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A GENERIC PROPERTY OF THE SOLOVAY SET Σ
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Abstract: We prove that the Solovay set Σ is generic over the ground model in the sense of a forcing
whose order relation extends the order relation of the given forcing.
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1. Introduction. Solovay’s article [1] belongs to the classics of forcing. The main result of [1] is the
construction of the model indicated in its title as well as a close model in which only definable sets
are assumed Lebesgue measurable but the axiom of choice is true, in contrast to the first model, in
which it is necessarily violated. In [1], Solovay introduced several methods in set theory that are key for
the subsequent development of the forcing method. One of them was the “important lemma” from [1,
Section 4.4], which states that any generic extension of the ground model is also a generic extension
of any intermediate model in the sense of a certain forcing Σ that is a subset of the given forcing.
In Theorem 3 of this article, we prove that, in the context of Solovay’s construction, the set Σ is

itself generic over the ground model in the sense of a forcing Q closely related to the given forcing P in
the sense that its domain is equal to the domain of the given forcing P but the order relation ≤Q itself
⊆-extends the order ≤P of P. As an application of this theorem, we present a brief proof of the following
result (Theorem 4): Any submodel of a Cohen generic extension of a model is itself an extension of the
ground model (or coincides with the last one), and, on the other hand, the extension itself is a Cohen
generic extension of this intermediate submodel (or again coincides with the submodel). This result is
known in principle to experts in forcing but we unaware of any published proof.

2. The Solovay set Σ. The above result by Solovay is as follows:

Proposition 1. Suppose that P is a forcing in a set-theoretic universe V , a set G ⊆ P is a P-generic
set over V , t ∈ V is a P-name, and X = t[G] ⊆ V (t[G] stands for the G-estimate, or the G-interpretation,
of the name t; t[G] ∈ V [G]). Then there exists a set Σ = Σ(X, t) ∈ V [G], Σ ⊆ P, such that
(I) Σ is closed downward in P, i.e., if q ∈ Σ, p ∈ P, and p ≤ q, then q ∈ Σ (p ≤ q means that the

forcing condition q is stronger than p);
(II) V [Σ] = V [X];
(III) G ⊆ Σ and G is Σ-generic over V [X];
(IV) the class V [G] is a Σ-generic extension of the model V [X] = V [Σ];
(V) if a set G′ ⊆ Σ is Σ-generic over V [X] then G′ is P-generic over V and, moreover, t[G′] = X.
Proof (a sketch of the construction of Σ, see [1, 4.4] or [2, 13.3.2] for a detailed proof). Put Σ =

P\⋃ξ<ϑAξ, where the ordinal ϑ is defined in constructing (see below) and define a sequence of sets Aξ ⊆ P
in V [G] as follows:
(1) A0 consists of all “conditions” p ∈ P forcing x̆ ∈ t for some x ∈ V \X or x̆ /∈ t for some x ∈ X

(if x ∈ V then x̆ is a canonical name for x).
(2) Aξ+1 consists of all “conditions” p ∈ P for which there exists a dense set D ∈ V in P satisfying

the following: if q ∈ D and p ≤ q then q ∈ Aξ.
(3) Aλ =

⋃
ξ<λAξ for limit ordinals λ.
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Thus, each “condition” p ∈ A0 directly contradicts the assumption that t is a name for X by (1),
and this contradiction is preserved in items (2) and (3) of the inductive definition for all large indices ξ
respectively in a less and less direct form. This ⊆-increasing sequence of sets Aξ ⊆ P stabilizes at some
limit ordinal ϑ ∈ V , and we have the sets A = ⋃ξ<ϑAξ and Σ = P \A. �
Subsequent works (see [3] etc.) about intermediate submodels of generic extensions showed that

not only V [G] is a generic extension of an intermediate model V [X] in accordance with (III) but the
intermediate model V [X] is itself a generic extension of the ground model V (see also [4, Fact 11; 5,
15.43; 6, 10.10; 7; 8, Section 1] among other references). Theorem 3 below (which is our main result)
shows that in fact already Σ(X, t) is itself a generic set over V in the sense of some forcing closely related
to the given forcing P.

3. Genericity of Σ. Arguing in the context of Proposition 1, define a new partial order ≤t on P
that extends the given order relation ≤ = ≤P as follows: p ≤t q if the “condition” q P-forces over V that
p̆ ∈ Σ(̆t[G], t̆). In other words, for p ≤t q it is necessary and sufficient that the relation p ∈ Σ(X, t) be
fulfilled whenever the set G ⊆ P is generic over V , X = t[G], and q ∈ G.
Lemma 2. The relation ≤t is a partial order relation on P, belongs to V , and extends the given

order ≤ = ≤P, i.e., ≤P ⊆ ≤t (or, equivalently, p ≤P q implies p ≤t q).
Proof. Suppose that p ≤t q ≤t r. For deducing p ≤t r, assume that a set G ⊆ P is generic over V ,

r ∈ G, and X = t[G]; it is required to check that p ∈ Σ(X, t).
By definition, q ∈ Σ(X, t). Consider any set G′ ⊆ Σ(X, t) Σ(X, t)-generic on V [X] and containing q.

Then G′ is P-generic over V and t[G′] = X by (V). Hence, p ∈ Σ(X, t), since p ≤t q, which was required.
Finally, assume that p ≤ q and deduce p ≤t q. Consider any set G ⊆ P generic over V and

containing q ∈ G and let X = t[G]. For proving p ∈ Σ(X, t), observe that q ∈ Σ(X, t) by (III); now,
p ∈ Σ(X, t) by (I). �
Theorem 3 (under the conditions of Proposition 1). Suppose that G ⊆ P is a generic set over V

and X = t[G]. The the set Σ = Σ(X, t) is itself generic over V in the sense of the forcing Pt = 〈P;≤t〉.
Proof. Assume that p ∈ P, q ∈ Σ, and p ≤t q. For deducing p ∈ Σ, consider any set G′ ⊆ Σ that

is Σ-generic over V [X] and contains q. Then G′ is P-generic over V and t[G′] = X by (V). Hence, p ∈ Σ
because p ≤t q.
Prove that every two “conditions” p, q ∈ Σ are ≤t-compatible in Σ. By genericity, there is a “condi-

tion” r ∈ G forcing both p̆ ∈ Σ(̆t[G], t̆) and q̆ ∈ Σ(̆t[G], t̆). Then, by definition, p ≤t r and q ≤t r, and,
on the other hand, r ∈ Σ by (III).
Check the genericity condition. Consider an arbitrary ≤t-dense set D ⊆ P (not necessarily dense

with respect to the original order ≤). Suppose on the contrary that some “condition” p ∈ G forces that
D̆ ∩ Σ(̆t[G], t̆) = ∅. By density, there exists a “condition” q ∈ D satisfying p ≤t q.
Now, consider an arbitrary set G′ ⊆ P P-generic over V and containing q and let X ′ = t[G′]. Then

q ∈ G′ ⊆ Σ′ = Σ(X ′, t), whence, by what was proved, p ∈ Σ′.
Finally, consider a set G′′ ⊆ Σ′ Σ′-generic over V [X ′] and containing p. Then G′′ is P-generic over V

and t[G′′] = X ′ over (V). Thus, q ∈ D ∩Σ(t[G′′], t) and p ∈ G′′, and we get a contradiction to the choice
of the “condition” p. �
4. Intermediate submodels of Cohen generic extensions. Recall that Cohen generic exten-

sions use the forcing C = 2<ω (all finite dyadic sequences).

Theorem 4 (a forcing folklore). Suppose that a point a ∈ 2ω is Cohen generic over a universe V
and X ∈ V [a], X ⊆ V . Then
(i) either X ∈ V or the model V [X] is a Cohen generic extension of the universe V ;
(ii) either V [X] = V [a] or V [a] is a Cohen generic extension of the model V [X].

Proof. The Cohen forcing C = 2<ω is obviously countable. Therefore, for P = C both the forcing Σ
in Proposition 1 and the forcing Q in Theorem 3 are countable and, as is known, a countable forcing is
either trivial or produces a Cohen extension. �
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