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Abstract: We propose a method for encoding sets of the countable ordinals by generic reals which
preserves cardinality and enjoys the property of minimality over the encoded set.

For W C w; there is a cardinal-preserving generic extension L{W][z] of the class L[W] by a generic
real x such that W belongs to the class L[z], i.e., W is Godel constructible with respect to z, while x
itself is minimal over L[IV].
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§ 1. Introduction

Effective encoding of certain sets by some other sets is among the most important questions of the
modern set theory. The encoding set must be somehow simpler than the encoded set. The concept
of simplicity can be specified in various ways. For instance, an uncountable set can be encoded by
a countable set, say, a real. The Borel sets and projective sets of reals in fact admit encodings of this
type by definition. But, as for encoding an arbitrary set W C w; (of countable ordinals) by a real, basing
on the axioms of Zermelo—Fraenkel set theory ZFC this seems impossible to implement. A set W of this
type should be encoded by a generic real x, which in general is absent in the universe of this set theory,
but which we can adjoin to the universe by forcing. Our main result is of the type:

Theorem 1. Consider W C wy with V = L[W]; thus, all sets belong to L[W]. There is a cardinal-
preserving extension L[W][z] of V.= L[W] by a generic real x with

(1) W € L]z] and W belongs to the class AC(z) in L[z];

(2) if a real y belongs to L[z| then x € L[y] or y € L[W].

Recall that L[z] is the class of all Godel constructible sets relative to a given set z. In particular, the
condition V = L[W] means that all sets are constructible relative to W. This may happen, for instance,
if the universe under consideration is an extension of the constructible universe L by adjoining a generic
set W of ordinals, while the set of constraints must be such that W encodes the countability of every
ordinal in W.

Furthermore, HC is the set of all sets whose transitive closures are at most countable, while AH® () is
the collection of all sets X C HC definable in HC by both a ¥i-formula and a II;-formula; both formulas
should have a sole parameter x. Essentially, W & AII{C (z) means that, as we pass from countable ordinals
(and W consists of those) to the reals encoding them, the resulting set of codes belongs to the class Al(x)
of effective projective hierarchy. For more details on this see [1,2]; and for projective hierarchy, [3,4].

Conclusion 1 of the theorem means that = effectively encodes W as regards both the Godel con-
structibility and the effective projective hierarchy. Conclusion 2 of the theorem means the minimality
of z over L[W]; it asserts that there are no reals strictly between W and x as regards relative con-
structibility.

Encoding methods for the results like Theorem 1 are known in set theory for quite a long time. They
include, for instance, the almost disjunctive encoding [5,6,7]. Using it, we can easily prove Theorem 1
[z] _ u}{J[W].
W]

without requirement 2 of minimality in the particular case that there is a real z € L[W] with w%

A more complicated particular case is when we require that every limit ordinal A < w%[ strictly
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satisfies A < w%[wm/\]. In this case the required forcing for Theorem 1 (without minimality) can also be

based on the almost disjunctive encoding. For these results, see [8,9].

Our approach is to use another encoding method, going back to the article of Jensen [10]. It consists
in constructing a set of constraints P from perfect binary trees: a “subforcing” of the Sacks forcing. We
construct P as P = U£ <y Pe in Section 5, following the general preliminary definitions of Section 2,
introduction of the notation related to our encoding in Section 3, and the definitions of a special wi-
sequence @ of reals in Section 4, which amounts to a more convenient expression for W. This forcing P,
with a modification in Section 8, is sufficient for proving Theorem 1 in Section 8. But prior to that we
establish the preservation of cardinals in Section 6 and consider the encoding properties of IP in Section 7.

For more details on forcing, set theory models, constructibility, and related questions, see the book [1]
(including the Appendix [7]), as well as our surveys [2, 11].

§ 2. On Perfect Trees

In the conventions of descriptive set theory, reals are the elements of the Baire space w® consisting
of all functions x : w — w, i.e., all infinite sequences of nonnegative integers. Given a finite sequence
s € w<¥ of nonnegative integers, put A5 = {x € w¥ : s C x}, where s C x means that s starts an infinite
sequence x. The sets of the form .4; generate a base for the topology on w®.

The set 2 of all functions = : w — 2 = {0, 1}, i.e., all infinite dyadic sequences, is a subset of w*; this
is Cantor’s discontinuum. Accordingly, the set 2<% of all finite sequences of numbers 0 and 1 is a subset
of w<¥. Given s € 2<% put I, = {z € 2¥ : s C x}.

The equivalence relation Eg on w® is determined as follows: zEgy when xz(n) = y(n) for almost all
(i.e., all but finitely many) values of n (see [3]).

Given z € w¥ and n € w, put (x),(k) = (2" (2k + 1) — 1), so that (z), € w*. Define Teyen € W as
Zeven(n) = x(2n) for all n.

We will consider perfect sets P C 2¥. Every set P of this type is uniquely determined by its code:

codP = {s €2~ : PN 9, +# &},

so that if codP = S then, conversely, P coincides with [S] = {a € 2¢ : Ym(a[m € S)}. In this case
S = codP is a perfect tree in 2<¥, i.e., A (the empty sequence) belongs to S, and moreover

(1) if s € S then at least one of the extensions s"0 and s"1 belongs to S, and conversely, if s"i € S
(for s = 0,1) then s € S;

(2) if s € S then S has a branching point above s: there is t € S with s C ¢, and both extensions ¢"0
and t"1 belong to S.

Denote by Perf the set of all perfect trees S C 2<%,

A set A C Perf is called an antichain whenever [S| N [T] = @ for every pair S # T in A. A set
D C X C Perf is called dense in X whenever given S € X there is a tree T' € D with T'C S. Observe
that if S, 7" € Perf then the relation S C T is equivalent to [S] C [T7].

Given S € Perf denote by CO(S) the set of all trees T' € Perf with 7" C S such that [T is clopen
in [S]. By compactness, in this case [T'] is the intersection of [S] with a finite union of sets Zs, s € 2<%,
and so CO(S) is countable. Thus, if X C Perf is at most countable then so is CO(X) = [Jgcx CO(S).
Refer to a set X as CO-closed whenever X = CO(X), and CO-dense whenever X is dense in CO(X).

Lemma 2. If a set X C Perf is CO-dense and S, ...,5, € X then there are trees T1,...,T, € X,
with T; C S; for every i and [T;] N [Tj] = @ for i # j.

PROOF. Assume for simplicity that n = 2. There exist 1 € [Si] and x2 € [S3] with z1 # xo.
There is m € w with z1[m = u # v = xa[m. Then the trees 7] = {s € S1 : v C sV s C u} and
Ty, ={s € Sy:uC sVs C v} belong to CO(X), and [T]] N [T4] = @. By CO-density there are trees
T, T e Xwith T; C T/ fori=1,2. O

If S € Perf and 2" C Perf then the expression S Cfin U 2" means that there is a finite set 2/ C 2
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Lemma 3. Take a countable CO-dense set X C Perf and a countable family {D,, : n € w} of dense
sets D,, C X. There exists an antichain A C Perf \ X such that

(1) TCi D, for alln € w, and T € A;

(2) given S € X thereisT € A with T C S.

PRrROOF. Fix an arbitrary enumeration of X = {S,, : n € w}. In order to prove the lemma, it suffices
to construct a family of trees T € X indexed by n € w and s € 2<% so that

(i) T{ = S, for all n, where A is the empty sequence;

(ii) Ty U T, C T2 but Th,N T = 9;

(ili) diam T = 7=, where lh s is the length of a sequence s € 2<%, while if 7' € Perf then diam 7T
stands for m#ﬂ, where m is the greatest number satisfying a[m = b[m for all a,b € [T7;

(iv) if X = Up s [T2] then X N X" = & for m < n;

(v)ifn €w, k> 1,and lhs =k then 77" C T for some T' € Dj,_1.

(vi) if n, k € w then either there is s € 2<“ with Ihs = k and [T7] N [Sk] = @, or XJ* S [Sk].

We leave to the reader the details of the easy construction of a suitable system of sets. (In particular,
to guarantee claim (iv), we have to use Lemma 2.) Upon completing it, take A = {7}, : n € w}, where
Th = Miew Uihs—i Te'- Observe that claim (vi) yields ANX =@. O

§ 3. Notation Related to Encoding

We consider the sets
R? = {b €2 :Vn((b), = (b)g)} and R ={zec2¥:3bc RbEx)}.

For every z € R there exists a unique b = b(z) € R" with 2Egb. In this case denote by dif(z) the
smallest positive integer n with (i) = b(7) for all i > n. If z € R®V" = {z € 2% : Zeyen € R} then put
bV (x) = b(Zeven) and u(x) = z[(2 dif(Zeven))-

For b € 2% and n > 1 denote by U(b,n) the set of all finite sequences s € 2<% of length lhs = 2n
with s(2n — 2) # b(n — 1). By contrast, U(b,0) consists of the unique empty sequence A. Put U(b) =
Uneo U(b,n). Given u € U(b,n) define

Y(bu) ={x € Dy : Vk > n(x(2k = b(k))} and T(b,u) = codY (b, u).
Then all trees T(b,u) with u € U(b) belong to Perf, and the sets [T(b,u)] = Y (b,u) C 2¢ are disjoint:

[T(b,u)] N [T(b,v)] = @ for every u # v in U(b) (regardless of the same or different lengths).
We omit the proof the next lemma, as it is elementary.

R = ) U 1m0,
)

bERO ucl (b

Lemma 4. We have

and if v € R then b = b®""(z) € R?, u = u(x) € U(b), and z € [T(b,u)].
If a set X C 2% is nonempty and open then there is u € U(b) with [T(b,u)] C X.
Now we relativize these definitions to an arbitrary perfect set [P] C 2¥, where P € Perf. Denote by

hp : 2¢ % [P] the canonical homeomorphism resulting from the correspondence between the branching

points of P and all finite sequences in 2<“. For x € Ry*" = {JJ €[P]: h;,l (x) € Reven} define
by (x) = b™(2') and wp(r) =wu(z), where 2’ =hp'(x).
Accordingly, for b € RY and u € U(b) put

Yp(b,u) = {hp(y):y € Y(b,u)} and Tp(b,u) = codYp(b,u).
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Corollary 5. Take P € Perf. Then
R = [ U [Tr@,w),

beRO uclU(b)
and if v € RY™ then b = b%"(z) € R®, u = up(z) € U(b), and = € [Tp(b,u)]. In addition,
(i) if b € RY then the set Nextp(b) = {Tp(b,u) : u € U(b)} C Perf is an antichain: [Tp(b,u)] N
[Tp(b,v)] = @, whatever v # v in U(b) may be;
(ii) if X C [P] is nonempty and open in [P] then there is u € U(b) with [Tp(b,u)] C X. O

§4. The Auxiliary Function ¢

Fix a recursive enumeration Q = {r, : n € w} without repetitions of the set Q of rationals. For
§ < wp (a finite or countable ordinal) denote by Word, the collection of all x € 2 such that the set
{rn : z(n) = 0} C Q is totally ordered by the natural order on the rationals in accordance with the
type £ Put Word = J,,,, Wordg (the codes of ordinals) and |z| = £ for © € Word. If 2 € Word then

for |z| = &€ > w there exists a bijection f, : w = ¢, determined by z, the details of whose construction
we leave to the reader. But if |z| < w then we simply put f,(n) = n for every n.

DEFINITION 6. Take ¢ € (2¢)* with A < w;. Define Q1[p] = {0} U{¢ +1: &+ 1 < A} (all nonlimit
ordinals up to A = dom ). Denote by s]p] the set of all ordinals & < A\, £ & Q4][p], with £ < wlf[w el

Given & € Q[p] denote by pe[p] = pelplé] the smallest ordinal 1 > & such that L,[¢[¢] is a model
of the theory ZFC™ (the minus means that we remove the power axiom), and the ordinal £ is countable
already in Ly [@[¢]. Put Me[p] = Ly, [@[€]. Then & < pefp] < w%[go ¥l and the set M¢[yp] is a countable
transitive model of ZFC™.

Finally, put Q3[¢] = {€: £ < AP\ (ufp] UQaly]). O

Lemma 7. If £ < A <wy, ¢ € (29)*, € € Qa]p], and M is a transitive model of ZFC™ containing
©l€ and the ordinal p¢lp] then the ordinal pig[p] is countable in M; consequently, M¢[p] belongs to M
and is countable in M.

PROOF. Put Kk = M N0rd. We may assume that M = Ly[¢[]. If all ordinals ¥ < k are countable
in M then the result is obvious. Otherwise, £ < ¥ = w}! since pelp] € M = Ly[pl¢]. O

Recall that R? consists of all z € 2¥ with (z),, = (z)o for every m. Introduce the smaller set Ry
consisting of all z € R? such that ((z)o)o and ((x)o)1 lie in Word. To each x € Ry we can associate the
sequence x, € (2°)M1, where A = |((x)0)o|, by putting xz(A\) = z, and if n < X then xz(1) = ((2)0)k+2s
where k € w satisfies f((;),),(k) = 7. We explain the role of ((b)g)1 below.

Denote now by ®,, where A < wj, the set of all functions ¢ € (Rar))‘ (e, o1 A — Rar) satisfying
the following:

(1) p(0) € 2 satisfies ©(0)(n) = 0 for every n;

(2) if 0 < & < A then [((©(€))o)o] = & and @[(§ + 1) = xy(¢), so that every value p(§) encodes the
restriction ¢l¢,

(3) if 0 <& < A and € € Qofp] then ((¢(£))o)1 € Word,, [y, so that the value ¢(£) also encodes the

ordinal pe[pl€].

Put & = U)\Sw1 D).

Lemma 8. If A <wy, p € &y, and £ € Q3(p] then £ = w%[@fﬂ’

PROOF. If ¢ € &) then every value (&) encodes the at most countability of £, and so the inequality
&> w{l[w 1€l g impossible.

At the same time, by definition £ < w%[@rﬂ for £ € Qofp]. O

DEFINITION 9. In accordance with the hypotheses of Theorem 1, fix a set W C w; with V = L[W].
The definition of ®) imposes no exceedingly heavy restrictions on the values of ¢(§), £ € Q1]p], and so
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there is a function ¢ € ®,,, with W € L[g]; hence, certainly, V = L[p]. Moreover, for the same reasons we
can choose a function ¢ of this type satisfying the additional requirement that in every generic extension,
if € 2¢ and ¢ belongs to the class AHC then W is AHC as well.

Fix p € @, of this type as a base for our subsequent constructions. [

§5. The Set of Constraints

We now construct a forcing P in order to prove Theorem 1. We solve a more general problem: given
a sequence ¢ € @y, define the forcing Pp] = [, Pel]; moreover, our goal is to meet the following:

(A) For £ < wq the set P¢[p] C Perf is countable and nonempty.

(B) For n < £ and S € ;) [p] there is a tree T € P¢[y] with T'C S.

(C) For § < w; the subsequence {P,[p]},<¢, and thus Peelo] = U, . P[] as well, belongs to L{p[¢].

(D) If € € Qap] then Pely] is an antichain, and TCi [ J D holds for every tree T' € P[] and every
set D CP¢[p], D € M¢[y], which is dense in P¢[ep].

The construction itself goes by induction on &.

1*. Po[y] consists of all trees of the form Ts = codZs, where s € 2<%,

2*. For § =1+ 1 put Pelp] = Upcep, ;) Nextp(b), where b = ¢(¢).

3*. For £ € Q3]p] put Pelp] = UP€P<5[L,0] Nextp(b), where b = ¢(§).

4*. Take £ € Qo[p]. In other words, ¢ is a limit ordinal which is countable in L[p[¢]; formally,
£ < wL[“O ¥l Here the construction of P¢[¢] requires more work. First of all, according to (C) we must
have ]P’<£ [¢] € Lipl¢]. Formally, if this fails then we suppose for simplicity that P¢[¢] = P¢[p]; but
actually (see below) this assumption will always be fulfilled. Consider the countable model M = M¢[p] =
Lycolpl€] (see Section 4). The set 7 of all sets D C P¢[p], D € M, which are dense in P¢[y] is also
countable, and, on assuming that P.¢[¢] € L{p[{] above, it belongs to the class L[¢[£] and is countable
in it by Lemma 7. By Lemma 3 applied in L¢[], there is an antichain E € L{p[¢], E C Perf \ P¢[¢],
countable in L[p[¢] and satisfying

(1) TCf™JD forall D € @, and T € E;

(2) E is dense in P¢[p] U E; i.e., for every tree S € P¢[p] there is a tree T € E with T' C S. Take
as P¢[p] the smallest (in the sense of the canonical Gédel total ordering SS?S of the class L{p[¢]) of these
sets L.

This completes Step 4* and the inductive construction of Pe¢[¢].

Property (C) follows since the construction is absolute: for every £ < w; the initial segment
{P,[¢]}y<e¢ is reproduced in L{p[¢]. Property (D) is guaranteed by Step 4*. Property (B) in the nontrivial
case & € Q] is also guaranteed during the construction at Step 4*.

Choose p € @, following Definition 9. Put @5 = P¢[@] for every &, and P=P[p| = U< @5. This

set P is our forcing.
Using Corollary 5, it is easy to establish

Lemma 10. The set P = P[@] is CO-dense in the sense of Section 2.

In addition, if 9 < wy then the set P29 = Uﬂ<£<w1 @5 is dense in IF’, while if ¥ < A\ < w1 then the set
S>0 5 . .S 3 -
P2y = Ug<ecrPe is dense in Py = g\ Pe. O
The first claim implies that every ﬁ—generlc set G C P generates a I/P\’—generic point xzg € 2%, i.e.,
a unique element of the intersection [\;c,[T], and then G = {T" € P:ag e [ 1}, so that L|G] = L[zg].

The points of the form z¢ (for P—generlc sets G C IP’) are themselves called ]P’—genemc

Lemma 11. If M is a countable transitive model of the theory ZFC~, X € M is an ordinal,
and ¢ € ®\ N M then Pep] = (Pe[p))M for every € < A. Moreover, if uy[¢] € M then in addition

Pale] = (PAle])™.
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ProOOF. If £ < X and & € Qa[p] then the ordinal pg[y] is encoded by the point ¢ (&) by the definition
of ®¢. Consequently, p¢[p] € M, so that the model M¢[p] belongs to M and is countable in M by
Lemma 7. This implies the required absoluteness. [

§ 6. Cardinals Are Preserved

We claim that the forcing P = P[] preserves cardinals. In other words, if two sets X,Y € L[] have
different cardinalities in L[p] then their cardinalities remain different in the P-generic extensions of the

L[]

class L[@]. It suffices to prove that w;""" remains a cardinal in the indicated generic extensions. In the
following lemma we deduce a well-known sufficient condition for the preservation of w%[ﬂ in our case.

Lemma 12. Take a family {D,, : n € w} of dense subsets of P and S € P. Then there is a tree
T eP with T C S and TClin U D,, for every n.

PROOF. Let us prove the more general fact: if A\ € Q3[@] or A = w; then the set Py, which belongs to
L[®[A] according to (C) of Section 5, satisfies the same requirement of the hypotheses of the lemma inside
L[@[A]. We establish this fact by transfinite induction: we deduce it for some ordinal A € Q3[p] U {w1}
on assuming that it holds for every ordinal X' € Q3[®] with A’ < A. This includes the cases that A is the
smallest ordinal in Q3[@] or that A = w; and Q3[®] is empty.

Thus, suppose that A € Q3[®] U {wi}. Then A = w{*[w A Suppose that S € Py, all sets D,, C P
are dense in Py, and {D,,}new € L[@[A]. This hypothesis, expressed as a formal proposition, is then
valid in the model Ls[@[)\], where 6 = w; LoIAT, Taking in L[p[A] a countable elementary submodel of
the model Ls[®[A] including S and the sequence D,,, and applying to it the Mostowski collapse (i.e.,
an €-isomorphism onto a transitive set), we obtain some ordinals { < v < A with S € P¢, while all sets
D), = D, NP.¢ are dense in P—¢ and belong to N = L, [¢]¢]. The two cases are possible here:

CAsE 1. £ € Q3]p]. By the inductive assumption, the result holds for &, and so the tree T' C S with
TCin | D), for all n exists in Pg.

CASE 2. £ € Q2[p]. The ordinal £ is uncountable in N since A = w%[m)‘] is uncountable in L[P[A],
and even more so in Ls[®[A]. This implies that v < pe[@]; thus, N C M¢[p] = L. [@1€], so that all sets

D}, belong to M¢[@]. According to (B) of Section 5, there is a tree T' € @5 with T C S. By (D), T7Ci*D/,
holds for all n, and TCinD, even more so. O

§ 7. The Encoding Properties of Forcing

The following procedure for decoding and reconstructing the values of $(§) is based on Corollary 5:
knowing a tree P € Perf and a point € [Tp(b,u)], we can reconstruct the values of b and u, and
therefore, the set [Tp(b, )] itself.

DEFINITION 13. Take z € 2. Using transfinite induction on o < wy, define the following objects:

(a) a tree Qq(z) € Perf with x € [Qn(z)] and an ordinal Ay (x) < wi;

(b) a function 9o (x) € @y, (z); moreover, a < B = o (x) C Pp(z).

The construction either reaches w; or stops at some ordinal £* < w;.

START. Put Qo(z) = 2<%, so that [Qo(x)] = 2¥ and certainly z € [Qo(x)] and 9, (x) = A (the empty
function), so that Ao(x) = 0.

STEP o — a + 1. Assume that the objects P = Qu(z), Aa(z), and 1 (z) are already constructed
and satisfy (a) and the condition 4, (x) € @5 () in (b). In particular, = € [P]. If the condition

(*) z € RY™, b= by (z) € RY, [((b)o)o] = Aa(z), and xp belongs to @, for some A > A, (z) and
satisfies 1, () C xb,

is violated then the construction is complete.
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Assume that (x) is fulfilled. Then v = up(z) € U(b) and =z € [Tp(b,u)] by Corollary 5. Put
Qa+1(z) = [Tp(b,u)], a+1(x) = xp, and Ag41(2) = A = dom a41(7).

THE LIMIT STEP. Take a limit ordinal 7 < w; and assume that the values of Q,(x), ¥q(z), and
Aq(z) are already defined for all a <~ and satisfy (a) and (b) in this range. Put 9, (2) = U, <, ¥a(2);
Then 9 = 4, (x) € @), where A = A, () := sup,., Aa(¥). If the condition

(1) the function ¢ = 4, (x) satisfies w%[w] > A, where A = dom ) = A,(x), i.e., formally, A € Qa[1)],
is violated then the construction is complete.

Assume that (1) is satisfied. Make in L[] the construction of Section 5 to Step A. Namely, define
the set P, [1)] C Perf for every a < A, define P_»[¢)], and adjust the antichain Py[¢)] according to 4*.
(Observe that A € Qo[2)].) If

(1) there exists a unique tree T' € P)\[¢)] with x € [T
then take this T as QQy(z); otherwise, the construction stops. O

Lemma 14. If M is a countable transitive model of ZFC™, x € 22 " M, a € M is an ordinal
countable in M, and the objects (1o (x))M and (Qu(z))M are defined then (o(z))™ = v, (z) and
(Qa(x))M = Qa(x)'

The proof goes by induction on «. The step a — « + 1 is trivial. Take a limit ordinal v € M which
is countable in M, and assume that the objects (1~ (x))M and (Q.(z))* exist in M. Then (s (z))™
and (Qn(z))M exist in M for every a@ < . By the inductive assumption, (o (z))M = v, (z) and
(Qa(x))M = Qa(z) for a <.

It is clear that (¢ (z))™ = v, (z) = Ua<y ¥a(x). Therefore, 1) = 4,(x) € M. On the other
hand, ¢ € ®), where A = X, (x). Thus, the sequence {P¢[t)]}¢<\ also belongs to M and coincides with
({Pe[1)}e<r)™ by Lemma 11. Since (Q(z))M exists in M, condition (f) is satisfied in M, so that
A € Qa[¢] in M; thus, A € Q3[¢] also in the universe of all sets.

The existence of (Q(z))™ implies the existence of (Py[¢])™ in M: essentially, (Q.(z))* is a unique
tree T € (Py[¢])M with = € [T]. In addition, (Py[¢)])™ is the smallest in M, in the sense of the Gédel
order, antichain in Perf in the already-defined family of antichains. This implies that (Py[:/]) coincides
with Py[¢]; therefore, (Qq(2))™ = Qq(x) as required. [

The following key lemma shows that Definition 13 correctly reconstructs @ provided that we use the
points z on sufficiently high levels ]/P\’A of the forcing P= P[p].

Lemma 15. Take A < wy, T € Py = P5[3], and z € [T]. Then there is an ordinal o < X such that
the values of Q. () and v, (x) are defined in accordance with Definition 13, dom v, (z) = An(z) = &,
PIA = o(x), and T = Qq(x).

The proof goes by induction on A. If A = 0 then [0 = A = 4g(x). Now the step of induction: let us
verify the lemma for some A > 0 on assuming that it holds for all ordinals & < A.

Case 1. A € [p] UQs[g]. By definition, there are an ordinal § < A (for instance, A = { + 1 for
A€ Q[p]) and a tree P € IP’g with T' = Tp(b, u) for some u € U(b), where b = p(A). Then T' C P, and so
x € [P]. By the inductive assumption, there exists an ordinal o < ¢ such that the values of Q. (z) = P
and 1, (z) = P[¢ are defined in accordance with Definition 13. Since = € [T] and T' = Tp(b, u), it follows
that z € RY™ by Corollary 5, while b = $(A) = b3 (z) € R{. Then Qq41(x) = T by construction.
Moreover, since b = p(\), we have x, = p[(A+ 1) by the choice of » in Section 4. Therefore, the
condition 1, (x) C xp is fulfilled, so that ¥,11(z) = xp = P[(A + 1).

CASE 2. A € [p]. Then Py € L[p[A] is an antichain in Perf countable in L[p[)\], and for every
tree T € Py we have TCin | D, whatever a dense (in P.y) set D C Py, D € M\[¢] = L, z[@1A] may
be, where 1x[¢] < w is the smallest ordinal v so that A is countable already in Ly [P[A], and Ly [@[A]
satisfies ZFC™. But all sets of the form }P’<A = U19<§</\ ]P)g for ¥ < A are dense in IP’<,\ by construction

and belong to the model My[p]. (The sequence {P€}5<)\ itself belongs to M,[¢] by Lemma 11.)
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Thus, 7Cfi UIP)?; for every ¥ < A; thus, since x € [T, for every ¥ < X there are an ordinal £ with
¥ < &< Aand atree S € @5 with 2 € [S]. Then by the inductive assumption there is an ordinal «(§) < ¢
with Qqe)(7) = S and Yo ) (z) = P[€. Hence, ¥, (z) = P\ € @) for some limit ordinal v < A.

Inspect the last paragraph of Definition 13 (prior to Lemma 15), taking ¢ = 4, (x) = @[X. Then the

set P[1)] coincides with our Py, and the antichain Py[¢], with Py = P5[@]. But T € P, and z € [T].
This by definition implies that Q. (z) = T', which completes the step of induction. [

Corollary 16. Take a P-generic point & = xg over L[p] = L|W]. Then the elements of Q,(x),
Yao(x), and X, (z) are defined for all o < wa[w] in accordance with Definition 13, and

2= |J #alx)eLls]

a<wﬂﬂ

This yields w%[@] = w%[@’x} = w%m.
PROOF. The sets P=? = U19§£<w1 I/Esg for ¢ < wy are dense in P. Therefore, given ¥ < wy there are
an ordinal £ with ¥ < ¢ < M%M and a tree T' € @5 with « € [T]. Then

o= U Ya(T)

a<wh [¢]

by Lemma 15. Thus, » € L[z] since the construction of the functions () is absolute. [J

§ 8. Minimality
To begin with, we prove Theorem 1 without the property of minimality.

Lemma 17. Every point & = x.q P-generic over L[W] = L[] satisfies Theorem 1 with the possible
exception of minimality.

ProoF. The forcing P preserves cardinals (see Section 6). Furthermore, ¢ and W belong to L[z] by
Corollary 16. Let us verify that , and thus W as well, (see Definition 9) belong to A€ in L[z]. Observe
that »(§) = r is equivalent to each of the formulas

EIMEIa(a < w{w/\g,r EMAM E=o(z)(€) = 7");
YMYa(a <wM AEr e M = M E (Wa(2)(€) = pa(z) () =1)),

where M runs over all countable transitive models of ZFC™, and « are ordinals in M, while !4, (x)(&)
means that the value 1, (z)(§) is defined. The equivalence follows from Lemma 14 and Corollary 16. The
first of these formulas yields the class ¥1¢(z) for , and the second, the class ITHC(z). O

We now show how to achieve the minimality of @—generic points.

We argue in the universe V = L[A] = L[] of Theorem 1.

Take an arbitrary forcing Q@ C Perf not necessarily equal to P of Section 5. Denote by Ng the
collection of all sets ¢ C Q x w, i.e., all Q-names for the subsets of w. Given t € Ng, k € w, and T € Q,
say that T Q-implies that k ¢ t whenever T is incompatible in Q with any S € t"k = {S € Q: (S, k) € t},
and that T" Q-implies that k € t whenever every tree 7" € Q with 77 C T is compatible in Q with at
least one S € t"k.

Put t[G] ={k € w: 3T € G((T, k) € t)} for every Q-generic set G C Q and ¢t € Ng. It is known that
for every set Y € V[G], Y C w, there is a name ¢t € Ng in V with Y = ¢[G].

A name t € Ng is called a Q-constant on T' € Q if for every k € w either T' Q-implies that £ € ¢, or T’
Q-implies that k ¢ t in the indicated sense. In this case T" Q-forces that ¢[G] belongs to this universe V,
where G is the canonical name for G.
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Refer as a splittable system in Q to a family {T}geo<w of trees Ts € Q satisfying the following two
conditions:

(i) Tsro U Tsny C T but Tsng NTohy = 25

(ii) diam Ty < lh , where lh s is the length of s and diam T = +1 with m being the greatest number
such that a|m = b[m for all a,b € [T];

In this case S =), Ulhs:n Ts € Perf but not necessarily € Q. But if S € Q then we say that the
system {7 }sco<w converges to S in Q.

A splittable system {7} co<w is called t-bijective in Q (we still have t € Ng) whenever there exists
a number n € w such that for every s € 2<% with lh s > n there is a number k € w with either

(1) Tsno Q-implies that k € t and Tgaq Q-implies that k & ¢, or

(2) Tsno Q-implies that k ¢ t and Tsaq Q-implies that & € t.
Then if the system {7s}sco<w converges to some tree S € Q then S Q-forces z € L[t,G], where z is
the canonical name for a generic point zg. Therefore, the following property (D) for the forcing P of
Section 5 is sufficient for all @—generic points to be minimal in the sense of Theorem 1.

(D)IfP e Pandt e N5 then there is a splittable system {7 }sco<w in Pwith Ty C T converging in P
and rectifying t in P in the sense that either ¢ is P-constant on Th in P or the system is t-bijective in P.

Therefore, we need to modify the construction of Section 5 and fulfill condition (D). The next lemma
is rather obvious.

Lemma 18. If a set Q C Perf is CO-closed, P € Q, and t; € Ng for every j < w then there exists
a splittable system {Ts}sco<w in Q with Tx C P rectifying every name t; in Q.

(The lemma does not assert the convergence in Q of this system.)
Return to Step 4* of Section 5, where the set P¢[yp] is defined in the case that £ € Q2[p] as the ngfd—
smallest antichain F € L[p[¢], E C Perf, with certain properties. Modify this definition as follows.

DEFINITION 19. Define the set E = P¢[¢p] as indicated (Step 4* in Section 5). Recall that M¢[p] =
L ol@l€] is a transitive model of ZFC™ countable in L{p[¢] by Lemma 7. Apply Lemma 18 in L[] to
Q = P¢[p] and the family of names 7 = Me[p] "Np_ c[¢]- For every P € E we obtain a splittable system
op = {Tsp}sezw in P¢[p] with TF C P, which rectifies all names ¢ € 7 in P—¢[p]. Choose this set of

systems {op}pcp as the Sg%d—smallest among all sets of this form in L{p[¢]. Put P’ = e, U sem 7

for every P € E, and then P¢[p] = E' ={P': P E}. [
Now we state the key property of the modified definition.

Lemma 20. Ifp € @y, § € Qo[p], t € Me[p] N Np_, [y, and P € P¢[ep] then in L{p[¢] there exists
a splittable system {T}sco<w in Pe¢[p] with Ty C P, which converges in P¢[p] and rectifies t in P¢[¢p].

Lemma 21. The modified forcing P = P[] satisfies (D), so that all P-generic points are minimal in
the sense of Theorem 1.

PROOF. By induction on A\ we verify that if A € Q3[3] U {wi} then the forcing Poy = P,[7]
satisfies (D) in L[p[A].

Suppose that A € Qg[ | U {w1}; then, A = wl[ Al by Lemma 8. Arguing in L[p[]A], take P € @0\,
t e Nﬁ;O, and ¥ = wg; g Al Take a countable elementary submodel N C Ly[p[A] containing @[\, P,
P, and ¢, and consider the Mostowski collapse h : N 2 N’ on the transitive N’ = Ly [@IN], where
N o< <= PN Tt is easy to see that h(BIX) = BIX, h(P) = P ¢ Poy, and t' = h(t) =
tN(Poy xw) e N'N N@ . Finally, N = wi'.

CAse 1. If X € Q3[@] then X = w}'[w IX] by Lemma 8. By the inductive hypothesis, the forcing P
satisfies (D) in L[@[ )], so that there is a splittable system {Ts}sco<w € L[p[N] in Py with Ty C T,
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which converges in IF’< v and rectlﬁes t' in IP’< v. But 7! is an elementary embedding; thus, the same
system rectifies ¢ in IF’< A- Therefore, IP’<>\ satisfies (D).

Case 2. If M € Qu[@] then N < wy LipIA] and, moreover, X' is countable in the model My [p] =
L. [@IN]. On the other hand, N = w{vl, where N’ = Lg/[p[N]. This implies that ¢/ < pux[@],
N' € My[g], and ' € My[p]. By Lemma 20, in L[p[N] there is a splittable system {Tj }562@ in
P [@] with Ty C P, which converges to some T € Py/[@] and rectifies ¢ in P_y/[]. Then, since h™!
an elementary embedding, the same splittable system rectifies ¢ in IP’< » and, obviously, T € P< A U

It is easy to see that with the modified Definition 19 the result of Section 6 on the preservation of
cardinals is retained. Moreover, the corresponding modification of the decoding procedure (Definition 7)
preserves Lemma 15 and 17. This completes the proof of Theorem 1.
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