘) (R, &), which, in fact,
can be considered as a function of one variable £ (since we can fix R but have to take the average
over all values of ).

However, it is still possible to specify a pointwise procedure for obtaining strategies that provide
the Nash equilibrium in function spaces. In other words, we propose a way of reducing the con-
struction of the Nash equilibrium in function spaces to a similar one in finite-dimensional arithmetic
spaces. To do this, define

W (R, v, &, P, PP) = v (R,v, P*(R,€), P’(R,€)) + 7 U (pt (R, v, P(R, €), PP(R,¢)))
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and a similar function Wtﬁ (R,v, &, P, PP) for player 3. Then the function ﬁta can be written in
the following form:
U2 (R, P, PP?) = E,E(¢|,) W (R, v, &, P, PP)
= E¢E(, | oW (R, v, €, P*, PP),

where E(,|¢) is the conditional distribution of v for a given {. Here we use the fact that the
mathematical expectation over the joint distribution of ¥ and £ can be presented in the forms

Ewe = EvB¢v) = BB g

Now assume that, for a fixed &, the policies P> and PP attain the Nash equilibrium for the
functions

{f/a(R,é,PQ,Pﬁ) = E( oW (R, v, &, P2, PP), o)

VO(R,&, P, PP) = Ey, oW (R,v,, P, PP).

This means that, for all R and & and for arbitrary policies P® and P?, we have

Ve (R,¢, P, P%) > V(R ¢, P, PP),
VP (R, €, P, PP) > VP (R, ¢, P, PP).

Then
U*(R, P*, PP) = EcV*(R, ¢, P*, PP) > EV(R, &, P*, PP) = U*(R, P, PP),
UP(R, P*, PP) = EcVA(R,¢, P*, PP) > EcVP (R, ¢, P*, PP) = UP (R, P*, P).

Thus, the original Nash equilibrium problem for (8) can be reduced to a similar problem for
functions (9), for which the Nash equilibrium policies can be computed pointwise.

On the other hand, we arrive at the same Nash equilibrium problem if we consider the game for
conditional discounted payoffs

T
‘/ta (Rt7 £t7 P?v Pt[@) = E(Vt,Vt+1,§t+1,...|§t) Z’Y;_tvg (RTa VTvpgaplg)a (10)

T=t

and a similar expression for 4. This will be done below.

5.2. Players Have Symmetric Information: Optimization of Conditional Payoff

In the previous subsection, we stated the optimum-decision problem as a problem of optimizing
average discounted payoffs, where the averaging is taken over all random parameters v; and over
all measurement results &;.

However, it may seem to be more natural to optimize not average but conditional (with respect
to measurement results) discounted payoffs according to expression (10).

By rewriting V,* in a recursive form, we get

T
V(R & P2 PY) = By e B oy S va 02 (Ry, v, 02, 02)

T=t

T
= E(llt | &) Uta (Rtu Vtapgvpltg) + ’YaE(VH_l,fH_l) Z 'Y;i(tJrl)vg (RT7 VTupgupf)

T=t+1
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= E(z/t | &) |:/Uta<Rt7 Vtuptauptﬂ)
+ YaE(e ) Vi (o (Ry, Ve, D D), €ty P, Pl)t@+1):|'

Here, the mathematical expectation E(,, ¢, ) over the joint distribution of the pair (v¢41,&+1)
can be represented as a sequence of expectation operations, i.e.,

Eiriéer)) = B B &)

This leads to a dynamic programming algorithm, which involves computation of a Nash equi-
librium pair (p, ptﬂ ) for the following functions:

‘Za(RtagtaptOlapf) = E(Vt | &t) [’Uta(Rtv Vtaptavptﬁ) + FYOéE(ftJrl)‘/}fgrl (pt(Rta Vtaptaapltg)’gt-f-l)}a
‘Zﬁ(Rtagtapgvptﬂ) = E(Vt | &) [vtﬁ(Rta l/tvptavptﬁ) + "Y,@E(ft_;,_l)‘/};il (pt(Rt7 l/tvptavptﬂ)vgt-i-l)} .

Both optimal strategies (P, Ptﬁ ) can now be found pointwise by setting P*(Ry, &) = p¥ and
ﬁtﬂ (R, &) = ﬁtﬁ , where (p?, ﬁtﬂ ) attains the Nash equilibrium for the above functions.

More precisely, computation of the optimal policies <Ata, ]3,? ) at each step can be performed in
two different ways:

(a) Fix R and &, find the Nash equilibrium point (p*,5%) for the functions V,*(R, ¢, p%,p?)

and ﬁﬁ(R,f,pa,pﬁ), and set ﬁta(R, &) = p* and ﬁtﬁ(R, ¢) = p”. Thus, the problem reduces to a

pointwise computation of the Nash equilibrium for all possible values of R and &.
fen0%

Note that the equilibrium pair (p

find the optimal response pg), i.e.,

,p° ) can be found iteratively: for a fixed initial iteration p(o‘l)7

9

Py = arg g VP (R, & p(hy. p°)
then find the optimal response pé) for p?l), etc. According to Proposition 8.1, the sequence
<p€;), p’(gz.)> (if converges) converges to the Nash equilibrium point (5%, 5%).

(b) Fix some policy P(Ol‘) and find the optimal response Pg), i.e., a policy such that, for all R
and &, the function P(ﬁl) maximizes the functional Yzﬁ(R, & i) (R,€), PP(R, €)) with respect to PP,

Then similarly find P(Oé), etc. It is obvious that, at each step, the optimal response can be found

pointwise (separately for each combination R, &) for any (!) policy used by the other player.

5.3. Players Have Different Information

In a more general situation, players may obtain information based on different measurements
& € X% and 5{3 € &P of the random parameter v; € /. Then each player’s policy depends on
the respective information available to him, i.e., pf = P*(R,£%) and ptﬁ = Ptﬁ (R,£P), where P
and Ptﬁ are measurable mappings:

P RxX* =D  PPiRxXx’ D0

Denote the spaces of measurable mappings from R x X* to D and from R x X % to DP by D
and D?, respectively. Then the complete strategies Py and Pt’g are elements of the corresponding
spaces

Dy =[[p*, ©D’=]]D"
T=t T=t
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Consider the game

Gur = (DY, D7, U Uy, ReR, t=1,...,T,

in which each player maximizes his average discounted payoff:
T
UP (R, PR, PY) =B e o D702 (Reyvr, P2 Ry €2), PH(R:.E))),
T=t

and a similar expression for U/ (R, P, PY).
Since Uf* can be expressed through U,

Ug(Ry, P, PY) =E 0 (Re, vty PR (Ryy €1), PP (R, €7))

(€867 ) {

T
Y0 3 V%03 (Re,vr, PRy, €2), PR, €0))]
T=t+1

E(Vt7§?7§tﬂ) {’U? (Rta Vg, Pta(Rta 5?)7 Ptﬁ(Rta gtﬁ))

+ 90Uk 1 (o1 (Re vi, PP (Re, €8, PP (Ri, €))), 6651, Pin P |,

the problem of constructing optimal strategies <1A3? ) Pf) can also be solved by a dynamic program-
ming procedure. In this procedure, for every moment ¢, one constructs the optimal strategy pair

(P2, ]3,? ) for a certain (more simple) game provided that the solution <13?+1, IADfH) for the game
Gi41,r is already found.
Specifically, assume that

U2(R) = U (R, P}, P)),  UP(R) =Ul(R,,P{.P)), ReR, t=1,...,T,
are the optimal payoffs. The functions

ﬁta(Rtthathﬁ) =E Uta(Rtv Vttha(Rtagta)uPtﬁ(Rtagtﬁ))

(ve,£2.7) {

+ ’Yaf]ﬁu(Pt(Rta Vtaﬂa(Rtaff)a Ptﬁ(Rtagtﬁ))agta—f—l)}a (11)

Uf(Rtv Ptaaptﬁ) =E ’Utﬁ(Rta U, Pta(Rtagta)v Ptﬁ(Rtagtﬁ))

(Vtvggvgf) |:
+ 78071 (o1 (Rey v, P (R, €, PP (Ba €0)), €041

represent the players’ payoffs provided that the players use arbitrary strategies P and Ptﬁ at time ¢
. - 8 .
and optimal strategies P, and P, at all the following stages.

Let us now consider the game that appears at step ¢ (we assume that the steps from 7 = T
down to 7 =t 4 1 are already performed) for any fixed R € R:

Gur = (DD, U, U),, ReR, t=1...T, (12)

where D and DP are the spaces of measurable mappings X® — D* and XP? — DP respectively.

Proposition 5.1. Assume that, for all t from t =T down to t = 1 and for all R € R and
v € N, the game Gy r has a Nash equilibrium point <ﬁ%,ﬁ%> (where p% € D* and ﬁ% € D?) and
the mappings

PA(R,€%) = pp(e™),  PP(R,EP) =pp(¢®), VReR, Veex®, velex’  (13)
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are measurable with respect to R, €%, and €. Then, for every t, there exists a pair of strategies
<13?, ?f) that provides the Nash equilibrium for the family of games {Gyr, | R € R}.

The optimal strategies 13? and 13? are determined recursively through the next-stage optimal
strategies 13?+1 and IADtﬁJrl and through the equilibrium points <ﬁ%,ﬁ%> for the games @t,R by rela-
tions (5) and (13).

The payoﬁfunctions ﬁta and ﬁtﬂ for the game @t,R can be expressed through the payoff functions
for the game Giy1,r by equation (11) and the following expressions:

U8 (R) = U8 (R, %, P%),  UP(R) =UY(R,p%,05), REeER.

Proof. The scheme of the proof is similar to that of Proposition 4.1. A

Unlike the procedure in Proposition 4.1, where constructing optimal strategies reduces to finding
equilibrium points for games of the simplest kind (where the spaces of strategies coincide with the
spaces of elementary decisions D* and D”) and optimal strategies ]3t°‘ and ]3f could be constructed
pointwise (over R and v), Proposition 5.1 leads to games (A?,; r (where the spaces of strategies Do
and D are actually function spaces) and involves the construction of mappings PR(£Y) and ﬁg(é’ﬁ )
(pointwise over R only). However, construction of these mappings itself can be performed pointwise
(over £€* and ¢9) if we apply the iteration procedure of Proposition 8.3 (see the Appendix). Indeed,
for a fixed R and ¢, game (12) is a game of the type (14).

Combination of Propositions 5.1 and 4.1 leads to the following procedure of constructing optimal
strategies.

Consider the conditional (with respect to &) discounted payoff for player a:
(Rhé—t 7P?7P[8) (l,hét, ‘ét ZVT ! a RT7VT7 g(RT7§7O'l)7P7['8(RT7§£))

and a similar expression for Vtﬁ (Ry, Qﬁ , Py, Ptﬁ ).
Obviously, U/ is expressed through V,* in the following way:

Uf (R, PY, PY) = Ego Vi (Ry, &8, PY, PY),

where E¢o is the expectation over the distribution of the random element 3.
Further, V,* is expressed through V/%:

Vta(Rtaétathathﬂ) = E(Vtémg?)[U?(Rt,I/t,PTa(RT,fff),Pf(Rﬁff))

+ ’)/aEéerthil (pt(Rt7 Vt, P;—l(RT’ 5?)7 PTﬁ(RTa gf))v 5{‘1—{-17 ?—i—lv PtﬁJrl)} .
Together with Propositions 5.1 and 4.1, this leads to the dynamic programming procedure in

which, at every step, one constructs a pair of strategies <Pta, Pﬁ ) that provide optimal responses
for each other with respect to the functions

Ve (Rey 0,07 P) = B, o8 o |08 (Res v, P (R, €1)

+ Yaeg,, Vi1 (pe(Re vi, 03, P (Ri €)), €241) .
VP (R & PEw)) = By, o) [0F (Res v, P (Re €)1

+ VﬁEgg_lVfErl(pt(Rta Vtapta(Rtagg)aptﬁ)vgﬂrl)}‘
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In particular, the optimal pair <13t°‘, pP ) satisfies the following conditions:
‘Za(Rtv ftavpgv ﬁtﬁ) S ‘7ta (Rt7 fta? ﬁta(Rtv 5?)7 ﬁtﬁ)v
VI (Re, & Peow)) < VI (R, & P PR (R 7).

Note that, in this case, one cannot use algorithm (a) from the previous subsection since now
players (even if they know the strategies P/ and Pt’g for each other) cannot predict the real decisions
pg and pf for each other (since these decisions are determined by the results of different measure-
ments & and ff available to the players). However, iteration algorithm (b) from the previous
subsection can be used.

6. COOPERATIVE BEHAVIOR OF PLAYERS

It is easy to introduce some sort of cooperation (or contradiction) in our model by modifying
the discounted payoffs V® and V? in a simple way, which reflects the “care” of one player about
the other.

Specifically, player o “takes care” of the interests of § by optimizing the linear combination of
payoffs

VO = oo VO + capV?

instead of his original payoff V. Similarly, 3 can optimize the linear combination
V’g = Cﬁava =+ Cﬁgvﬁ.

In fact, this describes (in the case cao + cgo = 1 and cog + cgg = 1) a game with side payments,
where one player knows that he will get a certain fraction of another player’s payoff.

If cop > 0, player « tries to increase the income of 3 and, if c,g > cqg, then a cares about
more than about himself. Conversely, c,3 < 0 means that « tries to “disserve” to (3, possibly in
order to exclude him from the business.

An interesting particular case is chq = Cag = Cga = €3 = % In fact, it represents a sole operator
(monopolist) case.

Note that, if the discount factors are equal, i.e., 7o = 73 = 7, then introducing cooperation
coefficients in the problem statement scarcely influences the dynamic programming solution al-
gorithm. Indeed, expressions like v{*( Ry, Vt,pta,ptﬁ ) are simply replaced by caqvf (R, l/t,pto‘,ptﬁ ) +
cagvta(Rt,Vt,pf‘,ptﬁ ). For example, in the “current information” case, we will have the following
Nash equilibrium problem at each step:

V;ﬁa(Rtv Vtapgvptﬂ) = Caavta(Rtv Vtapgvptﬂ) + Caﬁvta(Rtv Vtapgapltg)
+ ’YE(Vt+1 \l/t)f/t(-)ié-l (p(Rt,p?,pf, Vt)u Vt+1)7
‘Zﬂ (Rt7 Vtaptavpf) = C,@avta (Rta Vt,p?,pf) + C[@ﬁ’l)ta (Rta l/t,p?,pf)

+ PYE(VH.l \ llt)‘/til (p(Rtapgv ptﬂv Vt)a Vt—l—l) .

7. COMPUTER SIMULATION
7.1. Split-Stream Harvesting

In the split-stream harvesting model, we assume that each player (fishery fleet) harvests in his
own stream and that the random split factor 8 between streams may be unknown or imperfectly
known to the players. The split-stream harvesting game is illustrated by the following diagram:
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R* S

R S R,

Here, R is the current year’s harvestable stock level, or “recruitment,” and R® and RP are
partial recruitments, in the separate streams, accessible to players a and ( respectively. Thus,

RP Sb

Ra — HQR’ Rﬁ — HﬁR,
where
0% =0, 07 =1-0,

and @ is a random split factor. The residual substream stock, or “escapement,” following the
harvest is denoted by S® or SP respectively. These are determined by

S = o (R*, p%), SP — Oﬁ(Rﬁ,pﬁ).

Here, p* and p° are the players’ harvesting policies for this year (season), which determine what
fraction of the available stock is harvested. We shall define policies as escapement fractions, so that

S =p*R°, S8 = pPRP.
Finally, the substream escapements combine to form the current year’s total escapement
S =5+5",

which is the brood stock, for determining the following year’s recruitment R, through the so-called
“stock-recruitment relation”:

R, = F(S).

Each player’s strategy (harvesting policy) depends on the mutually known information structure
of the game and on specific information that a player has when he makes his annual harvest
decisions. We will always assume that both players know the current total recruitment R and also
that each one has some information ¢* and &? about current and past random disturbances 6.
Thus,

p* = PY(R,¢%),  p’=P(R, &),

where P® and P? are the players’ decision strategies.

The degree of players’ knowledge about the random split factor # may vary. In all the cases,
we assume that both players know at least the stochastic properties of the random parameter 6.
In addition, a player may have additional information: e.g., full current knowledge (this season’s
value), or only delayed knowledge (the previous season’s value), or the result of imperfect obser-
vation of a current parameter value. Alternatively, he may possess no additional knowledge at all.
Furthermore, the structure of the knowledge may be asymmetric; that is, the players may have
different levels of knowledge.

In each season, a player gets a net return (annual payoff) Ugp1 OF P

spl» Which is a given function
of his stream’s recruitment and his own policy, i.e.,

VG = v (R p%), vl =l (R7pP).
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The player’s payoff in the dynamic game is taken to be a discounted sum of his seasonal returns
over the time span of the game.

It is easily seen that split-stream harvesting can be considered as a particular case of the dynamic
game studied above. Indeed, recalling the notation of Section 2, we put v = 6, the function p has
the form

p(R.0,p%,p") = F ((6p" + (1 - O)p")R) .

and the functions v® and v® are expressed through the corresponding functions v and vfpl as
follows:

V(R 0,p,p7) = v (OR, %), vP(R.0,p%p%) = v],((1 - O)R,p°).

In all simulation examples considered below, it is assumed that the random variables 6, are
independent and identically distributed.

7.2. Details of the Computer Model

In simulations, we use algorithms described above in Sections 4 and 5. Here, we specify a number
of numerical and functional parameters, in particular, the immediate payoff function, described in
Section 7.2.1; growth function, described in Section 7.2.2; and other numerical model parameters
described in Section 7.2.3. Special attention in our simulations is paid to different variants of the
game information structure, which is our primary goal (these variants are described in Section 7.2.4).

All the parameters were varied in simulations, with certain “steps” and in rather wide ranges.
Thus, about a thousand various combinations were studied. Note that the effects described in
Section 7.3 were observed more or less evidently in all of these combinations. Below, we demonstrate
the results for one combination of parameters only, which is typical with respect to the effects
observed. Besides, this combination is natural for the model described in Section 7.1 (i.e., the
numerical values specified below are natural from the bioeconomic point of view).

As usual, in the situation of computer experiment, we cannot claim that in all the computations
the algorithm converged to the sought-for equilibrium point. This is connected with the absence
of a simple and convenient criterion for the algorithm convergence. We have processed about
30 thousands variants of games and, in 96% of the cases, algorithms converged in the following
“practical” sense.

Let §; be an ordinary residual for an iteration procedure. If, for some iteration, this residual
becomes lower than a fixed threshold g and remains to be so during dy following iterations, then
it is assumed that the algorithm converges and computation is stopped. If the above condition is
not fulfilled during Dy iterations, then the algorithm is considered to be divergent.

Note that, even for one combination, every iteration involves computation of an optimal strategy
as a function of two variables: a continuous one, R (we used a grid with 21 or more nodes, with
linear interpolation between them), and a discrete one, 6 or £ (taking several—usually two—values).
This required a considerable amount of computations.

A theoretical analysis of uniqueness of a pair of Nash equilibrium strategies and of the algorithm
stability with respect to the initial pair of strategies requires a separate deep study.

In the simulations presented in this paper, the initial iteration for a pair of strategies (cor-
responding to the final moment T') was taken to reflect the absence of the harvest. For all the
other moments ¢, a pair of optimal strategies obtained at the previous step (i.e., for the subsequent
moment ¢ + 1) was used as an initial approximation.

At all steps of the algorithm, each player selected his strategy as an optimal reaction with
respect to the strategy of the other player. Specifically, this reaction was constructed by global
optimization on a certain grid.
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In order to check the stability of the algorithm with respect to the initial strategy (and the
uniqueness of the Nash equilibrium point), we used the following conventional approach. Initial
pairs of strategies where selected at random in the space of all such pairs. In all the studied cases,
the algorithm converged to one and the same Nash equilibrium point; i.e., the result did not depend
on the pair of initial strategies.

7.2.1. Immediate payoff function. We define the players’ decisions p® and p? as the corre-
sponding escapement fractions (for the current season), i.e.,

S =p*R°, S = pPRP.
Then the players’ seasonal harvests are
H*=(1-p*R™,  H’=(1-p"R".

In our simulations, the cost of harvesting is taken into account. We assume that the unit cost
of harvesting for player « is inversely proportional to the current fish stock z in his stream and
equals <, where c is a fixed coefficient. Thus, the seasonal price of harvesting for player o can be
obtained as an integral from the player’s escapement S“ up to his current recruitment R“:

R
cost = / Cdr = —clog(p).
x
S

Then his total immediate payoff (for the current season) is
v(R,p) = H — cost = H* + clog(p).

7.2.2. Growth function. In our studies, we used the growth function F(S) that reflects the
possibility of complete stock extinction (even without harvesting) if its amount falls below a certain
critical level. This means that F'(S) < S for small enough S.

A wide enough class of growth functions F'(S) can be represented by 3rd-order polynomials that
pass through the point (0,0):

F(S) = a1S + a2S* + a3S>.

Since a; is equal to the derivative of this function at zero, for 0 < a; < 1 we have the possibility
of stock extinction mentioned above. Below, we present simulation results for the natural case
a; = 0.6. Besides, our function F'(S) attains its maximum at the point (1,1). Thus, our growth
function has the following form:

F(S) =0.65 +1.85% — 1.65°.

Its graph is shown in Fig. 1.

7.2.3. Simulation parameters. All simulations presented in this paper were performed for
the split-stream harvesting game from Section 7.1. The default parameter values were the following;:

e Payoff function (Section 7.2.1) has ¢, = cg = ¢ = 0.2;

e Growth function (Section 7.2.2) has the form shown in Fig. 1;

e States of the random factor 6 are 8; = 0.1 and A, = 0.9. States at different moments are
independent and identically distributed with equal probabilities P(6 = 6,) = P(6 = 02) = 0.5;

e Discount factors are v, = 3 = 0.9 (for both players a and f3);

e Cooperation weights from Section 6 are caa = 1, cag = 0, cgo = 0, and cgg = 1 (for pure
competition) or caq = 0.5, cap = 0.5, cgo = 0.5, and cgg = 0.5 (for complete cooperation).
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Fig. 1. Growth function. The circle shows the critical escapement.

In order to vary the “completeness” information about 6, we use imperfect observations (see Sec-
tion 5). We change the “measurement precision” parameter m, which determines the measurement
)
matrix

M<P(f—€1\9—91) P(§—§1!9—92)>
Ple=6&10=0)) P(E=6[0=0,) )

(i.e., the matrix of conditional probabilities of the observable £ for various values of ) in the
following way:

o ( 1+m)/2 (1—7)/2 )
(1-m)/2 (1+7)/2

1

Thus, if 7 = 1 (maximum precision), then M = (0 1

), which corresponds to “identical” mea-

1/2 1/2

surement. If 7 = 0 (minimum precision), then M = <1 /2 1/2

), which results in observations

“independent” of the states of 6.

All simulations ran through a long enough averaging time period of 2000 time steps.

7.2.4. Major types of the game information structure. In our computer simulations, we
studied the following types of the information structure of the game (in parentheses, we give the
name and short notation for each of the cases).

1. At every moment t, players have complete symmetric current information about the random
parameter 0 (“current information,” “Cur”).

2. Players know the probability distribution of 6 only (“minimal information,” “Min”).

3. Players get asymmetric (current vs. minimal) information: the first player gets current informa-
tion, as in type 1, while the second one gets minimal information only, as in type 2 (“asymmetric
information,” “Cur-Min”).
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Fig. 2. Influence of the harvesting cost ¢ for different types of information structures: “Cur”—players
have complete current information (including all the previous moments), only one curve is shown
since both payoffs are the same; “Cur—Min”—players have asymmetric information: the first player
has current information, while the second one has minimal knowledge only; “Cur Coop” —cooperative
harvesting with current information; “Min”—competitive harvesting with minimal symmetric infor-
mation; “Min Coop”—cooperative harvesting with minimum information.

4. Players have incomplete information, namely, they observe a realization of the random variable &,
which is a measurement of the random parameter 6 (“incomplete information obtained from
measurements,” “Meas”).

5. Players get incomplete asymmetric information: the first player according to type 4, while the
second one—only minimal—according to type 2 (“incomplete asymmetric information,” “Meas—
Min”).

We also provide simulation results of the cooperative behavior for symmetric information struc-
tures 1, 2, and 4 (since, under cooperative management, it is natural to assume that players
completely interchange all available information).

7.8. Results of Computer Simulations

7.3.1. Influence of the harvesting cost. Here we examine the influence of the harvesting
cost parameter ¢ on the outcome of the split-stream harvesting game (see Section 7.2.1).

The graphs displayed in Fig. 2 show average (over all seasons) payoffs as functions of the
harvesting cost parameter ¢ for the following five types of the game: cooperative harvesting with
current information, cooperative harvesting with minimum information, competitive harvesting
with current information, competitive harvesting with minimal symmetric information, and finally
competitive harvesting with asymmetric (current vs. minimal) information.

The most interesting in the cases where the players compete is the reduction of the mean payoff
when the harvesting cost c¢ is low. It is explained by the fact that, at low cost of the harvest,
competition becomes more aggressive, and this leads to a severe reduction of the stock. This effect

PROBLEMS OF INFORMATION TRANSMISSION Vol. 39 No. 3 2003



286 GOLUBTSOV, LYUBETSKY

0.045
0.04 -
—— Meas i
0.035 —x— Meas-Min 1
-0~ Meas—-Min 2
0.03 —&— Meas Coop b
E
0.025F 3
g ,xzx-""x“’"x_*'x"“'x*x—*—x"”
]
) L - ]
¥ 002 5
D) /7
>
< 0.015} x i
0.01 i
> 6o
0,005 ©0-6 909

0 \ s s s s ‘ ‘ ‘
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Information accuracy

Fig. 3. Influence of the information accuracy. “Meas”—both players have equal incomplete infor-
mation; “Meas—Min”—the first player (“Meas—Min 1”) obtains measurement information, while the
second one (“Meas—Min 2”) has only minimal knowledge; “Meas Coop” —cooperative harvesting with
equal incomplete measurement information.

is not seen when the players cooperate and, hence, are able to keep the stock at a high enough
level.

Besides, it is seen in Fig. 2 that an informational advantage in the asymmetric knowledge case
is highly beneficial for the first player (“Cur—Min 1”). Moreover, he would not wish to share his
additional knowledge with his competitor and thereby switch to the symmetric complete knowledge
case (“Cur”). Typically, the second player (“Cur—Min 2”) in the asymmetric case would prefer to
get the current knowledge, but not for the low cost (< 0.3), where the asymmetric lack of knowledge
is more beneficial (even for him) than the symmetric complete current knowledge (“Cur”). Fur-
thermore, at low enough costs (< 0.35), minimal information (“Min”) is more beneficial than the
complete current knowledge (“Cur”). Apparently, this is due to the fact that, in the absence of a
precise knowledge, the risk of an accidental stock destruction becomes higher and, as a consequence,
the players behave more “carefully.”

As is noted above, competition becomes especially destructive for the low cost of harvest ¢, when
overharvest can completely destroy the stock. However, if the players cooperate, their return is
significantly higher, especially when the cost of harvest is low. Cooperatively, in contrast to the
competitive case, they are able to hold expected escapements at relatively high levels.

7.3.2. Information from imperfect observations. In this set of simulations (Fig. 3), infor-
mation about the current @ is obtained from imperfect measurements of the random parameter 6.
The measurement accuracy is a variable parameter, increasing from 0 (no information) to 1 (com-
plete information).

Note that, when the players cooperate (“Meas Coop”), the situation is quite natural: the greater
their (shared) information, the greater their payoff. The sum of the payoffs here will necessarily be
superior to those in competitive situations, with or without informational asymmetry.
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Fig. 4. Influence of the information accuracy under asymmetric environmental conditions. “Meas”—
both players have equal incomplete information; “Meas—Min”—the first player obtains measurement
information, while the second one has only minimal knowledge; “Coop” —cooperative harvesting with
equal incomplete measurement information (in addition to the players’ actual payoffs “Coop 1”7 and
“Coop 2,” we also show their equal sharing payoff “Coop”).

It is seen from Fig. 3 that, in competitive games with symmetric (“Meas”) and asymmetric
(“Meas—Min”) information structures, additional information below a certain level is beneficial to
both players, even for the player who does not possess additional information (“Meas—Min 27).
However, further increasing the knowledge level degrades the situation dramatically, presumably
by making harvesting policies more aggressive.

In addition, for a low measurement accuracy, the situation where the second player also accesses
the measurement information is better for him than the situation where he does not (“Meas” versus
“Meas—Min 2”). However, for high enough accuracy levels (> 0.38), he does not benefit from his
additional knowledge.

At the same time, cooperative management (“Meas Coop”) provides a much higher return,
which is constantly growing with the increase of the measurement accuracy.

7.3.3. Balancing asymmetric information against asymmetric environmental condi-
tions. Here, the nature slightly favors the second player (Fig. 4). Specifically, 6 takes the values
0.1 and 0.8 with equal probabilities (so, the first player’s fraction of the total recruitment is either
0.1 or 0.8 of the whole recruitment, while the second player receives the fraction either 0.9 or 0.2).
Thus, the mean recruitment for the first player is lower than for the second one.

As one would expect, when the players possess identical information, player 2 (“Meas 2”) will
always do better than player 1 (“Meas 17). But when player 1 (“Meas—Min 1”) has a strong
informational advantage (measurement accuracy > 0.3), this can overbalance the second player’s
(“Meas—Min 2”) environmental advantages.

On the other hand, the sum of the players’ payoffs will be the greatest with cooperation: the
players share information, with the common objective of maximizing the sum of their returns.
In this case, because of the environmental asymmetry, the direct harvest returns in the two sub-
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Fig. 5. Influence of the environmental variability (characterized by 61). “Cur”—players have complete
current information; “Cur—Min”—players have asymmetric information: the first player has current
information, while the second one has minimal knowledge only; “Cur Coop”—cooperative harvesting
with current information; “Min”—minimal information; “Min Coop”—cooperative harvesting with
minimum information.

streams (“Coop 1”7 and “Coop 1”) are not equal. This can be considered as a pure “good-will”
cooperation. Alternatively, the two players agree upon a redistribution of this total return, which
leads to a compensating “side payment” from one player to the other. The case of equal sharing
(“Coop”) is shown in the figure as well.

7.3.4. Influence of the environmental variability. In this set of simulations (Fig. 5), we
change the variance of the stock-split factor 8. Specifically, § randomly takes two values: #; and
02 = 1 — 01, where 01 may be any fraction between 0 and 0.5. For #; = 0.5, there is no variability
(0 = 0.5 always), while for ; = 0 the variability is the highest (# jumps randomly between 0
and 1). For cooperative harvesting with complete knowledge (“Cur Coop”), the increase of the
payoff, as well as an increase of the variability of 6 (decrease of ) is quite natural. Indeed, with
high variability of 8, almost the entire fish stock goes into one of two streams, and this leads to
a reduction of harvesting cost per unit (cf. Section 7.2.1). Since this cooperative game is fully
symmetric, the average annual payoffs to the two players will be identical.

It seems that the increase of the payoff in competitive games with a decrease of §; from 0.5 to 0.4
may have the same explanation. However, at a higher variability (low 6;), the effect of competition
(especially for complete knowledge, “Cur”) becomes dominant. Indeed, if all the stock is in one
stream, the corresponding fleet can harvest almost all the stock at a relatively low cost.

7.3.5. Transition from competition to cooperation. In Section 6, we described a simple
way to introduce “cooperation” into the competitive game. Figure 6 shows the dependence of
average payoffs on the “degree of cooperation” for the cases of complete and minimal information.

Here, the zero degree of cooperation d means the purely competitive behavior, with each player
maximizing his own discounted payoff, while degree-1 cooperation means that both players maxi-
mize the total discounted payoff. For intermediate values of cooperation, each player maximizes a
convex linear combination of his own and his competitor’s discounted payoffs.
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Fig. 6. Increasing degree of cooperation for current and minimum knowledge. “Cur”—current infor-
mation, “Min”—minimal information.

To be precise, cooperation coefficients are expressed through the cooperation degree, denoted
by d, in the following way: caa =1 —d/2, cap = d/2, cgo = d/2, and cgg = 1 —d/2. Thus, when d
goes from 0 to 1, the situation changes from “no cooperation” to “complete cooperation.”

It is clearly seen from Fig. 6 that additional information (“Cur”) is beneficial only if there
is a high degree of cooperation. At low degrees of cooperation and especially in the case of pure
competition, additional knowledge leads to a critical drop of escapement and to zero average payoff.

8. APPENDIX: GENERAL INFORMATION ABOUT GAMES

Recall that a nonantagonistic two-player game is determined by a tuple g = (D%, D?, v, vF),
where D and D? are the spaces of actions (decisions) of players o and 3, while v® and vP are their
payoff functions respectively. More precisely, v, v%: D¥ x D% — R, v*(p®, p?) and v%(p®, p”) are
payoffs for players o and § if their decisions are p® and p? respectively.

The classical problem of constructing optimal decisions in such a game consists in finding a Nash
equilibrium point, i.e., a pair of (optimal) decisions (p*, p”) such that any one-sided deviation of a
player from his optimal decision leads to a reduction of his payoff, i.e.,

Vpo‘ S Da, ’Ua(pa,ﬁﬁ) < Ua(ﬁaaﬁﬁ)a
vp? e DB, v (3, p°) < P (5%, 5%).

By n%: D% — P(D?), denote the multivalued mapping! which determines the set of optimal
responses of player o with respect to the decision p? of player 3:

7°(p”) = argmax(p®, p”).
Similarly define 77: D% — P(DF):

m’(p) = argmax(p®, p
p

[3)'

! Here and in what follows, P(X) denotes the set of all subsets of a set X.
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Obviously, a pair (p%, %) is a Nash equilibrium point if
prer@), P er’®).

In practice, a Nash equilibrium point <ﬁo‘,ﬁﬁ ) can be constructed by the following iteration

procedure.
B

Let p§ be an arbitrary decision of player « (initial approximation). Assume that p, is an optimal
response of player 5 with respect to pf (pg € 78(pg)). Similarly, let p$ be an optimal response

of a with respect to pg (p§ € m@ (pg)), etc.:

)

Py € ™ (Ph_y ;

Py € 77 (p7)-
Proposition 8.1. Assume that D and DP are metric spaces and ™ and ©° are everywhere
defined single-valued continuous mappings. If there exists any of the limits

Jim pf = lim (7% o 7%)" () = p*

or
lim p? = lim ((Wﬁowa)n Oﬂﬁ) (n5) = 9",

n—oo n—oo

then the other also exists, and the pair <ﬁa,ﬁﬁ> is a Nash equilibrium point for the game g =
<D°‘,Dﬁ,va,vﬁ>.

Proof. Assume that there exists lim p% = $®. Let us prove that the second limit lim p? also
n—oo n—oo

exists and is equal to p°. Indeed,

~3

5 = Jim pff = lim x7(pf}) = = (lim p7) = 77(5").

n—oo n—oo

Similarly, if there exists lim p2 = p°, then lim p@ also exists and
n—oo n—oo

p* = lim ppy = 7*(p").
Thus, the pair (p*,p?) satisfies the conditions p* € 7%(p%) and p? € ©%(p®), i.e., is a Nash
equilibrium point. A
Now assume that the result of a game depends not only on players’ decisions but also on a
random parameter v (which has a known probability distribution) from a space N. Specifically,
assume that v®,v%: D*x DB x N' — R. Since the players do not know the parameter v, it is natural
to formulate the optimal decision problem as the problem of maximizing the average payoffs

Ve(p®,p®) = E,o*(p®,p°,v)
and
VA, pP) = E,0P (p%, 0P, v).

Thus, we obtain a new game (D%, D?, V< V) which differs from the initial one (D%, D? v*, v7)
by payoff functions only (V® and V7 instead of v® and v?).

The situation becomes more complicated if the players obtain some information about the ran-
dom parameter v. Specifically, assume that players oo and § obtain results of imperfect observations
of v, i.e., realizations of certain random elements £ € X and &° € XP. Interrelation between v,
¢, and &P is described by a given joint distribution on the space N x X x X5,
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Assume that player o gets an observation of the random element £“. Then his decision p®* may
depend on &%, i.e., is defined as p® = P*({“), where P is some decision strategy of player a—
a measurable mapping from X% to D%. Similarly, player 8 may make his decisions based on the
observation £, i.e., p® = PB(¢5).

If payers use strategies P® and P?, their average payoffs are defined as

Va(Pavpﬁ) = E(u,fa,fﬁ)va (Pa(fa)vpﬁ(fﬁ)v V) )
VAP, PP) = By ga goyv” (P(67), PP(€7),v) .

Thus, in the situation with imperfect observations of the random parameter, we arrive at a new
game

G = (D*, D% v, Vvh).

Here, D and D? are function spaces, specifically, spaces of measurable mappings of the form
X® — D* and XP — DB respectively, and V and V# are functionals defined on the space
D x DP.

Let us note that the problem of constructing a Nash equilibrium point for this game is consider-
ably more complicated than that for the initial game g. Indeed, in the initial game, strategies are
typically elements of finite-dimensional linear spaces (or even finite sets) while, in the corresponding
game with imperfect observations, strategies are elements of function spaces.

However, in some cases (for example, when both players obtain equal information), it is possible
to reduce constructing optimal strategies for the game G = <150‘, DBy yh ) to those for games of
the type (D, D8 v, v7).

So, assume that both players obtain results of one and the same observation, i.e., £* = &% = ¢ ¢
X =Xx2= X5

For a fixed & € X, consider the conditional payoff functions

where E(,|¢) is the operation of conditional (with respect to &) mathematical expectation over v.
Now, for a fixed £ € X, consider the “conditional” game

B
Ge = (D*, D7, Ve, VY),
which differs from the game G by replacing the distribution of the random element v with the

conditional distribution of v with respect to a fixed &.

Proposition 8.2 (Bayes principle). Assume that, for any £ € X, there exists a Nash equilib-
rium point <f5§‘,ﬁ§> for the game G¢ = (D*,DP, Ve, Vgﬂ>, and the mappings P® and PP defined by
the equations

P& =pz.  PUO=F

~

are measurable. Then the pair <]3£°‘, P§ﬁ> 1s a Nash equilibrium point for the game
G = (D*, D5, ve,vh).

Proof. Let P*: X — D* and P?: X — D be arbitrary measurable mappings. Since the
mathematical expectation operation E(,¢) can be written as a composition E(,¢) = E¢E(,|¢) of
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expectations over the marginal distribution of £ and the conditional distribution of v with respect
to &, we have

V(P*, PP) = E¢E(, | v (PY(€), PP(§),v),

VAP, P%) = EE( 0" (P*(€), PP (€),v).

Thus,
V(P PP) = EgVE(P(€), PP(¢)),
VAP, PP) = EcVI(P2(€), PP(€)).

Now, let us consider V(P*, PP). According to the definition, Ve (Pa(f),ﬁ?) <V (ﬁ?,ﬁ?) for
all £ € X. This yields

Ve (P*, P%) = EcVE (P (€), PP(€)) < EcVE(P(€), PP(€)) = V(P PY).

This implies V(P®, PPy < ve(pe, PP). By the same argument, we prove that V7 (P%, PP ) <
VAP, ﬁﬁ), ie., <]30‘, ]3/3> is a Nash equilibrium point for the game G. A

Thus, in the game G with equal information, a pair of optimal strategies <]30‘,]3f3> can be
constructed “pointwise” by considering games G¢ for all the possible values { € X. Clearly,
optimal decisions for a conditional game can be constructed according to the procedure for the
initial game ¢ in Proposition 8.1.

Finally, for a game G in the general case, optimal strategies can also be constructed “pointwise,”
but with the use of a more complex iteration procedure.

So, consider the general game

G = (D%, DA v, Vh) (14)

for the case of different observations ¢* € X and &7 € AP for players o and 3 respectively.

For an arbitrary fixed value €% € X“, consider the conditional payoff for player «a:

V& (p™, PP) = E( e8| cyv® (0™, PP (€7),0).

Similarly define Vfﬁ:
‘/gg(Pa pﬁ) = E(z/,fa |§5)U[8(Pa(§a)apﬁ7y)'

Assume that W?a :DP P(D?) is a multivalued mapping that represents the set of all optimal

reactions p® of player a with respect to a given strategy P? of player 3 provided that player o has
observation £“. Specifically, put

o (PP) = arg max Va (p®, P,

In the same way, define W?gl D> — P(DP) for all £F € XP.

Now let us consider the following iteration procedure. Take an arbitrary initial strategy Fs'
(i.e., a measurable mapping P§': X — D%) for player a and construct an optimal reaction
for player 5. To do this, for every &% € X7 put P(’)a(fﬂ) € WEB(POO‘). In the same way, define

Pf: X* — D such that P{(£%) € g (Py) for all € € X, etc.:

P(EY) e mga(PLy),  VET € X,
PUE%) emly(Py), v ea”
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Proposition 8.3. Let D* and D? be metric spaces. Assume that mappings Wg‘a and W?g,
méa: D = P(D?),  wgu(PF) = argmax VE (", P7),  VE™ € X°,

Teh DY — P(DP), mes(PY) = arg max VE%(PO‘,pﬂ), Vel e &P,
P

are everywhere defined, single-valued, equicontinuous with respect to £ € X% andﬁﬁ € XP, respec-
tively, and are such that, for all fired measurable mappings P* € D* and P? € DP, the mappings
ﬂ'ga(P’B) and Wgﬁ(PO‘) are measurable with respect to £ and &P respectively. If there exists one of
the limits

i B =Pl Y= PP,
then the other also exists and <13°‘,]35> is a Nash equilibrium point for the game G.

Proof. Consider a mapping 7 defined by 7%(P?%)(¢%) = %?Q(Pﬁ ). By the condition, for any
measurable P? € DP, the mapping 7(PP): X* — D" is also measurable, i.e., 7: DPF — Do,
Similarly define 77: D — D7 i.e., 79 (P¥)(£P) = %gﬁ(PO‘).

The spaces D and DP are metric spaces with the uniform metric defined by the metric of the
spaces D and D respectively. Thus, the equicontinuity condition for the mappings W?a and W?B
immediately implies that the mappings #® and 7 are continuous.

Indeed, the equicontinuity of the mappings W?a, €% € X, at the point P? € DP means that

Ve > 036 VP € D’ [dﬁﬁ (P, PP) < § = dpa (n®(P), 7*(P?)) < g} :

However, since
dﬁa (Pl, PQ) = S;lpd'Doz (Pl,PQ) N

this is equivalent to the continuity of the mapping 7??& at the point P? € DP:
Ve > 035 VP € D |dg, (P, PP) < 6 = dg, (7(P), 7 (P7)) < ¢|.

This implies that the conditions of Proposition 8.1 are satisfied (with the obvious substitutions
D - D DP — DB 7% 7Y 7f = 7B v -V and v® — VP). A
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