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ABSTRACT. Alfred Tarski [J. Symbolic Logic 13 (1948), pp. 107-111] defined
Dypm to be the set of all sets of type p, type-theoretically definable by param-
eterfree formulas of type < m, and asked whether it is true that D1,, € Doy,
for m > 1. Tarski noted that the negative solution is consistent because the
axiom of constructibility V. = L implies D1, ¢ Day, for all m > 1, and he
left the consistency of the positive solution as a major open problem. This
was solved in our recent paper [Mathematics 8 (2020), pp. 1-36], where it
is established that for any m > 1 there is a generic extension of L, the con-
structible universe, in which it is true that D1,, € Da2,,. In continuation of
this research, we prove here that Tarski’s sentences D1, € D2, are not only
consistent, but also independent of each other, in the sense that for any set
Y C w~ {0} in L there is a generic extension of L in which it is true that
D1y € Doy, holds for all m € Y but fails for all m > 1, m ¢ Y. This gives a
full and conclusive solution of the Tarski problem.

The other main result of this paper is the consistency of D1 € D3 via
another generic extension of L, where Dy = |J,,, Dpm, the set of all sets of
type p, type-theoretically definable by formulas of any type.

Our methods are based on almost-disjoint forcing of Jensen and Solovay
[Some applications of almost disjoint sets, North-Holland, Amsterdam, 1970,
pp. 84-104].
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Section I. Introduction
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Questions of definability of mathematical objects were raised in the course of
discussions on the foundations of mathematics, set theory, and the axiom of choice
in the early twentieth century. See, for example, the famous Sing lettres [22] by
Baire, Borel, Hadamard, and Lebesgue. Later, with the development of mathemat-
ical logic, Alfred Tarski mm showed that the notion of ‘being definable’ can be

L And apparently Kurt Gédel, unpublished, even earlier. See Murawski [49] on the history of
this discovery and the role of Gédel.
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rigorously analyzed only by first specifying a particular formal context in which the
notion of definability is considered.

Generally, Tarski’s definability theory was applied and further developed in such
classical works as Kleene [40L[4T] and in more recent research such as Addison [2],
Cegielski [7], Kossak [44] among many other papers. From a broader point of
view, modern set-theoretic studies on definability are precisely characterized by the
following definition by Yiannis Moschovakis [48, page xiv]:

[...] the central problem of [...] definability theory in general [is]
to find and study the characteristic properties of definable objects.

Various aspects of definability have been in the focus of modern set theoretic
research, in particular those related to the broadest context of the set or class uni-
verse [3LO[46] or even multiverse as one of the modern concepts in the mathematical
foundations [4], or particular models of set theory as e.g. a recent comprehensive
study of the Cohen-generic model in [39], as well as those focused on the domain
of reals and sets of reals typically studied by descriptive set theory. In the latter
case, the context of definability can be limited to the descriptive set theoretic defin-
ability, or can be extended as wide as to the ordinal definability in the set theoretic
universe. In the first direction, we may mention such recent papers as

[13] on generic models with long projective wellorderings of the reals,

[17] on a I13 violation of the schema of dependent choices DC in the presence
of the full axiom of countable choice AC,,,

[18] on a model in which all projective sets of reals are Lebesgue measurable,
but there is a Al set without the Baire property,

among many other research, while for the second direction we suggest the following
selection of related results:

[8] on the existence of ordinal definable (OD, for brevity) equivalence classes
of 31 equivalence relations on the reals, containing no OD elements,

[23] on algebraic deﬁnability notably extended in [20] and then in [12] where
it is established that, in the Sacks and some other generic extensions of L
by a real, there is an OD partition of the reals into two non-OD parts,

[52] on Russell non-typicality, or blurry deﬁnabilityE‘ extended in [191[38].

This study of ours touches upon the field of definability in type theory, which in a
certain sense lies between the two directions indicated.

2. THE PROBLEM

More specific, restricted types of definability, in particular, the type-theoretic
definability, were considered by Tarski in his subsequent work [5I]. The following
key definition will be elaborated upon later in more detail in Subsection [6l

Definition 2.1 (Tarski [51]). If m,p < w then D,,, is the set of all objects X of
type p (type 0 = w, type 1 = P(w), type 2 = P(P(w)) = P?(w), etc.), definable
by a parameter-free type-theoretic formula ¢ of type m (i.e., all variables are over
types <m). Furthermore, D, = | J,,, Dpm is the set of all objects of type p, definable
by a parameter-free formula of any type. |

2A set is algebraically definable iff it belongs to a finite ordinal definable set.
3A set is Russell non-typical, or blurry definable, iff it belongs to a countable OD set.
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Studying the definability properties of these sets D,,, in the obligatory case
p <m+ 1 (otherwise D,,,, = @), Tarski noted that D,,, € Dpi1,m+1, but Dy, ¢
Dyi1,m in all cases except for p = 1, m > 1A This led Tarski to the following
questions left in [51] as major open problems.

Problem 2.2 (Tarski [51]).

(A) Is it true that D; € Dy?
(B) Let m > 1. Is it true that Dy,, € Dy,,?

Tarski observed in [51], with a reference to Godel’s work on constructibility,
that the positive solution, i.e., a straight proof of D; € Dy or Dy, € Dy, is
“very unlikely”. Basically if the axiom of constructibility V = L (or even a weaker
hypothesis wl = w;, Lemma [82) holds then Dy ¢ Dy and Dy, ¢ Da,, for all mf
Thus the negative solution of Problem does not contradict the ZFC axioms.

As for the positive solution, one naturally has to construct a generic extension
of L, the constructible universe, in which Dy € D5 holds, or Dy,, € D, holds for
a given m > 1. Such stronger sentences as D; = #(w) NL or Dy, = Z(w) NL
can be considered as well; it’s clear that &(w) N L € Dy;.

3. EARLY STUDIES AND HARRINGTON’S STATEMENT

The existence of such models was widely discussed in early years of forcing,
especially in the case m = 1 corresponding to analytic definability in second-order
arithmetic. The early survey [47] by A.R.D. Mathiadd contains Problem 3112,
that requires finding a model of ZFC in which it is true that the set of analytically
definable reals is analytically definable, that is, D117 € Doy; reals in this context
mean subsets of w. Another problem P 3110 there suggests a sharper form of this
statement, namely: find a model in which it is true that analytically definable reals
are precisely the constructible reals, that is, D13 = £ (w) N L. The set Z(w)NL
of all constructible reals is (lightface) X3, and hence Dgj, so that the equality
D;; = Z(w) NL implies D3 € Doj.

Somewhat later, Problem 87 in Harvey Friedman’s survey One hundred and two
problems in mathematical logic [14] requires to prove that for each n > 3 there is a
model of ZFC + “the constructible reals are precisely the A} reals”. (For n < 2 this
is definitely impossible by the Shoenfield absoluteness theorem.) At the very end of
[14], it is noted that Leo Harrington had solved this problem affirmatively. A similar
remark is given in [47] (p. 166), a comment to P 3110. Meanwhile an independent
construction of a generic model, in which it is true that Dy; = 2 (w) N L, was
published in [29].

And indeed, Harrington’s handwritten notes [24] include a sketch of a generic
extension of L on pp. 2-4 in which it is true that 2(w)NL = all A} reals, and a few
sentences on p. 5 to explain, without going into details, how Harrington planned
to get some other claimed models, namely those of “2(w) NL = all AL reals”, for

4If we slightly change the definition of Dym by stipulating that only quantified variables in
¢ have type < m in Definition 2] then the case m = 0 of arithmetical definability becomes
meaningful for p = 2 (sets of reals). Addison [I] established that D1 ¢ Dg2 holds with such a
modification, in other words, the set of all arithmetical reals is not arithmetically definable. See
[6] Section 23.2] for the proof of the Addison result, and see further similar results, related rather
to the ramified type theoretic hierarchy, in [43].

5See [42] on more consequences of the axiom of constructibility related to the Tarski problem.

6The original typescript of [47] had been in circulation among set theorists since 1968.
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a given n, and those of “#(w) NL = D;;”. Unfortunately no detailed proofs of
these results have ever emerged in Harrington’s published mathematical works. An
article by Harrington, entitled Consistency and independence results in descriptive
set theory, which apparently might have contained these results, was announced “to
appear in Ann. of Math., 1978” in the References list in Hinman’s book [25] p. 462],
but in fact this or similar article has never appeared.

Anyway, a relevant part of Harrington’s statement was (re)proved in our recent
papers [34,35], with complete proofs of Theorems [B1] and

Theorem 3.1 (Theorem 1 in [35]). Let n > 3. There is a generic extension of L
in which it is true that 2 (w) N L = all AL reals.

Theorem 3.2 (Theorem 2 in [34]). Let M > 1. There is a generic extension of
L in which it is true that D1y = P (w) N L, and hence, D1y € Doy, and on the
other hand Dy, ¢ Da, for alln # M.

Thus, for every particular M > 1, there exists a generic extension of L in which
the Tarski sentence D1y € Daps holds (whereas Dy, ¢ Do, for all n # M).

4. THE MAIN RESULTS OF THIS PAPER

This paper extends our research project on the issues of definability in models
of set theory that was started in [2IL[30,31] (among other papers). The paper is a
continuation of [34], and is devoted to the proof of two new theorems (Theorem [T
and Theorem [2]) on the existence of generic models related to Problem

Theorem 4.1. Assume that T C w~{0} is a set in L. There is a generic extension
of L in which it is true that for every m > 1: Dy, € Doy, iff m € Y.

Thus not only it is consistent with ZFC that Dy, € Ds,, holds for all m > 1
rather than for a single pre-selected M > 1 as in Theorem [B:2] but any finite, or
say recursively-infinite conjunction of sentences of the form Dy, € Ds,, and their
negations, non-contradictory in an elementary sense, is still consistent with ZFC.

Theorem 4.2. There is a generic extension of L in which it is true that Dy =
LN P (w), therefore D1 € Ds.

These results will be established by applications of the methods sketched by
Harrington and further developed in our previous paper [34] on the Tarski problem.

We may note that sentences Dy,, € Da,, in Theorem 1] cannot be strengthened
to Dy, = LN #(w), as in Theorem or Theorem [3.2] because we have D1, ;
D 41 strictly for all m. In fact it is not hard to check that if Dy, = LN £ (w)
for some m then Dy, ¢ Dy, holds for all n < m.

5. THE STRUCTURE OF THE PAPER

Section[[lof the paper includes some preliminary and mostly well-known material
related to definability, constructibility, and forcing. In particular we consider the
Cohen-style collapse forcing C,+1 = Fn(w, ;) € L that adjoins a generic collapse
map w onte N = wk +1- The collapse is necessary since any model for Theorem .l
(with an infinite set T) has to satisfy the inequality wl,; < w; (see Corollary B3),
and we have to collapse wX 1, too, to avoid complications related to the singularity
of w,,.
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We also make use of smaller collapse forcings C,, = Fn(w,w!). The finite support
product C* = Cp 41 ¥ [I.cv Cn € L is our first major forcing notion. Each generic

set ¢ C CY naturally splits into a generic collapse map ¢, 1w 2% M), and an
onto 1,

array of generic maps ¢, : w — w,, n € Y. If M € T then we consider finite
generic strings CEM = {{pther k<n and C%AM = CEMH, and the corresponding
submodels

L[¢T )] CLCE ] =Lty ¢, S LK,

and define a set wY,[¢] € LI¢L,,], wh[¢] € w x w, whose slices (w5, [¢])n, n < w,
provide a simple enumeration of reals in L[¢Y ;] (Definition [I0.4).

Section [Tlintroduces the main coding tool used in this paper, the almost disjoint
forcing of Jensen and Solovay [27].

The model for Theorem EIlis defined in Section [Vl We make use of a product
forcing of the form C* x [Tarer PM in L, where each PM is itself equal to a product
PM — Hn,i<w PM(n,i) € L, with each factor P (n, i) being an almost-disjoint type
forcing determined by a set UM (n,i) € L, UM (n,i) C Funy; = (Np"™) N L, where
O = wh, 5. These sets UM (n, i) are introduced by Theorem [I6.11

Any corresponding generic extension of L has the form L[{, {G s }arer], where
¢ C CY is CY-generic and each Gy € PM is PM-generic over L, so that Gy =
{Gr(n,i)}nicw, where each factor Gpr(n,i) = {p(n,i):p € Gu} is PM(n,i)-
generic over L. Such an extension is a “basic product model” (Subsection [IS]).

Further, using the sets w}/l[d as above, we define the key submodel

L[¢, Glw [¢]] = LI¢ AGM (D)} vrera iy cwT ]

of the basic product model L[{, {G s} arer] in Subsection This will be a model
for Theorem ET] in particular, if M € Y then Dy = P(w) NL[¢CE,,] € Doy in
L[¢, GlwT[¢]]. This will be established by Theorem and Remark

Theorem 20.2] contains three claims, and one of them will be dealt with in the two
last parts of the paper. In particular, we introduce forcing approximations in Sec-
tion [V] an auxiliary forcing-like relation that admits invariance under some trans-
formations, including the permutations of the index set w X w, see Subsection
The actual forcing notions PM = P[UM] = [lhicw PM(n,i) are definitely not in-
variant under permutations, but the completeness property of Theorem [I6.1],
maintained through the inductive construction of systems UM in L, allows us to
prove that the auxiliary forcing is in the same relation to the truth in the generic
extensions considered, as the true P -forcing relation (Theorem 281]).

Finally, Section [Vl presents the proof of the hidden invariance theorem (Theo-
rem [B0.J]) for forcing approximations, and completes the proof of Theorem .11

Theorem is established in Subsection 23] on the basis of the proof of Theo-
rem [T} but the material of Sections [V] [V1lis not involved.

Section II. Preliminaries

For the convenience of the reader, this section contains a brief account of key def-
initions and results of our earlier paper [34], related to definability, constructibility,
and forcing, and instrumental in the proof of Theorems 1] and
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6. TYPE-THEORETIC DEFINABILITY AND LEVY HIERARCHY

The type-theoretic language deals with variables z*, y*, ...of types k < w, and
includes the Peano arithmetic language for type 0 and the atomic predicate € of
membership used as zF € y*+1. The type of a formula ¢ is equal to the highest
type of all variables in ¢, and each quantifier 32*, ¥V 2* is assumed to be relativized
to the k-th iterated power set

Prw) = P(..P(PW))...)
k times the powerset operation

If k,m < w, k> 1, then Dy, is the set of all z¥ € 92*(w), definable in the form
o = (P € PP (w) plah )

by a parameter-free formula ¢ of type < m. We let Dy, = J,,, Dim, the set of all
z¥ € 2% (w) definable by a parameter-free type theoretic formula of any type.

We'll occasionally extend the definition of Dy, to sets x C w X w and the
definition of Dy, to sets X C H(w) x P (w), with the natural understanding that
eg. aset X C P(w) x Z(w) (say a wellordering of #(w)) belongs to Dy, iff it is
definable by a parameter-free formula ¢ of type < m.

We refer to e.g. [5l, Part B, 5.4], or [26, Chap. 13] in matters of the Lévy hierarchy
of e-formulas and definability classes X2 ITH = AH for any transitive set H as the

n n
domain of definability. In particular, we put

YH — all sets X C H, definable in H by a parameter-free X, formula;
Y. (H) = all sets X C H definable in H by a X, formula with parameters in H.

Writing X (z), z € H, we understand that z is admitted as a parameter. If P C H
then XH (P) is understood so that all z € P are admitted as parameters. II-classes
I ITH (x), ITH (P) are defined similarly, and A” = XH 0 [TH  etc.

We let X = _ YH = all sets X C H parameter-free definable in (H;€).

n<w n
Note that if 1 < k < m and X € P*(w) then X € X2 “ iff X € Dyp.
Theorem demonstrates that €-definability even over much bigger sets can be
reduced to the type-theoretic definability. If £ is an infinite cardinal then

Hk = {z: card (TC(z)) < k}, where TC is the transitive closure.
In particular, HC = Hw, all heredidarily-countable sets.
Theorem 6.1 (Theorem 3 in [34]). If m > 1, the generalized continuum hypothesis

27 = 9% holds for all infinite cardinals 9 < wy,—1, and X Cw or X C P(w), then
X belongs to Dy, Tesp., Doy, iff X € ngm.

In case m = 1 (then Hw,,, = Hw; = HC and the GCH premise is vacuous), this
result was mentioned, in [28] p. 281], a detailed proof see [26] Lemma 25.25].

7. THE PAIRING FUNCTION AND DEFINABILITY

Let Q be an infinite cardinal. Then k = Q7 is the next cardinal. Theorem [7.3]
reduces definability in Hk to definability in a smaller set Z(Q) = {X: X C Q}
with a pairing function as an extra atomic element.

To define the pairing function, let < be the wellordering of Ord x Ord defined
so that (o, 8) < (¢, 5') iff

(max{a, ﬂ}a «, /8> Slex <max{o/, Bl}a O/a ﬂ/>
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lexicographically. Let p : Ord x Ord ¢ Ord be the order preserving map:
(o, B) g (o, B') iff pa, B) < p(, B); p is the canonical pairing function.

Lemma 7.1 (routine). If k is an infinite cardinal then p maps K X K onto K
bijectively, and the restriction p|(k x k) is constructible and AF*. ]

It is perhaps an interesting question whether the restricted map p[(2 x Q) is
definable in (Q;€) or in a bigger (but still much smaller than HQ™) structure
(P2(Q); €). As explained by James Hanson at Mathoverflow question 384194) this
question likely answers in the negative. Yet we fortunately can circumwent this
obstacle by simply allowing p as a background parameter.

Definition 7.2. Let a p-formula be any €-formula containing occurrences of p(-, -).
Let © be a cardinal. If ¢ is a closed p-formula with sets in ?(2) as parameters,
then Z(Q) = ¢ is understood in the natural sense, and we say that ¢ is Q-true.

By 52" we denote the collection of all sets X C Z (), definable in Z(Q) by
a parameter-free p-formula in this sense. O

The following result will be of key importance. It shows that under the assump-
tions of Lemma [7.T] the definability in Hx is reducible to the definability in a much
smaller set Z2(Q2), with only a minor help of the pairing function.

Theorem 7.3 (Theorem 4 in [34]). If z,y C w,Q is a regular cardinal, k = Q7T

and x € YR (y), then x € Ez(m’[p(y). O

8. CONSTRUCTIBILITY AND DEFINABILITY ISSUES

Recall that L is the constructible universe and <y, is the Godel wellordering of
L. Let « be an infinite cardinal. The following are some well-known facts.

(i) The set Hk NL is an initial segment of L w.r.t. <r,;
(ii) The set Hk N L belongs to L% and is equal to (Hk)Y;
(iii) The restriction <r,[(Hx N L) is a X" relation.
(iv) If n > 1, Hx C L, p € Hk is any parameter, and R(z,y, 2, ... ) is a AH%(p)
relation on Hk, then the following derived relations are AH%(p), too:

Jz <y yR(z,y,2,...) and Vz<pyR(x,y,z,...).

Lemma 8.1 (Theorem 5(i) in [34]). Assume that L{F| is a generic extension of
L, k > w is a cardinal in L[F), and Y € L, Y C H = (Hx)¥, n > 1, Y belongs to
SH and H[F) = (He)YF). Then Y e SEF too. O

Lemma 8.2 (essentially Tarski [51]). If n > 1 and Dy, € Dag, then LN £ (w) C
D, w{‘ < wy strictly, and there is a real z € D1 p41 such that w}'[z] > w{‘.
Proof. Suppose to the contrary that X = LN £(w) € Dy,. and let = be the
<y-least element of X \ Dy,. Note that X is X3 by and Theorem [6.1] hence
X € Do;. It follows that the difference X \ Dy, belongs to Do, as D, € Day,.
The relation <g, belongs to Do via and Theorem It easily follows that x
itself is Dy,,, which is a contradiction.

The inequality wl < w; is an immediate consequence as Dy, is countable.

And finally by [51] there is a universal formula of type n+1 for all (parameterfree)
formulas of type n. This yields a D 5,41 set 2 € w x w such that Dy, is equal to
the collection of all slices (z), = {k:(n,k) € z}. Such a z is as required. O
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Corollary 8.3. If Dy, € Dy, holds for infinitely many n then wy > w}u‘H.

Proof. Suppose that e.g. D13 € Dy3 and Dyg € Dog. By the lemma, there is a
real z C w in Dj4 such that w%[z] > w¥. Then both the set L[z] N £ (w) and
the canonical wellordering <g,[,; on L[z] N #(w) belong to Day. Using <. and
L[z] N Z(w) instead of <r, and L N & (w), we obtain a real w € D7 such that

WEle] S Liw] _ , L]

. Then wy > w; >wp > w{‘, in other words, wy > wg‘. O

9. FORCING ISSUES

Let 5 is an infinite ordinal. By [26, Chap. 15], a forcing notion P = (P; <):
e is s-closed, if any <-decreasing sequence {ps}a<x in P, of length A\ < s,
has a lower bound in P;
e is »-distributive, if the intersection of s~-many open dense sets is open dense,
and a set D C P is open, iff ¢ <p € D = ¢ € D, and dense, iff for any
p € P thereis g € D, g < p;
e satisfies s-chain condition, or »-CC, if every antichain A C P has cardi-
nality strictly less than s;
We’ll make use of the following general results in forcing theory.

Lemma 9.1 (Lemma 5 in [34]). Assume that, in L, 9 < O = 97 are regular
cardinals, and Q,P € L are forcing notions, @Q satisfies N-CC in L, and P is
¥-closed in L. Let (F,G) be a pair (Q x P)-generic over L. Then
(i) P remains 9-distributive in L[F],
(i) N 4s still a cardinal in L[F,G] and every set X € L[F,G], X C ), bounded
in 0, belongs to L[F]. O

Definition 9.2 (see [II]). A forcing notion P = (P;<) is cone homogeneous,
if for any conditions pg,qy € P there exist stronger ones p < pg, ¢ < qp, such
that the cones P<, = {p’ € P:p’ < p} and P<, of stronger conditions are order-
isomorphic. O

Lemma 9.3. Assume that K is any set, 3 > w is a cardinal in L[K], H[K] =
(Hx)UK]l Q € H[K] is a forcing cone homogeneous in LIK], a set F C Q is Q-
generic over L[K], » remains a cardinal in LK, F], HIK,F] = (Hs)“5F1 and
a set X € LK, F|, X C H[K], belongs to SHIKF] (parameterfree €-definable in

H[K,F]). Then X € SHIK (Q) (with @ as the only parameter), hence X € L[K].

Proof. Suppose that X = {z € H[K]:¢(x)} in H[K, F], ¢ being a parameterfree
formula. We have X = {x € H[K]:3q € F (qIF ¢(z))}, where 2 is a canonical Q-
name of x € H[K]. But if some ¢ forces ¢(z) then any other ¢’ € @ also forces ()

by the cone homogeneity of Q. Therefore X = {z € H[K]:3q € Q (¢ IF ¢())}.
Finally as @Q € H[K], the Q-forcing relation IF is €-definable in H[K] with @ as
the only parameter. O

10. COLLAPSE FORCING

It follows from Corollary R3] that if Dy,, € Dy, holds for all (or even infinitely
many) integers n > 1, then wgﬂ < wy. Technically, we’ll need even w£+1 < wi.
To maintain such a collapse in a way compatible with its applications below, we
make use of a suitable product of the ordinary Cohen-style collapse forcing notions
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Fn(w, X) (also denoted by Coll(w, X)). Recall that by [45] Fn(w, X) consists of
all functions ¢ : dome¢ — X, where domc¢ C w is finite, ordered by inclusion (if
¢ C ¢ then ¢ is stronger). We let C,, = Fn(w,wX), C,,11 = Fn(w,N;) (recall that
N1 = wk, ), and consider some forcing products of these sets.

Definition 10.1. For the remainder, fix aset T C w~ {0} in L as in Theorem .11
O

Definition 10.2. We define
CY =Cui1 X H C. (finite-support product), sz = H Ch,

neYl neYl,n<m
and Cgm =CY, ;1. Thus CT € L, cardCY = 0; = wf, | in L, and 0y is countable
in CY-generic extensions. Note that Cgm =CY, xCy,incaseme Y. O

Each set ¢ € CY, CY-generic over L, naturally adjoins a C,-generic map

6 . t
Cog1 1w 2 0y and, for each n € T, a C,-generic map ¢, tw = wL. We put

¢ = (Gt rerham and €L, = ¢y if m € Y then ¢Z,,, = (€L Cin)-
Lemma 10.3 (routine). If a set { C CY is CY -generic over L, and m € Y, then

T
SEIC — JElCel] L LiC<m] _ Whlen] = L

S = wy =Wty and  wy

for any ordinal v > 1. Moreover, ¢,, and sz are resp. C,,-generic map and
CY,,-generic tuple over L. d

Definition [[0.4] works within a broader framework.

Definition 10.4. Recall that (2),, = {i:(n,i) € z} for any z C w x w. Assume
that M € T, and a pair (5, 0) is (CL,; x Cys)-generic over L. Then w{“[gﬂ < whys let

(1) P (w) N LS| = {A[8]:v < wiy}
be a canonical Gédel enumeration (perhaps with repetitions) definable in Lyt [8]

with § as the only parameter. We put ws, 8] := {(n,i):n,i <wAi € Ag(y[s]}, so
(w8, 0]), = Ag(n)[s] and

(2) P(w) ML) = {Ag(n[8]:n < w} = {(w[&, 6] :n < w}
by ([@) and because 0 : w onte w¥ by the genericity.

If ¢ is a set CY-generic over L then these definitions are applicable for § = ¢ z M
and 0 = ¢,;. We define then w3, [¢] = w([¢T,/, Carl- O

Lemma 10.5 (by (@) above). If ¢ is CT-generic over L and M € Y then wi,[¢] €
L[¢Zy] and 2(w) MLy = {(w};[¢)n 0 < w}. O

Section III. Almost disjoint forcing

This is the main coding tool used in the proof of Theorem Il an uncountable
version of almost disjoint forcing of Jensen and Solovay [27], which depends on the
choice of an uncountable regular cardinal in L.
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11. ALMOST DISJOINT FORCING

Definition [[T] introduces the cardinals and related sets which we’ll systemati-
cally deal with in the proof of our main results.

Definition 11.1. If M < w then we define an L-cardinal 0y = wf, ;,, and put
Hy = (HOpq)™ = {reL:card(TC(x)) < Np4+1 in L}, and
Hy[G] = (HOp )Y = {2 € L[G]: card (TC (z)) < Nar41 in L[G]},
provided L[G] is a generic extension of L and 041 remains a cardinal in L[G]. O
The cardinals 0y;, M > 1, will be our working cardinals.

Corollary 11.2 (of Lemma[0.3). If a set ¢ C CY is CY-generic over L, then 0);
is countable in L[C], whereas if M > 2 then Ny = wJI\'/I[C_]l remains a cardinal. |

The next definition of Seq,;, Funy,s, *Pjs corresponds to Seqq, Funp, *Pq
in [34, Section 2.4] in case ) = Njs. In the context of [34], N was any regular
L-cardinal; here we restrict the generality to the cardinals N, = WL s M > 1

e Seq,, = (N <™ < {A}) NL, the set of all constructible non-@ sequences
s of ordinals < 0y, of length 1h s = dom s < (), called strings. We stress
that Seq;; € L, and A, the empty string, does not belong to Seq,,.

e Fun,, = iDMCDM NL € L, all constructible ) ;-sequences of ordinals < ;.

o If X C Funy, put XV ={flv:f e F,AN1<v<0Oy},atree in Seq,,.

e A set X C Funy, is dense iff XV = Seq,,, i.e. for any s € Seq,, there is
f € X such that s C f.

o If S C Seq,,, f € Fun), then let S/f = sup{v < Opr: flv € S}. If S/f is
unbounded in 0y, then say that S covers f, otherwise S does not cover f.

Definition 11.3 (in L). Let M > 1. *P); is the set of all pairs p = (S,; F},) € L of
sets F}, C Funy, S, C Seq,, of cardinality strictly less than 05 in L. Elements
of *P s will be called (forcing) conditions.

Let p,q € *Pp. Define ¢ < p (¢ is stronger) iff S, C Sy, F, C F,, and the
difference S, \ S, does not intersect F/, that is, S, N F) = S, N F,/. Here F =
(Fp)Y. Clearly ¢ < piff S, € Sy, F, C Fy, and S,NF)/ =S, NF.

If uw C Funy, then put Plu] = {p € *Py;: F, Cu} € L. O

By definition, the sets Seq,;, Fun,s, *Pjs belong to L and card (Seq,;) = Ny

whereas card (Funj,) = card*Pjy; = Q41 in L.

If w CFunys in L, and G C Plu] then put Sg = |, . Sp; thus Sg C Seq,,.

peG

Lemma 11.4 (Lemma 13 in [34]). Suppose that M > 1 and, in L, u C Funyy is
dense. Let G C Plu] be a set Pu]-generic over L. Then

(i) if f € Funys in L then f € u <= Sg does not cover f;
(ii) G ={p € Plu]: S, € Sa A (Sc \ Sp) N F) = @}, hence L[G] = L[Sg]. O
12. HOMOGENEITY
Let M > 1. Assume that conditions p, q € *Pj, satisfy
(3) F,=F, and S,US,CF/=F,).

Following [35] §2.4], we define a transformation h,, acting as follows.
If p = ¢ then define hy,(r) = r for all » € *Pj; — the identity.
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Suppose that p # ¢. Then S, # S;, and p,q are incompatible by (@) and
Definition IT.3] We put dpg = {r € *Pup:r < pVr < ¢}, the domain of hy,. Let
T € dpg. We define hyy(r) =1’ := (S,/, F,v), where F,, = F, and

(Sr N Sp)US,; incase 1 <p,
4 S, =
) (SrNSg)US, incase r<gq.

Thus, assuming (3], the difference between S, and S, lies entirely within the set
X:va :F(;/, so that if r < p then S, N X =S, but S,» N X = S,, while if r < ¢
then S, N X =5, but S,y NX = 5,,.

Lemma 12.1 (in L). Assume that M > 1. Then:
(i) if w C Funy is dense and po,qo € Plu] then there exist conditions p,q €
Plu] with p < po, q < qo, satisfying B);
(i) if p,q € *Pur satisfy @) then hyq an order automorphism of the set dpq =
{re*Py:r <pVr<q}, satisfying hpy(p) = q and hpg = (hpg) ™ = hyp;
(iii) if w C Funys and p,q € Pu] satisfy @) then hy,, maps the set Plu] N dp,
onto itself order-preserving.

Proof. We argue in L. By the density of u there is a set F' C u satisfying
card F' < Oy, F,UF, CF,and S,US, CFY ={flv:fe FA1<v <uw}. Put

p= (S, F) and g = (S,, F). Claims are routine. O
Corollary 12.2 (in L). Assume that M > 1 and a set u C Funy; is dense. Then
Plu)] is cone homogneous in the sense of Definition [0.21 O

13. PRODUCT ALMOST DISJOINT FORCING

Arguing under the assumptions and notation of Definition [Tl we consider
7 = w X w, the cartesian product, as the index set for a product forcing.

Definition 13.1 (in L). Let M > 1. We define *P; = (*Pys)? to be the L-product
of Z copies of *P s ordered componentwise: p < ¢ (p is stronger) iff p(n,i) < g(n, )
in *Pyy for all n,¢ < w. Thus *Pjys € L consists of all maps pe L, p: Z — *Pyy,.
Let p € "Pyy. If n,i < w then put S,(n,i) = Spem.iy, Fp(n,i) = Fp,), and
F)(n,i) = va(n,z') ={flv:feFy(n,i) N1 <v <Oy}

Thus p(n,i) = (Sp(n,i); Fp(n,q)) € *Pu, and F,(n,i) C Funyy, Sp(n,i) C Seq,,
are sets of cardinality <y in L. Let |p| = {(n,7) :p(n,i) # (&; 2)}. O
Let M > 1. An M-system is any map U € L, U : T — Z2(Fun,,) such that
each set U(n, ) is empty or dense in Funy,. In this case, let
PlU]={p € ™ Py:Yn,i(Fy(n,i) CU(n,i))},

the L-product of the sets P[U(n, )], n,i < w.
We take the next easy lemma from [34) Lemma 14].

Lemma 13.2 (in L). Let M > 1 and U be an M-system. Then it holds in L that
card P[U] = Opr41 and
(i) the forcing notion P[U] is Npr—1-closed, hence Ny -distributive;
(i) the forcing notion P[U] satisfies Npr41-CC, both in L and in any generic
extension of L in which Q41 remains a cardinal. O
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Definition 13.3. Suppose that M > 1 and 2 C Z. If p € *P ) then define p’ = p|z
to be the usual restriction, so that dom(p[z) = z and p’'(n,i) = p(n,i) for all
(n,i) € z. Several special cases of restriction: if m,i < w then let

Plimay =plz, where z= (I~ {(m,q)}),
p|<™ =plz, where z={k:k<m}xuw,
pl=™ =plz, where z={k:k>m} xw,

pl™ =plz, where z={m} xw.

If U is an M-system then define Ulz, U[<™, U[Z™, U|™ similarly to the above.
Finally, if @ C *Pjs then let Qz = {plz:p € Q}; Qlz C *Pplz. This will
be applied, e.g., in case Q = P[U], where U € L is a system, and then we get
P[U]lz = {plz:p € P[U]}, P[U]I 4 P[U][Z™, etc. O

Remark 13.4. Suppose that z € L in Definition [33l If p € *Pj, then plz can be
identified with a condition ¢ € *P ) such that ¢[z = p[z and ¢(n,i) = (F; @) for
all (n,i) € T \ z. For instance, this applies w.r.t. p[_.(, s, pIE™, pI<™, p™.
With such an identification, we have *Py;[z C *Pys, and Q[z C *Pyy for Q C
*Pys (in case z € L). But if z ¢ L then such an identification fails.
The same applies for the restrictions U [z of systems U. O

n,i)?

14. PRODUCT ALMOST DISJOINT EXTENSIONS

Assume that M > 1 and U is an M-system in L. Consider P[U] € L as a forcing
notion. We’ll study P[U]-generic extensions L[G] of the ground universe L. Define
some elements of these extensions. Every set G C *P),;, generic over L, can be
viewed as an array G = {G(n, 1) }n icw, where G(n,1) = {p(n,i):p € G} C *Pys is
*Ppr-generic over L. We let

Sc(n,i) = Samn,) = U Sy(n,i) for any n,i < w.
pEG

Thus S (n,i) C Seq,,;. By the way, this defines a sequence S¢= {Sc(n,1) }nicw
of subsets of Seq,,.

If 2 C 7 then let Glz = {plz:p € G}.

If z € L then G|z can be identified with {p € G:|p| C z}.

Put Gl = {p € G:(n,4) ¢ [pl} = GIT ~ {{n,9)}).
Lemma 14.1. Let M > 1, U be an M-system in L, and G C P[U] be a set
P[U]-generic over L. Then L|G] = L[gc], and if n,i < w then the set G(n,i) =
{p(n,i):p € G} € L[G] is P[U(n,1)]-generic over L, hence if f € Funy; then

feU(n,i) < Sg(n,i) does not cover f.

Proof. To prove L[G] = L[gg] apply Lemma The genericity of G(n,1)
holds by the product forcing theorem, then use Lemma m@ O

Section IV. The forcing notion and the model

To get a model for Theorem 1], we define, in L, a certain M-system UM for each
M > 1, such that its different layers {UM (n,i)}icw, n < w, satisfy different defin-
ability and completeness requirements that depend on M and n. Each system UM

is equal to the limit UM = \/,Y <Orisn [Uf/” of an increasing sequence of small systems
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[Uf\f given by Theorem [I6.1] in Subsection This key theorem was established in
[34] on the basis of a diamond-style construction.

We define, in Subsection [T} forcing notions PM = P[UM], and consider the
product forcing C¥ X [],,;c PM (with the collapse forcing CY of Subsection [IT) in
L. Any corresponding generic extension of L has the form L[{, {Gns} amer], where
¢ C CT is CT—generic and each Gy C PM is H’M—generic over L, so that Gy =
{Gurr(n,9) }nicw, where each factor Gpr(n,i) = {p(n,i):p € Gu} is PM(n,)-
generic over L. Such an extension is a “basic product model”, Subsection I8

Further, using the sets w},;[¢] C w X w, as in Definition [0.4, we define the key
submodel

(5) L[Ca {GJVI(TL?Z)}MGT/\<n,z)€wL[C]]

in Subsection [I9, which will be a model for Theorem Il Theorem 20.2] commu-
nicates the main definability properties of the submodel (H), relevant to the proof
of Theorem Il Those amount to the fact that, for any M € Y, it is true in the
submodel (B)) that the set D1y is equal to 2 (w) NL[CE ;] and belongs to Doy, (see
Remark 20.4). This basic fact is split into four separate claims of Theorem [20.2
Of those, three claims are established in this section, while the fourth one takes
more effort in the remainder. Lemmas R0.1] 22.1] provide important reductions of
the definability claims involved to simpler models.

We'll take special care of the case M ¢ YT in Subsection The proof of
Theorem (our second main result) follows in Subsection 23]

15. SYSTEMS, DEFINABILITY ASPECTS
We argue in L and make use of notation of Definition [[T.I] in particular

QM :w};+M7
Har = (HOpr4 )Y = {z € L: card (TC (z)) < Ny in L}

e An M-system U is disjoint ift U(n,i)NU(k, j) = @ whenever (n,i) # (k, j).
Let DS,/ (disjoint systems) be the set of all disjoint M-systems.
e An M-system U is small, if each U(n,i) has cardinality < Qs in L. Let
sDS); (small disjoint systems) be the set of all small M-systems U € DSy;.
o If U,V are M-systems and U(n,i) C V(n,i) for all n,i, then V extends U,
in symbol U x V.
o If {U,},<x is a sequence of M-systems then the limit M-system U =
V., <A Uy is defined by U(n,i) = U, ., Uy(n, i), for all n,i.
Define sDS/[2™ = {U[2™:U € sDS)}, and similarly sDS,;[<™ etc.
The sets DSy, sDSys, sDSy[2™, DSy <™ etc., and the order relation <,
belong to L, of course.

Lemma 15.1 (in L). Let M > 1. The following sets belong to A™™ ({Nar}) and
to A?;M :

{Na}, {Seqy}, Funy, "Pyy, sDSyy, sDSy =™, sDSp <™,
as well as the set {(U,p):U € sDSy; Ap € P[U]} and the relation < on sDSyy.

Proof. All these sets have straightforward AY™ ({0,}) definitions, with Ny € Hyy
as the only parameter. To eliminate 0y, it suffices to prove that {0y} € AFM.



THE ‘DEFINABILITY OF DEFINABLE’ PROBLEM OF TARSKI 8665

Note first of all that “0 is a cardinal (initial ordinal)” is a II; formula
YeOrd A\Va<dVf(f:a— 19 = ranf #9).

On the other hand, 0, is the largest cardinal in H,;, hence it holds in Hy; that
V=0 < Vx(sisacardinal = s < Qy).

We conclude that {0y} € 5™ C A, Finally the conversion A™ ({Ny}) —
AM s routine. O

16. COMPLETE SEQUENCES

The following major theorem was established in [34] (Theorem 6 in case ) = 0y,
N® = Npry1, sDSp = sDSyy), and we take it here without a proof.
Theorem 16.1 (in L). Let M > 1. There is a continuous (that is, Uy =V __, U,
for all limit ordinals A < Npry1) <-increasing sequence {UM},q,, ., of systems
[Uf\f € sDS),, such that

(i) if n <w then the “slice” {UN "} cq,,,, is Ayf@'

(ii) if m < w then the “tail” {U}'12™} <q,, ., is (m + 3)-complete, in the
sense that for any X, 3(Har) set D C sDS )/ [Z™ there is v < Npry1 such
that the system U} 12™ m-solves D, that is,

— either Uﬂy[zm € D;
— or there is no system U € D with [UQ/I [Zm < U;

(iii) there is a recursive sequence of parameterfree €-formulas x, (7, x) such that
if v < Opr1 and x € Hyy then Hay | xn(7, ) z'jj”a::[Uy[”. O

Recall that X, | 3(Har) in means X, 5 definability in Hy; with arbitrary
parameters in Hys.

One of the difficulties in the proof of this theorem in [34] is that we have to
account for different levels of completeness for different slices of the construction.
This was handled via a diamond style lemmall By the way, according to Lemma
6.2 the key completeness property of the sequence {[Ui” by<fiariss as in of
Theorem [I6.1] still holds, to some extent, in rather mild generic extensions of L.

Lemma 16.2 (Lemma 20 in [34] for N = Oy). Let M > 1, and Q € L be a forcing
notion with card Q < N in L. Let a set F C Q be Q-generic over L.

Assume that m < w, § < Opr11, and a set D € L[F], D C sDSy/[2™, belongs to
Y mi3(Hu[F)) and is open in sDS 2™ so0 that any extension of a system U € D
in sDS s [Z™ belongs to D itself.

Then there is an ordinal v, 6 <y < Opry1, such that [UJWV[[Z’” m-solves D. [

We recall that Hy, = (HO s 11)Y and Hys[F] = (HNr 1) Y by Definition [TT]
and pr41 remains a cardinal in L{F] by the choice of @ in Lemma [I6.2

TA similar construction was also applied in [37] to obtain a generic extension of L in which
every non-empty analytically definable set of the reals contains an analytically definable real, but
there are no analytically definable wellorderings of the reals.
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17. BASIC FORCING NOTIONS
We make the following arrangements on the basis of Theorem [I6.1]

Definition 17.1 (in L). If M > 1 then we fix a <-increasing continuous sequence

{UM}Y, <qyy, of systems in sDSyy, satisfying conditions of Theo-
rem [I6.1] for this M. We define:

e the limit system UM = V<o UM,

e the forcing notion PM = P[UM] — thus PM = [lhicw
full L-product of sets PM(n,i) = P[UM (n,i)], n, i < w,
subforcings [PQ/I = P[Uﬂ\/[], v < Opaa,

restrictions PM [z (z C Z), PM [ 4(n,iy €tc. as in Subsection I3

the full L-product PT = [Taer PM (countable support),

the subproducts PXy, = [Tyernsn PV PEy = [yver.ven PV, and
then [PgM, PY. similarly. o

Then PY can be further factorized as P = ], ey sc0, PM (n,4). O

PM(n,i) € L is the

Lemma [13.2] immediately implies some cardinal characteristics of these sets.

Corollary 17.2. Let M > 1. It holds in L that card (PM) = 0y, and
(i) the forcing notions PM and [PgM are Npr_1-closed and Opr_1-distributive,
therefore PM and [PgM do not adjoin new subsets of Npr—1 to L;
(ii) the forcing notions PM [P;fM, and CT x [P;fM satisfy Opr1-CC, both in L
and in any generic extension of L where Qa1 remains a cardinal.

Proof. The cardinality claim and |(i)| follow from the corresponding claims of
Lemma[I3.2l To prove note that C1 x [P;CM can be identified with CT x [PEM X
PM | where PM is 0;,1-CC by Lemma while CT x [PIM has cardinality 0
in L. O

As for the definability properties, systems UM of Theorem [I[G.1] are not neces-

sarily parameterfree definable in the sets Hy = (HNpz41)Y, yet their slices are:

Corollary 17.3 (in L, by Deﬁnitionl]ﬂand of Theorem[I6.1]). Let M > 1.
(i) If n < w then the slice set UM ™ = {(i, f):i < wA f € UM (n,i)} belongs to
XV moreover there is a recursive sequence of parameterfree €-formulas

IM (), n <w, such that UM ™ = {(i, f):Hy = OM (G, )}

(ii) It follows that each slice PM ™ belongs to X% too, moreover there is a
recursive sequence of parameterfree €-formulas ©OM(-,.), n < w, such that
PM(n,i) = {p € Hy :Har = OM(i,p)} for alln,i < w.

(iii) Therefore if M < M’ then sets PM UM belong to Hy and to e o

18. BASIC PRODUCT MODEL

Theorem [I8.2 studies the structure of (CT x PY)-generic extensions of L.

Definition 18.1. Suppose that a pair (¢,G) is (CT x PY)-generic over L. The
extension L[(, G] is the basic product model of this subsection title. We have, by
the product forcing theorem:

o ¢ =(Cyi1.{Ca}rer) is CY-generic over L,
o G = {Gu}rer is PY-generic over L[¢], and
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e if M €Y then Gy C PM is PM-generic over L[, {GN}Ner N2Mm)-
Following Subsection M4 if M € T then Gp; can be viewed as an array
{Gnr(n, ) }n.icw, where each factor Gy (n,i) = {p(n,i):p € Gur} is a set PM (n,4)-
generic over L.

We define sets Sg,,(n,7) = U,cq,, Sp(n,9) C Seq,, and a sequence §GM =
{SGuy (n,%) }n,icw- Note that L[Gp| = L[Sq,,] and L{G(n,4)] = L[Sq,, (n,7)] by
Lemma [IZ.T} thus L[G] = L{Gum (7, 0) }amer; nji<w] = LI{Say (0, 0) }mer; nicw)-

We further define GEM = {Gn}ner.Nem; GLy = {GNIner N>um, and GEM,
GY,, the same way. O

Theorem 18.2. Under the assumptions of Definition 081, let M > 1. Then
(1) Dpr41 is a cardinal in L[C, G] but 0y is a countable ordinal even in L[{];

(ii) any set X € L[¢, G|, X C Opr41, bounded in Npr41, belongs to L[¢, G%M};

(iii) Opry1 = wII\‘}C’G] = wII\}K] — recall that D1 = why 0

(iv) both the equality 2™ = 0y;1 1 and GCH as a whole hold in L[¢, G].
If moreover B € L[C,G%M], B C Ord, and ¢ € L[B], then

(v) every set X € L[B,G;CM], X C Onry1, bounded in Opry1, belongs to LB,

and hence we have (H@MH)L[BvGiM] = (HOpp )M

. L[B,GY
(vi) Qpra = wM[ >ul o.)JI\Z[B];

(vil) both the equality 2°™ = N4y and GCH as a whole hold in LB, GL,,].

Proof. To prove and apply Lemma for 9 = Op, O = Opr41, Q =
CY x [P%M, P = PY,,, so that L[¢,G] = L[C,G%M][GIM] is a (@ x P)-generic
extension of L. To make sure that Lemma is applicable, note that P is ;-
closed in L and @ satisfies (1j;,1-CC in L by Corollary

As M is arbitrary in this argument, it follows that all ;41 are cardinals in
L[¢, G).

Now Claim [(iii)| is a simple corollary.

To establish it suffices, by to prove 2 = (4, for the model
L[¢,GY,,]. But L[¢,GY,,] is obtained essentially by adjoining countably many

L[¢,GT . . .
subsets of the ordinal N1 = w M[C <l to L, and this implies the result required.

Note that the forcing notion P = PY,, is 0j-distributive in L[B], because
it is such in L[, GgM], a bigger model, by Lemma and Corollary IZ.21)]

To prove [(vii)] apply [(iv)| via L[¢] € L[B] € L[B,GY,,] C L[{,G]. O
19. THE KEY SUBMODEL

The following definitions introduce our model for Theorem HEI} it will be a
submodel of the basic product model that include its collapse core L[{]. We'll
freely use the notation introduced by Definition [[0.4] with respect to the latter.

Recall that a set T C w ~ {0}, T € L, is fixed by Theorem 11

Definition 19.1. Assume that a pair (¢,G) is CT x PY-generic over L. Then ¢ is
CT-generic, hence Definition [04] applies and sets wX[¢] C wx w, wX[¢] € L[¢L, ]
are defined for m > 1, as well as the sequence w¥[¢] = {w},[¢]}mer. Moreover,
G = {Gu}mer, where each set G, = {Gp(n,1) }nicw C P™ is P™-generic, and
hence the restriction

Gm f’wgn[d = {pf’wgb[C] ‘pe Gm}
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is well-defined. With some abuse of notation, we define indexed sets
Glw[¢] = {Gmlwy, [T} mer,
GlwZy[¢] = {Gmlwr [ meramenr,
Glwin(¢] = {Gmlwp K meramen,

and consider the models

L(¢Ly, Gulwi )] € LIC, GlwZ,[¢]] € L¢, Glw [¢]).
O

We may note that L[¢, GlwY[¢]] is a submodel of L[¢, G], generated by ¢ and
those factors Gr(n, ) of the product generic set G = {Gar(n, 1)} meran,i<w, Which
satisfy (n,i) € w),[(].

We claim that the model L[¢,GlwY[¢]] C L[¢, G] satisfies Theorem .1l

The proof of the claim will go in the remainder essentially by means of three
successive reductions of L[¢,GlwY[¢]] to simpler models L[¢, GwX,,[¢]] (Sub-

section 20, [C<M, Garlw)[¢]] (Subsection B2), and L[¢E,,, G] (Subsection 24).

20. FIRST REDUCTION

Lemma provides an essential reduction of L[¢, GlwY[¢]] to the submodel
L[¢, G[wg 1€]], based on rather standard forcing results by Theorem
Lemma 20.1. Under the assumptions of Definition I9.1], let M > 1. Then

(i) if a set X € L[¢,GlwY[¢]], X C Oy, is bounded in Nysyy then X belongs
to L[¢, G[wIM [€]], therefore
(HO ) VGG K = (HN ) RECTwEn <,
T
(ii) Nargr = wJI\}[c,erT[Q] _ wxj[c,erSM[C]];
(iii) both 2°M = Npryy and even GCH as a whole hold in L[¢, Glw ™ [¢]].

Proof. Apply Theorem [I82(v)i(vi)l(vii)| with B = (¢, G[ng[CD. It is clear that
L[B] = L[¢, GlwZ, K] € LG, Glw [¢]] € L[B, G,,). 0

Lemma 20.1] allows us to focus on Theorem [20.2]

Theorem 20.2. Assume that a pair (¢,G) is (CT x PY)-generic over L, and
M > 1. Then it holds in L[¢,GlwX,,[¢]], hence in L[¢, GlwY[(]], that
(A) if M €Y then P(w)N L[CEM] C pife
(B) if M € Y then 2(w)NL[CL,,] € S+,
(Q) if M €Y then P(w) N S+ C Li¢T,, Fl;
(D) but if M ¢ Y then P(w) N Tea Mt ¢ yilfer

Remark 20.3. The “hence” claim of the theorem follows from Lemmaﬂﬂ@which
asserts that the set HNj 41 is the same in both models. O

Remark 20.4. Theorem implies Theorem 1l Indeed let M € T. We have to
prove Dyps € Doy in L[C, G[wT[CH. By Theorem [6.1] this is equivalent to

(6) SH (o) € SHOw,
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since Npry1 = wIJ\'/[[C’erTK” and GCH holds by Lemma But (@) is an imme-
diate corollary of Theorem

On the other hand, if M ¢ Y then Dyj; ¢ Days in L[¢, GlwY[¢]] follows from
Theorem via Theorem O

The proof of Theorem follows in the remainder. Claims will be
established in Subsection 21}, Claim [[D)|in Subsection 22} Claim [(C)|will be accom-
plished in Subsection B3] based on the substantial work in Sections [V] and [Vl

21. DEFINABILITY IN SUBEXTENSIONS

Here we prove Claims of Theorem

Arguing under the assumptions and notation of Definition [[71] we let formulas
TM(.).) (n <w, M >1) be defined as follows:

IM(i,S) == i <wAS C Seqy AV f € Funy (f € UM (n,i) <= S doesn’t cover f).
Theorem BT.1l shows that any real in L and even in some generic extensions of L

can be made parameterfree-definable in appropriate subextensions of PM-generic
extensions, basically by means of the formulas '}, This is Theorem 7 in [34] with

N=0y, N® =0y, PP=PM Y =B,

of which we only present here Claim actually used below, and Claim which
shows how definability properties are obtained in suitable subextensions.

Theorem 21.1 (part of Theorem 7 in [34]). Assume that M > 1, Q € L is a
forcing notion, card Q < Nyr in L, a pair (W, G ) is (Q x PM)-generic over L,
BeLW], and z€ L[B]|, 2C T =wxw. Then
(iv) it is true in L[B,Gyr]2] that z = {{n,i): 3.5 C Seq,, I'M(i,S)};
(v) if n < w then the n-th slice (), = {i:{(n,i) € z} belongs to X, where
T= (H@MH)L[B,GM lz]

Proof (outline). Regarding the proof of [34, Theorem 7], we may note that the im-
plication (n,i) € z==385 C Seq,, '™ (i, 9) inis a consequence of Lemma [T4.1]
for take S = S¢,, (n,4). The inverse implication was established in [34] on the basis
of the choice of the sequence {UY},q,,,, of systems in sDS; by Definition [7.1]
so that in particular condition of Theorem [I6.]is satisfied.

As for Claim in follows from that the equality

(2)n ={i <w:385 C Seq,, (i, S)}

holds both in L[B, Ga[2] and in T = (HNps 1) PG 12 Now, using the formulas
IM as in Corollary another recursive sequence of €-formulas 77 can be
defined with the help of Lemma B such that (z), = {i < w:7 (i)} holds in T.
This immediately implies and moreover, implies that if M’ > M then z as
a whole belongs to LT, where T/ = (HNy41)“B:G 12l because the truth in T is
uniformly expressible in a much bigger set T'. O

Now we demonstrate how Theorem ZT.Tlimplies two first claims of Theorem 20.2]

Proof of Claims of Theorem P02l Let M € Y. Arguing under the as-
sumptions of Theorem 20.2] we show first of all how Theorem 2I.1] will be applied.
We let Q = CT x U’EM, so that Q x PM = CY x [PgM and card @ < Qs by
Corollary We accordingly let B = (¢, GlwZX,,[{]) and W = (¢,GL,,), so
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that B € L[W] and the pair (W, G ) is (Q x PM)-generic over L by the product
forcing theorem. We finally let 2 = w},[¢], so that z € L[¢] C L[B]. Thus general
assumptions of Theorem PT.T] are verified, and by the way

L(B, Gz = L[¢, GlwZ[¢]] = LI¢, {GnTwX [¢] ver, v<m)-

Now to prove Claim [[A)] of Theorem B2} assume that = € 2(w) N L[¢E,,]. Then
r = (w;[¢])n = (2), for some n by Lemma [0l Therefore z = (), € i
in L[B, Gz = L[¢, G[w%M[C]] by Theorem 2III(v)]

To prove Claim [(B)| of Theorem Z0.2] we note first of all that each set w}[(]
with n € T, n < M, belongs to L[¢Y,,], and hence to Sy L[¢,GlwX,,[C]]
by Claim It easily follows by construction that the string Cz v itself b;longs
to YRV ip L[¢,GlwX,,[¢]]. This immediately implies Claim [(B)] O

22. SECOND REDUCTION

This subsection contains another vital step in the proof of Claims and @ﬂ
of Theorem This step provides a reduction of L[(, G['wg w €] to the smaller
model L[C;fM,GM lw?,[¢]] and to the smaller structure (2 (0yr);p, €) (see Sub-
section [7)) in that model.

Lemma 22.1. Assume that M > 1, a pair (¢, G) is (CT x PY)-generic over L,
T T T
T = (H®M+1)L[C7GTWSM[C]]’ g — (H®M+1)L[<§M7GJ\/I Tw, [€]]

anda €T, aCw,ac€ Xl. Thena €S anda € EEO(CEM), that is, a belongs to S
and a is €-definable in S with CEM as the only parameter.
In addition, if M € Y, then a € 22 ™M)P i L[C;\/[, G lwi, [C]).

3

Recall that p in the upper index means that the defining formula can contain
occurrences of p(-,-), where p is interpreted as p[(Qar x Nps) (a bijection Ny x

t .
Nar 22 Ny, see Subsection 7).

Proof. By the product forcing theory the model L[C,G[w%M[C]] is a Q-generic

extension of L[Cg s Gar w3, [€]], where @ is the finite support product
(7) Q=Cunx [ Cux JI P1wil) € s
neY n>M neY , n<M
Q& P

The first factor Q' here is order-isomorphic to C, 41, so that L[¢, GlwZX,,[¢]] is a
(Cyy1 X P)-generic extension of L[¢T,,], and accordingly T is a (C,,41 X P)-generic
extension of 5. Note that C, 1 is a cone homogeneous forcing notion in the sense
of Definition (in fact even fully homogeneous), and the second factor P is cone
homogeneous as well by Corollary

Moreover each P™, n < M, belongs to H = (HNys41)¥ and is parameterfree €-
definable in H by Corollary I7.(iii)| and hence P" € S and P" € X5, by LemmaR1l
Further, if n € T and n < M then the set wY[¢] C w x w belongs to L[¢X,,] by
Lemma [[0.5}, hence to S, and w)[¢] is €-definable in S with ¢X,, € S as the only
parameter. To conclude, P as a whole belongs to Efo(cz M)s SO obviously does
Cw+1, and both C,11, P are cone homogeneous by the above.
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It immediately follows by Lemma [0.3] that a € X5 (C% ~ ), as required.
To prove the additional claim of the lemma, suppose that M € Y. Then we have

Z(w)N L[CEM] C ¥ — this is essentially a clone of Claim [(A)| of Theorem
with the same proof as in Subsection 21l based on Theorem 2TI|(v)| with

Q:C£M7 BZWZCEM? ZZ’LU}/[[C],

and we leave this to the reader. It follows that in fact P € X3 .
To conclude, the sets C,+1 and P belong to S, are parameterfree €-definable in
S, and are cone homogeneous by the above. Now Lemma implies a € X5, To

get the final result a € 520w 4 L[CgM, Garlwi,[¢]], apply Theorem 3 O
Proof of Claim [[D)| of Theorem 202l Suppose that M > 1, M ¢ Y. Let

Y T x
T= (HOMH)LK’GWSM[C”, S = (H(DMH)L[CSMGM 1w [€])

)

T

as above, but in this case L[CgM, Gurlw),[¢]] = L[¢E ] and S = (HOMH)L[C<M],
of course. We have to prove that 2(w) N XL ¢ X7 .

Suppose to the contrary that Z(w) N XL € XT. We have Z(w)n XL C
28 (¢X,) by Lemma BZT] therefore the set X = (Z(w)N L[CEM]) ~ XL is non-
empty. Let <* be the canonical Godel wellordering of L[¢Y ], definable in L[¢Y,,]
with Cz M as the only parameter. Let z be the <*-least element in X. Note that
the string ¢ z s belongs to T and to X1 by Theorem Therefore x belongs
to XL as well by the contrary assumption. O

23. SECOND MAIN THEOREM

This subsection is devoted to Theorem [£.2] our second main result. The proof
follows more or less the same plan with some changes mutatis mutandis. In partic-
ular, the whole major part of of the proof of Theorem ] presented in Sections [V]
and [VI] will not be involved in the proof of Theorem The first change begins
with the definition of some key sets in Subsection

Definition 23.1 (modification of Definition I0.4]). We put ¥ = w~ {0}, accordingly
C¥ =Cuy1 x [1,>1 Cn (finite-support product). O

Each generic set ¢ C C¥ naturally adjoins a C,,i-generic map oyl 1w onte M

. t
and, for each n > 1, a C,-generic map ¢,, : w s wk.

Definition 23.2 (modification of Definition [[0.4]). Let
(8) P(W)NL={A,:v<wl}
be a canonical Godel enumeration parameterfree definable in L. Assume that a
set ¢ C C¥ is C¥-generic over L, hence ¢; : w onte wl is defined. If M > 1 then put
war[C] = {(n,i):n,i <wAi€ A ()
so (War[C])n = A¢,(ary for each n, and, by the genericity and (8,
P() L= {A¢, ) M 2 1} = {(war[Cl)o: M > 1},
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Remark 23.3. In the context of Definition 232 the sets wys[F]| are constructible,
unlike, generally speaking, the sets w}&[(’] in Definition 23.21 This implies essential
simplifications in the proof of Theorem |

Following Definition 7.1} put P* = [] M>1 PM (countable support), and define

[PEM = anM PM, IPVM H1<H<M PM . and [PQM, [PEM similarly.
Following Definition [8.1] suppose that a pair (¢, G) is (C¥ x P¥)-generic over
L. With some abuse of notation, we let

GIwl¢] = {GmIwm[Cltm>1 and  Glw<n[C] = {Gmlwm[Fl}i<m<um,

and consider the models

L[¢, Glw<n(C]] € L[¢, Glw[(]] € LC, G

The model L[¢, GIw[¢]] is our model for Theorem
Lemma 23.4] provides a useful reduction similar to Lemma

Lemma 23.4. Let a pair (¢,G) be (C* x P¥)-generic over L, and M > 1. Then

(i) if a set X € L[¢,GIw[C]], X C Opry1, is bounded in Opriq then X belongs
to LIC, G Iwen[C]], thus

(H(DMH)L[C,GMC]] — (H@MH)LK,G[WSM[QH;
(i) Npryr = [c GIw[C]l _ [C GFW<M[C]]
(iii) both exp (OM) Pars “and GCH hold in L[¢, Glw[¢]). 0

Now we prove the following result pretty analogous to Theorem [20.2

Theorem 23.5. Assume that a pair (¢, G) is (CY xP¥)-generic over L, and M > 1.
Then it is true in L[, Glw<n[C]], and hence in L[, G[w[(]], that

(A) the set A¢ (ary (see Definition R3.2)) belongs to SHe
(B) 2(w)N S C 1,

Proof. We follow the proof of Claim ] of Theorem in Subsection 211
To apply Theorem BLI], we let Q = C¥ x P2 s so that card@ < Ny in L by
Corollary I7.2, and Q x PM = C" x [PTM We accordingly let B = (¢, Glw<a[¢])
and W = (¢,GL,,), so that B € L[W] and the pair (W,G ) is (Q x PM)-generic
over L by the product forcing theorem. We finally let z = wj/[¢], so that z € L.
Thus general assumptions of Theorem 2T.T] are verified, and we have L[B, G/[z] =

L[¢, Glw<m[¢]]-
Now to prove Claim of Theorem 235 let x = A¢ (ary- Then x = (2),, Vn,

by construction. It follows that z € Z "M+ in L[B, Gz = L[, Glw<a[C]] by
Theorem as required.

By the product forcing theory the model L[¢, Glw<nmI[{]] is a Q-generic
extension of L, where @ = C¥ x P, and P =[], ., 3, (P"w,[¢]). Here C* € L is a
cone homogeneous forcing notion in the sense of Definition The second factor
P is cone homogeneous as well by Corollary Moreover each P™ belongs to L,
and each set w,[F] C w x w belongs to L, too (see Remark 23.3]). To conclude, P as
a whole belongs to L. So obviously does C¥, and both C¥, P are cone homogeneous
by the above. It follows then (see Lemma [0.3) that if a set a C w is parameterfree
€-definable in L[, Glw<[¢]] then a € L. This ends the proof of Theorem[235 O
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Proof of Theorem E2. Assume that a pair (¢, G) is (C¥ x P¥)-generic over L. Prove
the equality D; = LN & (w) in L[, G[w[(]].
Let z € L, v C w. Then z = A¢ (a) for some M > 1 by the genericity. It

follows that z € XE M+ in L[¢, Glw<m[¢]] — and hence in L[¢, G[w[¢]], by The-
orem 23H(A)l But Npr41 = wys in L¢, GIw[¢]], and GCH holds, by Lemma 234
Therefore we have x € D1y in L[¢, G|w[¢]] by Theorem [6.11

Let conversely + C w, € L[{,GIw[¢]], and = € D; in L[{,GIw[{]]. Then

z € Dyy in L[¢, Glw[¢]] for some M > 1, therefore z € Yaa ™" in L[¢, Gw[(¢]]
by Theorem [6.1] as above. Then z € L by Theorem This completes the
proof of Theorem a

Section V. Forcing approximation

Beginning here is a lengthy proof of Claim of Theorem Our plan
will be to establish the following somewhat unexpected result of Theorem It
asserts that under suitable definability conditions reals in a (CX,, x Cp; x PM)-
generic extension of L belong to an associated (CT ar X PM)_generic extension,
eliminating the M-th forcing component Cp;. Thus we call it the elimination the-
orem.

24. THIRD REDUCTION

Theorem 24.1 (elimination theorem). Assume that
() M > 1, a triple (8,0,G) is (CL,, x Cas x PM)-generic over L, and w =
w(s, 68
and a € L[§,0,Glw], a Cw, a € 22 ™)P in L[§, 0, Glw]. Then a € L[S, G].
Remark 24.2. Theorem 2Z41] implies Claim of Theorem — and hence
completes the proof of Theorem as a whole because the other claims
[[D)] of Theorem have been already established, see Subsections 2] and

To prove the implication, assume, under the conditions of Theorem 20.2] that
a C w, a € L[¢,Glwly[C], and a € SRy L[¢, GlwZ[¢]]. Then, by

Lemma P21 a € £2)"P holds in the submodel L[C;fM, G lw),[¢]]. Let
(9) §=¢Ly, 0=Cy, G=Gu, w=w]80
Then w = w};[¢] and the triple (5,0, G) is (CL,, x Cas x PM)-generic over L by
the product forcing theorem. In addition, we have
LK§MmanwLKH=LK£M£annwLKH=L@0xﬁwy

Therefore a € L[S, G| by Theorem

However L[S, G is a (CL,, x PM)- generic extension of L by (@), where the forcing
notion CL,, =[], Cn € L satisfies card CL ), = wl;_; in L (see Subsection [I0)

whereas PM is Ny _;-closed in L by Corollary It follows by Lemma
that any real in L[§, G] belongs to the model L[§] = L[¢Y,,], as required. O

To prove Theorem 24.T] we are going to define a forcing-like relation forc rather
analogous to approximate relations considered in our recent works [34135], and also
in [30,32,33,36] on the basis of forcing notions not of the almost-disjoint type.

8See Definition [[0.4l on w|s, 6].
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Then we exploit certain symmetries of objects related to forc. Generally these
arguments will go pretty similar to the proof of Theorem 9 in sections 5, 6 in [34].

25. NAMES AND FORMULAS

We argue under the assumptions and notation of of Theorem

Assume that z € L[S, 0], 2 CZ = w x w. Then let Nam, € L[S, 8] be the set of
all sets 7 € L[S, 0], 7 C (*Pas[2) x Npy, with cardr < )y in L[S, 6].

Note that *Pjs, a bigger forcing notion, is used instead of PM in this definition.
An advantage is that *Pj; is €-definable in Hy; = (HNpz41)Y by Lemma [I5.11

If € Nam, and G C *P [z then put 7[G] = {a < Ny :Ip € G ((p,a) € 7)}.

Lemma 25.1. Z(0y) NL[S,0,Glw] = {7[G|w]:7 € Nam,, }.

Proof. Let X € Z(0) NL[S,0,Glw]. By the product forcing theory, Glw is
(PMw)-generic over L[S, 0]. Therefore, by a well-known property of generic ex-
tensions (see, e.g., [26]), there is a name t € L[§,0], t C (PM|w) x Ny, such
that X = ¢[GJw|. To reduce ¢ to a name 7 with the same property, satisfying
cardT < 0y, apply Lemma |

Now, arguing in L[S, 0], we introduce a language that will help us to study
analytic definability in the generic extensions considered.

Let £ be the 2nd order language, with variables «, 3, ..., assumed to vary over
ordinals < (), and separately X, Y, ..., assumed to vary over the subsets of ().
Atomic formulas of the following types are allowed:

a<pf, a=8, acX, pla,B)=v (see Subsection[don p).

Only the connectives A and — and quantifiers 3« and 3 X are allowed, the other
connectives and V are treated as shortcuts, and, to reduce the number of cases, the
equality X =Y will be treated as a shortcut for Va(a € X <= a€Y).

The complexity #(p) of an L-formula ¢ is defined by induction so that

o #(p) =0 for all atomic formulas,

o #(p N ) = max{#(p), #(¥)},

o #(Bap(@)) =#(p(a)) and #(EBX ¢(X)) = #(p(X)),
o finally, #(-¢) = #(¢) + 1.

For any n there is a true quantifier-free formula tr,, with #(tr,) = n, namely

(10) tr, ==

—=...7(0=0) (n negations), in case n = 2k;
—=...7(0=1) (n negations), in case n =2k+ 1.

If z € L[S, 0], 2 C w X w, then let £(z) be the extension of L by:

— ordinals a < M)y, to substitute variables over 0,
— names in Nam, to substitute variables X, Y, ...over Z(Q0).

If G C *Pylz, then the valuation ¢[G] of such a formula ¢ is defined by sub-
stitution of 7[G] for any name 7 € Nam, that occurs in ¢, and relativization of
each quantifier 3 or 3 X to resp. Ny, P (Nyr). Thus p[G] is a formula of £ with
parameters in L[S, 0, G] N (N U £(N)r)) and quantifiers relativized as above, so
it can be Nps-true or Nys-false in L[S, 8, G] in the sense of Subsection [7]
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26. FORCING APPROXIMATION

We still argue under the assumptions and notation of of Theorem
Our next goal is to define, in L[S, 0], a forcing-style relation p forcj; ¢. In case
z=wand U = [Ufyw, v < Opr41, the relation foref, will be compatible with
the truth in the model L[S, 0, G|w] = L[S, 0][Gw], viewed as a (P™ [w)-generic
extension of L[S, 0]. But, unlike the true forcing relation associated with PM [w),
the relation forcy, will be invariant under certain transformations.
The definition goes on in LIS, 8] by induction on the complexity of ¢.
(F1) When writing p forc;; ¢, it will always be assumed that U € sDSy,, z €
L[S, 0], z Cw X w, p € P[U][z, ¢ is a closed formula in £(z).
(F2) If U, p, z are as in and a, 5,v < Ny, then: pforcy, a < B iff in fact
a < B, and the same for the formulas « = § and p(«, 8) = v.
(F3) If U,p, =z are as above, o < 07, Y € Nam,, then: p forc; a € Y iff there
exists a condition ¢ € P[U]]z such that (¢,«) € Y and p < gq.
(F4) If U, p, z are as above, then: p forcy; (¢ A ) iff p foref; ¢ and p forcf; .
(F5) If U, p, z are as above, then p forcy;, Ja ¢(a) iff there is o < Ny such that
p forcy; o(a).
(F6) If U, p, z are as above, then p forcy;, 3X p(X) iff there exists a name 7 €
Nam, such that p forcj; o(7).
We precede the last item with another definition. If n < w then let sDS/[n]
be the set of all systems U € sDS), such that U[<" = [UQ/[ <" for some v < Opry1-
(See Definition IZT on UM.) Thus U € (), sDSy[n] for all 7, and

(F7) If U,p,z are as in [(F1), ¢ is a closed L£(z) formula, n = #(p), then we
define p forcy, — ¢ iff there is no system U’ € sDSy[n| extending U, and
no condition ¢ € P[U’]]z, ¢ < p, such that g forcf, ¢.

Exercise 26.1. Assume that U, p, z are as in n < w, and tr,, is defined by
(@d). Prove using |(F2)|and |(F7)| that p forc{, tr,, but —(p forc;, —tr,). O

Lemma 26.2 (in L[S, 0]). Assume that U, p, z, ¢ satisfy |(F1)| Then:

(i) if pforci ¢, a system U' € sDSyy extends U, and g € P[U']|z, g < p, then
q forcg; .
(ii) if U € sDSy[n], #(p) < n, and p forcy; ¢, then p forcy, — ¢ fails.

Proof. The proof of by straightforward induction is elementary. As for make
use of |(F7)] O

Now let’s evaluate the complexity of the relation forc. Recall that
Hy = (H@Mﬂ)L and Hy[s,0] = (H@MH)L[?;,G].

Lemma 26.3 (in L[S, 0]). Assume that ¢(c,8,...,X,Y,...) is a parameterfree
L-formula and n = #(p). Then the following set is Ei':ff’e] :
Forc(p) = {{(z,U,p,,8,...,7x,Ty,...) : U €sDSy A 2 Cw X w
Ap€ePUIz ANa,B, - <0Op A Tx,Ty, - € Nam,
A pforey o(a, B,...,7x,Ty,...) }.
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Proof. The set sDSy; is Ay™ by Lemma 5.0l hence is A?M 50 as well by
Lemma Rl The relations p € P[U][z and 7 € Nam,, with arguments resp. p, U, z
and T, 2z, are routinely checked to be A";M [§79]’ too. (Bounded quantifiers preserve
A?M [g’gl.) After this remark, prove the lemma by induction on the structure of ¢.

The case of atomic formulas is clear: the pairing function p in is
ATM by Lemma [[Il The result for atomic formulas amounts to the formula
dq € "Pulz({g,) € Y Ap < q), which is Eng[g,o] by the above. The step
amounts to the intersection of two sets, and hence is obvious. And so are steps
and (a 3-quantification on the top of E;';’(‘fp[)gﬂ).

To carry out the step[(F7)} note that sDSy[n] is Z)'"%: indeed by Definition [7:1]
the systems U}/ satisfy condition [(i)] of Theorem 6.l Tt follows that sDS;[n] is
Ei':fg[g’e] as well by Lemma [B1 Thus if Forc(yp) is Efjfg[g’e] then Forc(—) is
1 f3[§’9], therefore X)) 144[5’9], as required. O

27. CONSEQUENCES FOR THE COMPLETE FORCING NOTIONS

We continue to argue under the assumptions and notation of of Theorem 24,71
Coming back to the sequence of systems [Uf‘y/l € sDS,; given by Definition [7.1] we
observe that every system U} belongs to [, sDSx[n].

Let forc? be forc@y, and let p forc?, ¢ mean: 3y < Ny (p fore? ).

Note that p forc,zy o implies p € [P,]YV[ Iz, whereas p forc’, ¢ implies p € PM|z.
Lemma takes the following form:

Lemma 27.1 (in L[S, 8]). Assume that z C w X w, ¢ is a closed L(z) formula, and
p € PM|z. Then:
(i) if pforcy p and v < n < Oary1, q € [PQ/[ 2, ¢ < p, then g forc) ¢, and
accordingly, if p forc?, ¢ and g € PM |z, ¢ < p, then qforc?, ¢;
(ii) pforci, ¢ and pforc:, — ¢ contradict each other. O

The following “completeness lemma’” will be very important.

Lemma 27.2 (in L[S, 6]). If 2 C wxw, ¢ is a closed L(z) formula, p € PM |z, then
there is a condition ¢ € PM |z, ¢ < p, such that either q forc?, ¢, or q forc? — .

Proof. Let n = #(¢). There is an ordinal n < Qr41 such that p € [Pﬁ;/f [z. (See
Definition [[7.1] on forcing notions IPQ‘[ .) Consider the set D of all systems U’ €
sDSy/[=" such that there is a system U € sDS[n] that extends (Ufy[ and satisfies
Ul2" = U’, and also there is a condition q € P[U]]2, ¢ < p, satisfying ¢ forc}; .
The set D belongs to X, 5(H[S,0]) (with UM, p as definability parameters) by
Lemma 26.3 Therefore by Lemma there is an ordinal v, n < v < Qar41, such
that the system [Ufy” [Z" n-solves D. We have two cases.

Case 1. [nyzn € D. Then there exist: a system U € sDS,[n] extending [Uf;/[
and satisfying U [Z" = [UJWV[ 2", and a condition ¢ € P[U]|z, q < p, with ¢ forcj; .
By definition there is an ordinal ¥ < 041 such that U[<" = U/ [<". Now let
= max{y,9}. Then W extends U, hence g forc;, ¢ and g forc3, .

Case 2. There is no system U € D that extends [UfYVI[Z". Prove that p forc,zy .
Suppose towards the contrary that this fails. Then, by |(F7)|in Subsection 26l there
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exists a system U € sDS[n] extending (Uﬂ\f, and a condition g € P[U], ¢ < p, such
that ¢ forc}; ¢. By definition the system U’ = U[Z" belongs to sDS,/[=", and
moreover U witnesses that U’ € D. But this contradicts the Case[2assumption. [

28. TRUTH LEMMA

We continue to argue under the assumptions and notation of of Theorem 24.7]
According to Theorem 8] (“the truth lemma”), the truth in the generic exten-
sions considered is connected usual way with the relation forc_.

Theorem 28.1. Assume that ¢ is a L(8,0)-formula. Then ¢[Glw] is Npr-true in
L[S, 0, G|w] iff there is a condition p € Glw such that p forc? .

Proof. We proceed by induction. Suppose that ¢ is an atomic formula a € 7 of type
(F'3)| of Subsection 6] where oo < 0y and 7 € Nam,,. (The case of formulas as in
(F2)|is pretty elementary.) To prove the implication <=, assume that p € Gw and
pforcy o € 7. Then by definition in Subsection 26] there exists a condition
q € PMw satisfying p < ¢ and {g,a) € 7. There are conditions p’, ¢’ € PM such
that p = p'lw and ¢ = ¢'lw, but not necessarily p’ < ¢’. We only know that
p'(n,i) < ¢'(n,i) for all (n,i) € w. Therefore w C Z = {(n,4):p'(n,i) < ¢'(n,i)}.
The set Z belongs to L since so do p’, ¢’ as elements of PM € L (whereas about w
we only assert that w € L[S, 6]). Therefore a condition ¢”” € PM can be defined by

. n,i), incase (n,t) € Z,
' (n,i) = § A dnease ()
p(n,i), incase (n,i) ¢ Z,

1

and still ¢"fw = ¢'|w and p’ < ¢”. Tt follows that ¢’ € G by genericity, hence
¢"Mw =¢'[w € Glw. Then a € 7[G|w], i.e, (a € T)[G|w] is true, as required.

To prove the converse, assume that a € 7[G[w]. There exists a condition p €
Glw such that (p,a) € 7, and we have p forcl a € 7, as required.

The rather simple inductive steps of Subsection are left for the
reader.

Let’s carry out the step Let ¢ be 3 X ¢)(X). Suppose that p € GJw and
p forc? ¢. By definition there is a name 7 € Nam,, such that p forc’) ¢ (7). The
formula ¢ (7)[Glw] is then true in L[S, 0, G|w] by the inductive hypothesis. But
¥(7)[Glw] coincides with ¢[G[w](X), where X = 7[Glw] € L[S,0, Glw]. We
conclude that 3 X ¢ (X)[Glw] is Nys-true in L[S, 8, G|w], as required.

To prove the converse, assume that ¢[Glw], that is, 3 X ¢¥(X)[Glw], is Npy-
true in L[S, 8, G[w], hence there exists a set X € Z(0;) NL[§, 6, G[w] such that
Y|Glw](X) is Npr-true. By Lemma 25.T] there is a name 7 € Nam,, with X =
T[Glw]. Then ¢(7)[Glw] is Nps-true in L[S, 0, Glw]. The inductive hypothesis
implies that some p € Glw satisfies p forcl (), hence p forc’ ¢, as required.

Finally, let’s carry out the step which is somewhat less trivial. Prove the
lemma for an £(w) formula — ¢, assuming that the result holds for ¢. If = p[Gw]
is Nys-false in L[S, 0, Glw] then ¢[Glw] is Nps-true. Thus by the inductive hy-
pothesis, there is a condition p € Gw such that p forc? ¢. Then g forcy — ¢ for
any ¢ € Glw is impossible by Lemma 27.11

Conversely suppose that p forck, — ¢ holds for no condition p € Glw. Then by
Lemma and the genericity there is a condition ¢ € G[w satisfying ¢ forc’, .
It follows that ¢[G [w] is Nps-true by the inductive hypothesis, therefore — p[Gw]
is Nps-false. [l
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Section VI. Invariance

The goal of this section is to prove Theorem [24.1] and thereby accomplish the
proof of Claim |(C)| of Theorem and the proof of Theorem [L.] (the first main
theorem) itself. The proof makes use of the relation forc introduced in Section [V]
and exploits certain symmetries in forc, investigated in Subsection

29. HIDDEN INVARIANCE

Theorem belongs to a wide group of results on the structure of generic
models which assert that such-and-such elements of a given generic extension belong
to a smaller and/or better shaped subextension. One of possible methods to prove
such results is to exploit the homogeneity of the forcing notion considered, or in
different words, its invariance w.r.t. a sufficiently large system of order-preserving
transformations. In particular, for a straightforward proof of Theorem (the
key technical step in the proof of Theorem [24.]) the invariance of the forcing notion
PM under permutations of indices in Z = w x w would be naturally required — but
PM is definitely not invariant w.r.t. permutations.

On the other hand, the auxiliary forcing relation forc is invariant w.r.t. permu-
tations. Theorem conveniently connects the relation forc with the truth in
PM_generic extensions by means of a forcing-style association. This principal as-
sociation was based on the M-completeness property (Theorem [IG.T]). Basically it
occurs that some transformations, that is, permutations, are hidden in construction
of PM, so that they do not act explicitly, but their influence is preserved and can
be recovered to some extent via the relation forc.

This method of hidden invariance, that is, invariance properties (of an auxiliary
forcing-type relation like forc) hidden in P by a suitable generic-style construction
of PM | was introduced in Harrington’s notes [24] in a different terminology.

30. THE INVARIANCE THEOREM

Let H be the group of all finite idempotent permutations of w, that is, all bijections
h:w 2% w sich that h = h~! and the set |h| = {k:h(k) # k} is finite. If n < w
then the subgroup H,, consists of all h € H satisfying h(k) = k for all k£ < n.

If heH, and z C w X w then put hz = {(h(n),i): (n,i) € z}.

If g is a function defined on domg C w then deﬁne a function hg on the set
hldomg] = {h(k) : k € domg} by (hg)(h(k)) = g(k), for all k € domg.

The following is the invariance theorem. Note that h does not act on pg!

\/\—/

Theorem 30.1 (in L[S, 0]). Under the assumptions of of Theorem 24.1], sup-
pose that ¢ is a closed parameter-free formula of L(w), n = #(p), h € H,,

/

w' = hw, and py € PM. Then po|w forc®” —¢ iff polw’ forc? — .

A lengthy proof of Theorem follows below in Subsection BIH33l
Now we show how the theorem works in the proof of Theorem

Proof of Theorem 24.1] from Theorem B0l Arguing under the assumptions of
Theorem 241 consider an arbitrary set a € L[S,0,G[w], a C w, such that

a e XLM™P iy L[5, 0, Glw]. Then it holds in L[S, 0, G [w] that

a={j <w:—(j)is Np-true},
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where ¢(+) is a parameter-free L-formula, hence, p-formula. Let n = #(y). The
goal is to prove that a € L[S, G]. This is based on Lemma 302

Lemma 30.2. The set T = {(p,j):p € P? A plw forc? —¢(j)} belongs to L[g].

(Note that w does not belong to L[s]!)

Proof. We observe that, by Lemma 26.3] the set
K={{z,p,j):peP?*ANz€L[5,0] Az CwxwAj<wAplzforc?, ~o(j)}
is definable in L[S, 8] by a formula with sets in L as parameters, say
K ={(z,p,j):x(2,p,5,Y)} in LIS 6],
with Y € L as a sole parameter. Recall that 6 : w — w¥; is Cps-generic over L[s] by
[(x)] of Theorem 2411 and w = w8, 0] = {(k,j) : j € Ag(x)[§]}, as in Definition 0.4

We let 6 € L be a canonical C m-name for 6, and let I+ be the C,-forcing relation
over L[§], definable in L[§], as usual. We claim that

(11) x(w,p,j,Y) holds in L[S, 0] iff @nl- x(wls, é],p,j, Y),

where n = #(¢) as above; 8[n belongs to Cyy, of course.

The direction <= is obvious.

To establish =, assume that the right-hand side of (] fails. There is a
condition ey € Cps such that @n C eg and eq IF = x (w8, é],p,j7 Y). We note that

D={eeCp:0nCenTheH,(|h CdomeAey Che)}

is a set open dense in Cy; over @[n. Therefore, by the genericity of 8, there exists a
number k > n such that e = 8]k € D. Accordingly, there is a permutation h € H,,
satisfying |h| C k and eg C he.

We put 8’ = h6; this is still a Cps-generic map w — w¥,, with L[] = L[6]
since h € L, and we have ey C he C @’. It follows, by the choice of eg, that
x(w[8,8'],p,7,Y) fails in L[§,0'] = L[S, 6], and hence (w[s,@'],p,j) ¢ K by the
choice of y. However w|s,0'] = h- w8, 0] = hw, thus we have (hw,p,j) ¢ K.

We conclude that p|hw forc™ = ¢(j) fails by the definition of K. Therefore
plw forc? —(j) fails as well by Theorem BT so we have (w,p,j) ¢ K, and
hence x(w,p,j,Y) fails in L[S, '] = L[S, 8]. This completes the proof of (II)).

And coming back to the lemma, (II]) implies the equality

T={{pj)peP’Aj<wAbnlFx(w[s0],p5Y)}
This implies T' € L8] since I is definable in L[S]. Lemma is established. O
It remains to notice that, by Theorem 28.7],
j€a <= L[, 0] = —-¢(j) is Np-true
< 3p € Glw (pforcy, —¢(j))
< 3p € G (plw forcy, — ¢(j)).

Therefore j € a <= Ip € G ((p,j) € T). But T € L[] by Lemma B0.2
We conclude that a € L[S, G], as required. This completes the proof of Theo-
rem from Theorem O
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31. THE INVARIANCE THEOREM: SETUP
We continue to argue under the assumptions and notation of [(x)|of Theorem 2411

Proof of Theorem (will be completed in Subsection B3]). We fix pg, w=w]8s, 0],
v, n=7F#(p), h € H,, w = hw, as in Theorem B0.1l

Suppose to the contrary that pglw forcf’O = but = (po|w forcY — ). There is
an ordinal v < Q41 with polw forcfyTJ = but = (po[w forc’ ). Then there is:

(A) asystem U' € sDSy[n] extending UY, and a condition p; € P[U'], p1 <

po, such that p; [w foreg: ¢, but still py [w forcg’l = ¢ by Lemma 26.21

Recall that any condition p € *Pj; is a map p € L, defined on w X w, and each
value p(k,i) = (Sp(n,4); Fp(k, 1)) is a pair of a set S,(k,7) C Seq,; and F,(k,i) C
Fun),, with card (S,(k,i) UF,(k,i)) < Qp strictly, in L. We define the support
1Pl = Ug,icw IPllki; where |[pllxi = {s(0):s € Sp(k, i)} U{f(0): f € Fp(k,i)}; then
Ilpll € L, ||p|| is a bounded subset of Ny;. We conclude that there exists:

onto

(B) a bijection b € L, b : Npr == Ny with ||p1]| N (B7|[p1]]) = @ and b = b~ 1.
Further, the system U' € sDSy[n] is small, hence the set J =, ;. U" (ki) € L
satisfies card J < )y in L. It follows that there is:

onto

(C) asequence {By}a<n,, €L of bijections B, : Ny — Nas, such that By = b,
B, = B, ', and if f, g € J then f(a) # Ba(g(c)) for some ordinal a < 0.

32. TRANSFORMATION

In continuation of the proof of Theorem B0.Jl we now define an automorphism
acting on several different domains in L. It is based on h, b, and B,, of Subsection 31l
and its action will be denoted by ~. Along the way we’ll formulate properties @»
of the automorphism, a routine check of which is left to the reader.

We argue under the assumptions and notation of of Theorem

If <0y and f:a — Ny then f: o — Ny is defined by f(l/) =B, (f(v)) for
all v < a. In particular, f(0) = Bo(f(0)) = b(f(0)). This defines § € Seq,; and
f € Funyy, for all s € Seq,, and f € Funy,.

onto onto

D) f +— f is a bijection Seq,; — Seq,, and Funy; — Fun,,, and if
£,9€ T =Upico U'(E, i) then [ # g by [C)]

If w C Funy, then let u = {ff € u}AIf S C Seq,, then let S = {5:s € S}.

If U is a system then define a system U, such that

~

U(k,i) =U(k,1), in case k < n;
U(h(k),i) = U(k,i) = {f: f € U(k, i)}, in case k > n.
If p € *Pys then let p € *Py; be defined so that
p(k,i) = p(k, 1), in case k < n;
B(h(k), §) = (S, (k. 4): F, (k. 1)), in case k > n:

where Sm) = {5:5 € S,(k,4)} and Fm) = {5:5 € Fy(k,4)} by the above.
These are consistent definitions because h € H,, in Theorem
(E) We have U[<" = U[<" for any system U. The map U —> U is a bijection
of sDS,; onto itself and sDSy,[n'] onto itself for any n’ < n.
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(F) We have p]<" = p|<" for any p € "Pyy. The map p — pis a <-preserving
bijection of P[U] onto P[U].
If in addition z C w X w (not necessarily z € L), then if conditions p,q € *Py,
satisfy p[z = qlz, then easily p | 2= ¢ | Z, where Z =h-z = {{h(k),i): (k,i) € z}.
This allows us to define 7 := p [ 2z for every r € *Pys[z, where p € *P,; is any
condition satisfying r = p[z.
(G) If z C wxw then p — pis a <-preserving bijection of P[U][z onto P[U] | Z.
If 2z Cwxw and 7 € Nam, (Subsection 25) then let 7 = {(p,z) : (p,z) € 7}, and
if ¢ is a L(z)-formula then @ is obtained by substituting 7 for each name 7 in .
(H) If 2 C w X w, z € L[S, 8], then the mapping 7 — 7 is a bijection of Nam,
onto Namy and a bijection of £(z)-formulas onto £(Z)-formulas.

Remark 32.1. The action of ~ is idempotent, so that e.g. f f for any f € Funy,
etc. This is because we require that b~ = b and B! = B,, for all a < 0.

The action of ~ is constructible on Seq,,, FunM, systems, *P;, since h, b, and
the sequence of maps B, belong to L by

However if z € LIS, 0] then the action of ~ on *Pj; [z and names in Nam, belongs
to LIS, 0], since the extra parameter z does not necessarily belong to L. (I

It is not unusual that transformations of a forcing notion considered lead to this
or another invariance. Lemma [32.7] is exactly of this type.

Lemma 32.2 (in L[S, 0]). Assume that U € sDSy;, w = w[§,0], n < w, h € H,,
w =hw, p e P[U Hw, and ® is a closed formula of L(w), #(®) < n+ 1. Then
pforcyy @ iff pforcy @

Proof. We argue by induction on the structure of ®. Routine cases of formulas

(F'2)| and steps [(F4)| and |[(F5)| of Subsection 28] by means of [(D)H(H)| are left to

the reader. Thus we concentrate on atomic formulas of type |(F3)| and steps |(F6)|
and in Subsection We take care of only one direction of the equivalence
of the lemma, as the other direction is entirely similar via the idempotency (see

Remark B2.T]).
Formulas of type [(F3). Let ® be o € 7, where @ < () and 7 € Nam,,.

Assume that p forc;; @ € 7. Then by definition there is a condition ¢ € P|U]|w
such that p < ¢ and (¢,«) € 7. Then ¢ and p belong to P[U]lw, p < ¢, and

(¢, @) € 7. Thus we have p forc’[i]J « € T, as required.

Step [(F6)} Let ® := 3 X ¥U(X). Suppose that p forc;; ®. By definition there
exists a name 7 € Nam,, such that p forcy; ¥(7), Then we have ﬁforcg’ U(r) by

the inductive hypothesis. But \IT(?) coincides with \TI(A) where 7 € Namg by [(H)|
We conclude that p forc Ix \I/( ), that is, p forc d, as required.

Step Prove the lemma for an £(w) formula ® := — ¥, assuming that the
result holds for ¥ itself. Note that #(®) < n + 1, hence m = #(¥) < n. Suppose
that — (p forcy = ¥). By definition there is a system U’ € sDSj;[m], extending
U, and a condition ¢ € P[U'lw, ¢ < p, such that q forcy;, W. Then we have
q forc \I/ by the inductive hypothesis. However U’ belongs to sDS,/, extends U

and satlsﬁes U'1<n = U'[<" by [[E)] and even belongs to sDS[m] by the choice
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of U’, and in addition g € P[/U\’] lw and ¢ < P by We conclude, by definition,
that — (p forcy - W) as well, as required.

O

33. FINALIZATION

We continue to argue under the assumptions and notation of of Theorem 24,11
The goal of this subsection is to accomplish the proof of Theorem B0.I] that was

started in Subsection BIl We return to objects U, p; introduced in [(A)]
of Subsection Bl
Let q; = p1|w, so that ¢; € P[U][w and ¢; forci: ¢ by [(A)l We have

(12)  UlesDSyn] A i € P[UY A G =511 € PUI® A G fore ¢
by Lemmal322 (Here ¢, as a parameterfree formula, coincides with @.) Let system

U be defined by U(k, i) = U(k,i) UU(k, i) for all k,i.

Lemma 33.1. The system U belongs to sDSy[n] and extends both U' and UL
Conditions p; and py belong to P[U] and are compatible in P[U].

Proof (Lemma). It follows by@ (last claim) that U is a disjoint system. It follows
by [(E)| that U[<" = U*[<" = U1[<". Therefore U belongs to sDS[n] because so
does U!.

To prove the compatibility, it suffices to check that if k,7 < w then either
p1(k,i) = pi(k,i) or ||pillei N ||P1llki = @. If & < n then we have the ‘either’
case because by definition p;[<" = p1[<". Suppose that k > n. Let k = h=1(k);
thus still & > n (as h € H,), k = h(k), and pi(k,i) = (S,(k,i); Fp(k,4)). It fol-
lows that [[p1]|x; is the Bo-image, hence the b-image of the set [|pi||;,. However
p1llz; U llpillee € [lp1ll. We conclude that ||p1|lx N [|p1]lks = @ by Claim [(B)] of
Subsection 1] as required. O

To finalize the proof of Theorem B0 let, by Lemma B3] r € P[U]w satisfy
both r < pi|w and r < p1|w = ¢1. However ¢; forc%’\1 ¢ by [I2). Then we have

r forcgU ¢ by Lemma B3] and Lemma On the other hand, p;[w forcg’l -
by @ of Subsection [31] therefore we have r forcg’ = . It remains to remind that
#(p) = n and U € sDS[n] by Lemma B3.I]— and we get a contradiction still by
Lemma The contradiction completes the proof of Theorem |

Theorem B0 just proved implies Theorem 24.7] see Subsection
Theorem P4.Tlends the proof of Theorem 0.2l of Subsection [I9] see Remark 24.2]
This finalizes the proof of Theorem [4.7] see Remark 20.4

Section VII. Conclusions and discussion

In this study, the method of almost-disjoint forcing was employed to the problem
of getting a model of ZFC in which the Tarski sentence Dy, € Dy, holds for all
m from a pre-selected constructible set T C w, and fails for all m > 1 not in T
(Theorem (). Tt follows that Tarski’s problems (whether Dy, € Da,, holds) not
only are independent of ZFC, but also independent from each other in a rather
strong sense. As the second main result, Theorem .2] a model is defined, in which
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the set Dy = (J,, D1 of all type-theoretically definable reals is equal to the set
LN Z(w) of all constructible reals, and hence Dy € Ds.

The problem of getting a model for Dy, € Dy, for different numbers m > 1
appeared in Alfred Tarski’s article [51]. Its the particular case m = 1 (analytical
definability) the problem of getting models for D1; € Dy, or stronger, Dy =
LN Z(w), was known in the early years of forcing, see e.g. problem 87 in Harvey
Friedman’s treatise One hundred and two problems in mathematical logic [14], and
problems 3110, 3111, 3112 in an early survey [47] by A. R.D. Mathias. As mentioned
in [T41[47], the problem was solved by Leo Harrington, whose handwritten notes [24]
at least contain a sketch of a model in which &2 (w) N L = all Al reals

From this study, it is concluded that the hidden invariance technique (as outlined
in Subsection 29) allows to solve the Tarski “Dy,, € Ds,,” problem by providing
generic ZFC models as required by our main results (Theorem FET] and Theo-
rem A2). The hidden invariance technique has also been applied in our recent
papers [30,[32,[33] for the problem of getting a set theoretic structure of this or
another kind at a pre-fixed projective level. This is interesting in connection with
the following all-important open problem by S. D. Friedman, [I5], P. 209] and [16], P.
602):

Problem 1. Assuming only the consistency of an inaccessible cardinal, is it consis-

tent for each n that all ) sets of reals be Lebesgue Measurable and have the Baire
and Perfect Set properties, while there is a A} 41 wellordering of the realsTd |

We finish with a couple of related questions.

Problem 2. If # C w then let D,,,(x) be the set of all objects of type p, definable
by a formula with x as the only parameter, and all variables over types < m.
(Compare to Definition 211) One may be interested in getting a model for

(2.1) Vo Cw(Dim(x) € Doy (), or stronger, Dy, (2) = & (w) N L[z]).
This is somewhat similar to Problem 87" in [14]: find a model of
(2.2) ZFC + “for any reals x,y, we have: x € L[y] = =z is A} in y”.

Problem (22) was known in the early years of forcing, see, e.g., problem 3111 in
[47] or (3) in |27, Section 6.1]. Problem (Z2]) was positively solved by René David
in [10], where the question is attributed to Harrington. The proof in [I0] makes use
of a tool now known as Dawvid’s trick, see S.D. Friedman [I5] Chapters 6 and 8.
So far it is unknown whether the result of David [I0] generalizes to higher pro-
jective classes AL, n > 4, or Al | whether it can be strengthened towards <=

n? o)
instead of =, and whether it can lead to even partial solution of ([21). This is a
very interesting and perhaps difficult question. O

Problem 3. Coming back to Harrington’s sketch of a model for the sentence
(3.1) the set d,, = 2(w) N Al of all Al reals is equal to Z(w)NL,

for n = 3 in [24], pp. 2-4], it’s clear that, unlike Dy, € Do,,, if (B1]) holds for some
n > 3 then it definitely fails for any n’ # n. But we can try to weaken [B.1]) to just

(3.2) dy, € II,,

91t will be no less interesting to prove the consistency only of BP for X} sets with the existence
of a A}H_l wellordering of the reals assuming only the consistency of ZFC. It is known that the

LM and Perfect Set properties do need an inaccessible cardinal though.
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and then ask whether there is a generic extension of L satisfying Vn (d,, € II}). It
is known that dq € II] \ X}, dy € X3 \ 113, and if all reals are constructible then
dy, € X} I} for all n > 3, so II} looks rather suitable in (B2). O
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