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Abstract A generic extension L[x] by a real x is defined, in which the Eg-class
of x is a lightface 1'[21 (hence, ordinal-definable) set containing no ordinal-definable
reals.

Keywords Jensen reals - Definable equivalence class - Definable elements

Mathematics Subject Classification 03E15 - 03E35

1 Introduction

It is known that the existence of a non-empty OD (ordinal-definable) set of reals X
with no OD element is consistent with ZFC; the set of all non-constructible reals
gives an example in many generic models including e.g. the Solovay model or the
extension of L, the constructible universe, by a Cohen real.
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Can such a set X be countable? That is, is it consistent with ZFC that there is
a countable OD (or outright definable by a precise set-theoretic formula) set of
reals X containing no OD element?

This question was initiated and discussed at the Mathoverflow website! and at
FOM.?2 In particular Ali Enayat (Footnote 2) conjectured that the problem can be
solved by the finite-support countable product P=“ of Jensen’s “minimal 1721 real
singleton forcing” P defined in [6] (see also Section 28A of [5]). Enayat proved that
a symmetric part of the P=“-generic extension of L yields a model of ZF (not of
ZFC!) in which the set of all reals P-generic over L is a Dedekind-finite infinite OD
set with no OD elements. In fact P=“-generic extensions of L and their symmetric
submodels were considered in [1] (Theorem 3.3) with respect to some other questions.

Following the mentioned conjecture, we proved in [7] that indeed, in a P <“-generic
extension of L, the set of all reals [P-generic over L is a countable 172l set with no
OD elements. The IT) definability is the best one can get in this context since it easily
follows from the I7 1% uniformisation theorem that any non-empty 221 set of reals
definitely contains a Aé element.

Jindra Zapletal 3 informed us that there is a totally different model of ZFC with an
OD Ey-class* X containing no OD elements. The construction of such a model, not
yet published, but described to us in a brief communication, involves a combination of
several forcing notions and some modern ideas in descriptive set theory, like models
of the form V[x]g for E = Ey, recently presented in [9]; it also does not look to yield
X being analytically definable, let alone 1721 .

Theorem 1.1 [t is true in a suitable generic extension L[x] of L, the constructible
universe, by a real x € 2% that the Eg-equivalence class [x]g, (hence a countable
set) is T1Y, but it has no OD elements.

The forcing P we use to prove the theorem is a clone of the abovementioned Jensen
forcing, but defined on the base of the Silver forcing instead of the Sacks forcing. The
crucial advantage of Silver’s forcing here is that it leads to a Jensen-type forcing
naturally closed under the O-1 flip at any digit, so that the corresponding extension
contains a 1721 Ep-class of generic reals instead of a 1721 generic singleton as in [6].
In fact a bigger family of Eg-large trees (perfect trees T € 2<% such that Eg[[T] is
not smooth [8, Section 10.9]) would also work similarly to Silver trees.

It remains to note that a finite OD set of reals contains only OD reals by obvious
reasons. On the other hand, by a result in [3] there can be two sets of reals X, ¥ such
that the pair {X, Y} is OD but neither X nor Y is OD.

LA question about ordinal definable real numbers. Mathoverflow, March 09, 2010. http://mathoverflow.
net/questions/17608.

2 Ali Enayat. Ordinal definable numbers. FOM Jul 23, 2010. http://cs.nyu.edu/pipermail/fom/2010-July/
014944 html.

3 Personal communication, Jul 31/Aug 01, 2014.
4 Recall that if x, y € ® then x Eg y iff x(n) = y(n) for all but finite n.
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Theorem 1.1 can be compared with some results obtained in the sharp hypothesis. In
particular, Kechris and Woodin [10] proved that, in contrast to Theorem 1.1, assuming
sharps, every countable non-empty 1721 set X necessarily contains an OD element,
basically, areal x € X characterised by L[x] = ¢ (R, ..., N,) for some n and some
formula ¢ . Sy Friedman [2, Theorem 4] demonstrated that, in this result, n cannot be
taken one and the same for all countable 1721 sets X, in particular, assuming sharps,
there is a countable non-empty 172l set containing no 1'[2l singletons.

2 Trees and Silver-type forcing

Let 2<% be the set of all strings (finite sequences) of numbers 0, 1. If t € 2<“ and
i =0, 1 then "k is the extension of ¢ by k. If 5,7 € 2= then s C  means that ¢
extends s, while s C ¢ means proper extension. If s € 2= then 1h(s) is the length
of s,and 2" = {s € 2=“: 1h(s) = n} (strings of length n). A is the empty string.

If u € 2% then let [u] = {a € 2® : u C a}, the Baire interval in 2¢; [A] = 2?.

Let any string s € 2<% act on 2% so that (s - x)(k) = x(k) + s(k) (mod 2)
whenever k < 1h(s), and simply (s « x)(k) = x(k) otherwise.

If X €2 and s € 2<% then, asusual, let s - X = {s - x : x € X}.

Similarly if s € 2™, t € 2", m < n, then define s - t € 2" so that (s - t)(k) =
t(k) + s(k) (mod 2) whenever k < m and (s - t)(k) = t(k) whenever m < k < n.
If m >nthenlets-t = (s|n)-r.Inbothcases 1h(s-t) = 1h(z).

Lets-T={s-t:teT}forT C2°“.

IfT Cc2<“isatreeand s € T thenput T [, ={r e T :s StV Cs}.

Let PT be the set of all perfect trees @ # T C 2=“ (no endpoints, no isolated
branches). If T € PT then there is a largest string s = stem(7) € T such that
T =T, (the stem of T); we have s"1 € T and s”0 € T in this case. If T € PT
then

[T]={a€2’:Vn(alneT)} <2

is the perfect set of all paths through T .

Let ST be the set of all Silver trees. Thus T € ST iff there is an infinite sequence
of strings uy = ux(T) € 2<% such that T consists of all strings of the form s =
w1 NiyNup NipMus Nz L Muy M and their substrings, where n < @ and iy = 0, 1
whenever 1 <k <n.(If n =0thens = A.) Then stem(T) = uy, and [T] consists
of all infinite sequences a = uy i1 “up Nip “uz Niz” - -+ € 2%, where iy =0, 1, Vk.

Let a Silver-type forcing (STF) be any set P € ST such that

M) ifueT ecPthenT|, cP;
() if T € P and s € 2<¢ then s - T € P.

Such a set P can be considered as a forcing notion (if 7 C T’ then T is a stronger
condition), and then it adds a real in 2%.

Say that a STF P is regular iff it contains the full tree 2.

The set ST of all Silver trees is a regular STF by obvious reasons.
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714 V. Kanovei, V. Lyubetsky

3 Splitting construction over a Silver-type forcing

Assume that P € ST isa STF and n < w. The set SS,,(P) of Silver splitting systems
of height n = hgt(¢) over P consists of all finite systems of trees, of the form
¢ = {Ts},cp<n » satisfying the following requirements:

(1) eachtree Ty = ¢(s) belongs to P,—we let ry = stem(7y);

(2) if s7i € 2§ (i =0, 1) then Tyn; C Ty [, n;—it follows that [Tsno] N [Tyri] =
g

(3) there is an increasing sequence of numbers 4(0) < k(1) < --- < h(n) such that
1h(ry) = h(k) whenever s € 2% and k < n;

4 if m <n,u,ve?2 andt € 2= then r,"t € T, < r,t € Ty,—or
equivalently 7, = o + T,, where 0 =ry - 1.

Additionally, let SS_;(P) consist of the empty system A; hgt(A) = —1.
Put SS(P) = UJ,,>_ SSa(P).
Say that atree T occurs in ¢ € SS(P) if T = ¢(s) for some s € 2<hat(e)

Lemma 3.1 If P C ST isa STF, ¢ = {T};co<n € SS,(P) and n = hgt(p) >0
then the tree T = | J;con T belongs to ST (not necessarily to P ).

Let ¢, ¢ be systems in SS(P). Say that

— @ extends v, symbolically ¢ < ¢, if n = hgt() < hgt(e) and ¥ (s) = ¢(s)
forall s € 25", and separately A < ¢ for any ¢ € SS(P);

— properly extends i, symbolically ¥ < ¢, if in addition hgt(¥) < hgt(¢);

— refines ¥, if n = hgt(y¥) = hgt(p), ¢(s) € ¥ (s) forall s € 2", and ¢(s) =
¥(s) forall s € 2"

In other words, the refinement allows to shrink trees in the top layer of the system, but
does not change those in the lower layers.

Note that ¢ = A (the empty system) is the only one with hgt(¢) = —1. To geta
system ¢ with hgt(p) = 0 (and then domg = {A})put ¢(A) = T,where T € ST.
The following lemma leads to systems of bigger height.

Lemma 3.2 Assume that P C ST is a STF and ¢ = {Ty};co<n € SS(P).

@ If so €2", and T € ST, T C Ty,, then there is a system ¢’ = {T,};cr<n €
SS(P) which refines ¢ and satisfies TS/0 =T.
(ii) There is a system @' = {T}},cp<nt1 € SS(P) which properly extends ¢.
(iii) If a system r properly extends ¢ and a system ' refines r then v’ properly
extends ¢ as well.

Proof By definition all strings r; = stem(7y) with s € 2" satisfy 1h(ry) = h for
one and the same & = h(n). To prove (i) put 7, = {r "t 1rgy "t € T} = (rgo15) + T
forall s € 2", and still T/ = Ty for s € 25"~ The sets T/ belong to P by (II) of
Sect. 2.

(ii) Put Ts/Ai =T[, ~; forall s € 2" and i =0, 1, and still T] =T fors € AU
The sets T/, belong to P by (I) of Sect. 2. O
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By the lemma, if P C ST is a STF then there are strictly <-increasing sequences
{@n}n<w of systems @, € SS,(P). The limit system ¢ = J,, ¢ = {Ts}se2<0 of such
a sequence satisfies conditions (1)—(4) on the whole domain 2<¢.

Lemma 3.3 (Fusion) In this case, the tree T = (|, U Ts is still a Silver tree in
ST (not necessarily in P), and [T] =, Useon[T5].

We define SS(P)<®, the finite-support product of countably many copies of
SS(P), to be the set of all infinite sequences @ = {®(k)}ien, Where each @ (k)
belongs to SS(P) and the set |@| = {k: @ (k) # A} (the support of @) is finite.
Sequences @ € SS(P)=® will be called multisystems.

Say that a tree T occurs in @ if it occurs in some @ (k), k € |®]|.

Let @, ¥ be multisystems in SS(P)<®. We define that

— @ extends W, symbolically ¥ < @, if ¥ (k) < @ (k) (in SS(P)) for all k—then
obviously |¥| C |®|;

- ¥ < @, iff |¥| C |®]| and ¥ (k) < @ (k) properly for all k € |¥|;

— @ refines W iff @ (k) refines W (k) forall k € |¥].

Corollary 3.4 (of Lemma 3.2(ii)) If P C ST isa STF and ¥ € SS(P)<® then there
is a multisystem @ € SS(P)~% such that ¥ < ®.

4 Jensen’s extension of a Silver-type forcing

Let ZFC’' be the subtheory of ZFC including all axioms except for the power set
axiom, plus the axiom saying that & (X) exists for all countable sets X. (Then w;
and continual sets like PT and ST exist as well.)

Definition 4.1 Let 91 be a countable transitive model of ZFC'. Suppose that P € 911,
P C ST is aregular STF. Then the sets SS(P) and SS(P)<® belong to 91.

Let us consider any <-increasing sequence ¢ = {&®/} j<w of multisystems &/ =
{DJ(k)}kew € SS(P)=®, generic over M in the sense that it intersects every set
D eM, D CSS(P)<, dense> in SS(P)<®. Then ¢ intersects every set

Dy = {® € SS(P)~?: VK <k (k < hgt(®(k))}.

Hence if k < o then the sequence {@/ (k)}; ., of systems @/ (k) € SS(P) eventually
increases: ®J (k) < ®JT1(k) holds for infinitely many indices j (and @/ (k) =
@1 (k) for all other j). Thus there is a system of trees {T;?)(S)}k<amsez<w in P
such that @/ (k) = (T¥(5)}ser<ni for all j,k, where h(j, k) = hgt(®/ (k).
Then

Ui =Ny User T ) and UZ(s) = Myzangs) Urear, s T )

are trees in ST (not necessarily in P) by Lemma 3.3 for each k and s € 2=%; and
obviously UP = U (A). Infact UY (s) = UP N T{ (s) by (2).

5 Meaning that for any ¥ € SS(P)<¢ there is a multisystem @ € D such that ¥ < @.
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716 V. Kanovei, V. Lyubetsky

Define a set of trees U = {o - U,df(s) k<wAse2~? Ao €2°?} CST.
Lemma 4.2 The set U is a STF. The union P U U is a regular STF.
Lemma 4.3 The set U is dense in UU P.

Proof Suppose that T € P. The set D(T) of all multisystems @ in SS(P)<®,
such that @(k)(A) = T for some k € |®|, belongs to 91 and obviously is dense
in SS(P)<®. It follows that @/ € D(T) for some j, by the choice of ¢. Then
TP (A) =T for some k. However UY (A) € TP (A).

Lemmad4.4 [faset D € MM, D C P is pre-dense in P, and U € U, then U cfin
\J D, that is, there is a finite D' C D with U € |J D'.
Moreover D remains pre-dense in U U P.

Proof Suppose that U = Uﬁ(s) € U, K < wand s € 2=“. (The general case,
when U =0 - U %(s) for some o € 2=, is easily reducible to the particular case
U= Uﬁ(s) by substituting the set {o «+ T : T € D} for D.) Consider the set A € I
of all multisystems @ € SS(P)~® such that K € |®|, 1h(s) < h = hgt(®(K)),
and for each ¢ € 2" there is a tree S, € D with D(K)(t) € S;. The set A is dense
in SS(P)=® by Lemma 3.2 and the pre-density of D. Therefore there is an index j
such that @7 belongs to A. Let this be witnessed by trees S; € D, t € 2" where
1h(s) < h = hgt(®/(K)), so that &/ (K)(t) C S;. Then

U=Up(s) SURA) S Ujerr /(K0 S Uperr St U D’

by construction, where D' = {S; :r € 2’1} C D is finite.

To prove the pre-density of D, consider any string r € 2" with s C . Then
V = U%(t) € Uand V C U. On the other hand, V C §; € D. Thus the tree V
witnesses that U is compatible with S; € D in U U P, as required. O

Let FIN = {x € 2% : the set {k : x(k) = 1} is finite}; a countable set.
Lemmad.5 If U =U%(s) € U then [UINFIN = .

Proof If n < w then the set A, € 91 of all multisystems @ € SS(P)<® such that
K € |®|,and forany s € 2" where h = hgt(®(K)), and each x € ®(K)(s), there
is ' > n with x(n’) = 1, is dense in SS(P)~®. O

5 Forcing a real to avoid a pre-dense set

We assume that P is a STF in this section.

Arguing in the conditions of Definition 4.1, the goal of Theorem 5.2 below will be
to prove that, for any P-name ¢ of areal in 2¢, it is explicitly forced by the extended
forcing P U U that ¢ does not belong to sets [U] where U is a tree in U—unless ¢
is a name of one of reals in the Eg-class of the generic real x itself.
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A definable E( class containing no definable elements 717

Lemmas.1l If Re P, ¢ = {Ts},co<n €SS, (P), and f : 2 — 2 is continuous,
then there exists a tree T € P, T C R, and a system ¢’ = {T]},cr<n € SSp(P)
which refines ¢, such that [U]N (f ’[T]) = @, where U = UsEZrl TS/.

Proof Let s € 2". Thereisatree T € P, T C R, and a string u € 2<% such that
1h(u) > 1h((stem(Ty))) and f7[T] C [u]. ® There is astring v € Ty incomparable
with u. Put § = T [ ,; then [S]N f7[T] = @. By Lemma 3.2(i), there is a system
@' ={T/};cr<n € SS(P) whichrefines ¢ and satisfies T} = S, hence [T; 1N f”[T] =
@ . ITterating this construction for all s € 2", we get atree T C R and a system
¢ = {T]};cr<n € SS(P) which refines ¢, such that [T,] N f”[T] = @ for each
s e 2™

Theorem 5.2 In the assumptions of Definition 4.1, suppose that f : 2 — 2% isa
continuous map coded’ in M, and for every o € 2<% the set

Dy(o)={T e P: (o - [TDN(f"[T]) =2}

is dense in P. Assume that W € PUU, and U € U. Then there exists atree V € U,
V C W satisfying [U]IN (f’[V]) = 2.

Proof By construction, U = p - U}‘];(so), where K < w and p, 59 € 2=%; we can
assume that simply so = A,sothat U = p - U ﬁ Further, we can assume that
p = A,sothat U = U% (Otherwise consider the map f'(x) = p - f(x).) By
Lemma 4.3, we can assume that W € U, thatis, W =n - Uf(to), where n € 2<%,
L < w,and fyp € 2=“. And we can assume that = A (the empty string), that
is, W =U dL]’(to) € U. (Otherwise consider the map f'(x) = f(n - x) and the tree
W =n-W=UZ(@))

The indices K, L involved can be either equal or different.

There is a number J such that the multisystem &7 = (D7 (k)}reo satisfies K, L €
|®7| and hgt(®7 (L)) > 1h(1), so that the trees

So =@’ (K)(A) =T%(A) and Ty =@’ (L)(t9) = T¥(10)

in P are defined. Note that U € Sg and W C Tp.
Consider the set 2 of all multisystems @ = {® (k) }rcey € SS(P) <% such that

hgt(@7(L)) < g =hgt(®(L)), hgt(®’(K)) <h=hgt(®(K)), (*)

and there is a tree T € [ satisfying the following:

(D) [SIN(f7IT]) = @, where S = [J;on P(K)(s); and
2) T =d(L)(t),where r € 28 and ty C ¢.

6 Recall that [u] = {a € 2% : u C a} is the Baire interval in 2.
7 The code of a continuous f 29 — 2% is the family of sets C; = {u € 2<% : f7[u] C [t]}, t € 2%
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718 V. Kanovei, V. Lyubetsky

Lemma 5.3 & is dense in SS(P)=<®.

Proof Consider a multisystem @* € SS(P)<?; the goal is to get a multisystem
@' € 9 with &* g @’. By Corollary 3.4 there is an intermediate multisystem
@ = {D(k)}rew € SS(P)=? satisfying @* < @ and condition (*) as above. Now
if a multisystem @’ € SS(P)=< refines @ then it satisfies @* < @’ and &* < @’.
Thus it suffices to find a multisystem @’ € 2 which refines @ .

Pick a string ¢ € 28 with fp C t andlet R = ¢r(f); RS Ty isatreein P.

Case 1 K # L.By Lemma 5.1, there exist: atree T € P, T C R, and a splitting
system ¢" = {T}/},c,<i € SS(P) whichrefines @(K), such that [UIN(f"[T]) = &,
where U = | Jcon Ty . Further, by Lemma 3.2(i), there is a system ¢” = {7}, co<¢ €
SS(P) which refines ¢, and satisfies 7,/ = T . Define a multisystem @’ € SS(P)<®
so that @'(K) = ¢', @'(L) = ¢", and ®'(k) = & (k) for all other values of k. Then
@' belongs to 2 (witnessed by T and 7) and is a refinement of @, as required.

Case 2 L = K, and hence g = h. The Case 1 argument does not work since we
cannot independently shrink two different trees in the top level of @ (K) because of
(4) of Sect. 3. We’ll make use of the density assumption of the theorem instead. By
(3) of Sect. 3, let H = 1h(stem(®(K)(s))) for any/all s € 2h.

By the density of sets Dy(c), thereisatree T € P, T C R = ®(K)(¢), which
satisfies (o « [T]) N (f”[T]) = @ forall o € 2 (a finite set of o s). As above, there
is asystem ¢’ = {T},co<i € SS(P) which refines @(K) and satisfies 7/ = T.

Still by (4) of Sect. 3,if s € 2" then thereis astring o € 2# suchthat T/ = o+ T/ =
o « T . Then by construction [TS’] N(fIT) = (o - [TDN(f’[T]) = <, so that we
have [T/]1N (f”[T]) = @ for all s € 2. Therefore the multisystem @’ € SS(P)=<®
defined by @'(K) = ¢’ and @' (k) = ®(k) for all k # K, belongs to 2 (which is
witnessed by T and 7) and refines @, as required. O (Lemma)

Come back to the proof of the theorem. The set & belongs to 9t since f is coded
in 901. Therefore, by the lemma, there is an index j > J such that the multisystem &/
belongs to Z. Let this be witnessed by a tree T = &/ (L)(t) € Ty = &7 (L)(t9) =
ng(to), satisfying (1) above, where ¢ € 28, g = hgt(®/(L)),and ) C ¢.

Consider the tree V = U‘E(r) € U. Thenboth V € Wand V € T C Ty by
construction. Therefore [S]N (f’[V]) = & by (1), where § = Usezh I (K)(s) =
Useor TS (s), h = hgt(®/(K)). Finally, U = U} C S, so that [UTN (f7[V]) =
. O

6 Jensen’s forcing

In this section, we argue in L, the constructible universe.
Let <y, be the canonical wellordering of L.

Definition 6.1 (in L) Following Jensen [6, Section 3], define, by inductionon § < w,
a countable STF U (Sect. 2), as follows.

Let Uy consist of all trees T, = {v:u C vV v C u} C 25, where u € 2=%,
including 2= = T}, itself. (Note that [T,,] = [u] = {x € 2 :u C x}.)
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A definable E( class containing no definable elements 719

Suppose that 0 < A < wp, and countable sets Us € ST are defined for £ < A.
Let 9M¢ be the least model I of ZFC' of the form L,, x < w;, containing the
sequence {Ug}e<y and such that A < aﬁm and all sets Ug, & < A, are countable in

M. Then P = [J;_; Ug is a regular STF countable in 9. Let ¢ = {®7}0 be
the <y -least sequence of multisystems @/ € SS(P;)<®, <-increasing and generic
over M, . Define U, = U as in Definition 4.1. This completes the inductive step.

After the inductive construction is accomplished, let P = [J;_,, Ug; then P isa
regular STF since Uy C P.

Proposition 6.2 (in L) The sequence {Ug }¢ <, belongs to A?C.

Lemma 6.3 (in L) Ifa set D € Mg, D C P¢ is pre-dense in Pg then it remains
pre-dense in P. Therefore if § < w; then Ug is pre-dense in P.

Proof By induction on A > &, if D is pre-dense in [P, then it remains pre-dense in
Ps+1 = P, U U, by Lemma 4.4. Limit steps are obvious. To prove the second part,
note that Ug is dense in P¢1; by Lemma 4.3, and Ug € Mg 1. o

Lemma 6.4 (in L) If X € HC = L, then the set Wx of all ordinals § < w
such that (Lg ; X N Lg) is an elementary submodel of (L, ; X) and X NLg € M
is unbounded in wi. More generally, if X, € HC for all n then the set W of
all ordinals & < wy, such that (Lg; {X, N Lg},<w) is an elementary submodel of
(Lo s { Xntn<w) and {X, N Lglhcw € Me, is unbounded in w .

Proof Let &y < w;. Let M be a countable elementary submodel of L,,, containing
nto

&, w1, X, and such that M NL,, is transitive. Let ¢ : M o L, be the Mostowski
collapse, and let § = ¢(w;). Then §) < § < A < wy and ¢(X) = X N L¢ by the
choice of M. It follows that (Lg; X N Lg) is an elementary submodel of (L, ; X).
Moreover, & is uncountable in Ly , hence L, C 2. We conclude that X NLg € M,
as X NLg € L, by construction.

The second claim does not differ much. |

Corollary 6.5 (compare to [6], Lemma 6) The forcing P satisfies CCC in L.
Proof Suppose that A C P is a maximal antichain. By Lemma 6.4, there is an ordinal
& such that A” = A N Pg is a maximal antichain in P¢ and A" € 9. But then

A’ remains pre-dense, therefore, still a maximal antichain, in the whole set P by
Lemma 6.3. It follows that A = A’ is countable. O

7 The model
We consider the set of trees P € L. (Definition 6.1) as a forcing notion over L.

Lemma 7.1 (compare to Lemma 7 in [6]) A real x € 2% is P-generic over L iff
xezZ= ﬂ§<a){‘ UUGU; [U].
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Proof If &€ < w% then Ug is pre-dense in P by Lemma 6.3, therefore any real x € 2¢
[P -generic over L belongs to UUE[Ug [U].

To prove the converse, let x € Z. Prove that x is [P-generic over L. Consider a
maximal antichain A C P in L and show that x € UTe A4[T]. Note that A C P¢ for
some £ < w% by Corollary 6.5. But then every tree U € Ug satisfies U cfin | J A by
Lemma 4.4, so that Jy ¢y, (U] € UrealT], and hence x € Urey[T1, as required.

O

Corollary 7.2 (compare to Corollary 9 in [6]) In any generic extension of L, the set
of all reals in 2% P -generic over L is HFC and 1721.

Proof Use Lemma 7.1 and Proposition 6.2. O

Definition 7.3 From now on, let G € P be a set P-generic over L, so that X =
NreglT] is asingleton X = {xg}, where xg € 2.

Compare the next lemma to Lemma 10 in [6]. While Jensen’s forcing notion in [6]
guarantees that there is a single generic real in the extension, the forcing notion P we
use adds a whole Eg-class (a countable set) of generic reals!

Lemma 7.4 (in the assumptions of Definition 7.3) If y € L[G] N 2% then y is a
P -generic real over L iff y € [xglg, = {0 - xg : 0 € 2=“}.

Proof Thereal x¢ itself is P-generic, of course. It follows that any real y = 0 +xg €
[xG]g, is P-generic as well since the forcing P is by definition invariant under the
action of any string o € 2<%,

To prove the converse, suppose towards the contrary that there is a P-real name
¢ € L suchthatatree T € P P-forces that ¢ is P-generic and ¢ # o - & for all
o € 2<¢, where X is a canonical P-name for the real xg . To represent ¢ as f(xg),
where f :2“ — 2% is a continuous function coded in L, we define C,"l ={SekP:
S forces that ¢(n) =i} (n < w and i = 0, 1), so that each set C,, = C,? U C,{ is
dense in P. Arguing in L, let A, C C, be a maximal antichain; then each A, is
countable (in L) by Corollary 6.5. Therefore there is a limit ordinal A < a)% such that
Un A, € P, and each A, belongs to 2N; . We may assume that 7 € P, (otherwise
increase \).

By construction and Lemma 4.3 there is a tree R € Uy, R € T (a stronger
condition). By construction and Lemma 4.4 we have R cfin |J A, for each n,
meaning that there exists a finite set A, C A, with R € |J A},. Let g : [R] — 2 be
defined so that g(x)(n) =i iff x € [U] for some U € A, N C,i. This is a continuous
function on [R], a compact set, coded in L. One routinely checks that R [P-forces
that ¢ = g(x).

Now, still arguing in L, we are going to define a continuous extension f : 2 — 2
of g satisfying the following extra condition:

(*)if x € 2 N [R] then f(x) € FIN, that is, the set {k : f(x)(k) = 1} is finite.

If x € [R] then put f(x) = g(x). Now, suppose that x € 2“ ~ [R]. Let
my be the largest m with x[m € R. Let s[x] = (x[my)"(1 — x(my)), so that
s[x] € R but s[x] ¢ x. Let y, be the lexicographically leftmost element of the set
[R5 = {y € [R]:s[x] C y}. Finally let f(x) = (g(yx) [ my) 0% (the extension
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of g(yx) [m, € 2=¢ by infinitely many zeros). Then 1, is finite. One easily proves
that f : 2“ — 2% a continuous extension of g satisfying (*) (and still coded in L),
and R forces ¢ = g(X) = f(¥).

Once again we can assume that f is coded even in 9, . (If not then replace A by
an appropriate ordinal A’ > A and replace R by atree R’ € U/, R C R.)

Let 0 € 2=, We claim that the set D (o) of all trees S € P satisfying (o -[S]) N
(f7[S]) = 9,isdensein P.Indeedlet U € P.If U £ R, thenlett € U . R and
S=Ul,;thus S e P, S CU,but [SIN[R] = <. We may assume that S € Ug for
some & > 1. Then [S] N FIN = @ by Lemma 4.5, hence (o - [S]) N FIN = &, but
f7[S] € FIN by construction, hence (o - [S]) N (f”’[S]) =@ and S € Dys(c). Now
assume that U € R. Then U forces ¢ = g(X) = f(X), hence, forces f(X) #o - X.
Then there are two incompatible strings u, v € 2=~ and atree S € P, S C U, which
forces u C o - % and v C f(x). Theneasily S C [0 -u] = {o-x:u C x} but
f7LS] < [v]. It follows that (o - [S]) N (f”[S]) = @ (since u, v are incompatible),
therefore S € Dyr(0).

By Lemma 6.4, there is a limit ordinal p > A such that each set D}- (0) =Dy(o)N
P, isdensein P, . Applying Theorem5.2with P = P,,U = U,,and PUU = P, 4,
we conclude that for each U € U, the set Qy of all conditions V € P, satisfying
[UIN(f’[V]) € FIN is dense in P,11. As obviously Qy € 9M,41, we further
conclude that each Qp is pre-dense in the whole forcing P by Lemma 6.3. This
implies that R forces ¢ = f(X) ¢ UUeU_Jﬂ[U], hence, forces that ¢ is not P-generic,
by Lemma 7.1. But this contradicts to the choice of T . O

Lemma 7.5 (in the assumptions of Definition 7.3) The real x¢ is not OD in L[G].

Proof Suppose towards the contrary that T € G, ¥ (x) is a formula with ordinal
parameters, and 7 [P-forces that xg is the only x € 2¢ satisfying ¥ (x). Let s =
stem(T), so that both s0 and s”1 belong to T . Then either s "0 C xg or s1 C
xG; let, say, s”0 C xg.Let n = 1h(s) and o = 0""1, so that all three strings
570,51, 0 belong to 2"+ and s"1 = o - s"0. As the forcing P is invariant under
the action of o, the set G’ = o - G is P-genericover L,and T/ =0 - T € G'. We
conclude that it is true in L[G’] = L[G] that the real x’ = x5 = o - xg is still the
only x satisfying ¢ (x). However obviously x" # x! O

Now, the set X = [xg]g, is exactly the set of all [PP-generic reals in the [P-generic
model L[G] = L[xg] by Lemma 7.4, hence it belongs to 172l by Corollary 7.2, and
it contains no OD elements by Lemma 7.5, as required. O (Theorem 1.1)

8 Concluding remarks

Theorem 1.1 also solves another related question asked at the Mathoverflow website 8 :
namely, is there an example of a set S definable in ZFC and provable in ZFC to be
countably infinite, while at the same time, no set definable in ZFC can be proved in
ZFC to be an element of S ? To define such an example, let (1) § = [x]g, provided

L\ question about definable non-empty sets containing no definable elements. Mathoverflow, February
11, 2013, http://mathoverflow.net/questions/121484.
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the set universe is equal to the class L[x] as in Theorem 1.1, and (2) simply § =
otherwise. Suppose towards the contrary that ZFC proves that the real x, uniquely
defined by a certain fixed formula, outright belongs to S. Then in particular this must
be true in case (1), contrary to the definition of S via Theorem 1.1.

Speaking of Theorem 1.1, one may ask does it generalize to other typical equiva-
lence relations. Here we immediately face a negative result.

Lemma 8.1 Suppose that E is a Borel equivalence relation on w®, smooth via a
Borel map f : w® — 2%, and f is A%(p), where p € w® is OD. If x € w® and
the equivalence class [x]g is OD then [x]g contains an OD element.

Proof Inour assumptions, a = f(x) is OD as well. We conclude that [x]g = f‘l (a)
is a A%(a, p) set. By the Kondo—Addison uniformization, it contains a Aé(a, p)
element y € [x]g. But a, p € OD, hence, y is OD as well. |

It follows that Theorem 1.1 fails for a smooth equivalence relation E defined in L
instead of Eq. But it holds for Borel non-smooth countable relations (i.e., those with
countable equivalence classes).

Lemma 8.2 Suppose that, in the context of Theorem 1.1, E is a Borel non-smooth
countable equivalence relation on w® in L. Then, in L[x], there is a real y such that
the equivalence class [ylg is OD but contains no OD elements.

Proof By the Glimm — Effros dichotomy theorem [4], it is true in L that there is a
1 — 1 Borel reduction f : 2% — w® of Eg to E, sothat a Eq b iff f(a) E f(b). Let
f be Aj(p) in L; p € LN w®. By Shoenfield, it is true in L[x] that f : 22 — @®
is still a A%(p) reduction of Eg to E.? Let y = f(x). Then the E-class

Ve = {f () 2" € [xIg, e

of y is OD since such are [x]g, and f. Prove that [y]g has no OD elements.

First of all, y itself cannot be OD as x = f_l (y) isnot OD.

Further, it holds in L by the Feldman — Moore theorem (see, e.g. [8, 7.4.1]) that
E is induced by a Borel action - of a countable group G on w®, thatis, z E 7’ iff
dgeG(z =g-7).Let- be A}(r), where r € ® in L. Once again by Shoenfield,
it holds in L[x] that - is a A}(r) action of G that induces E. Now let y' € [y]g in
L[x]. Then there is an element g € G such that y = g - y'. Therefore y is A{(r, ).
It follows that if y’ is OD then so is y. But the latter is false by the above. O

Question 8.3 Is Lemma 8.2 still true for non-countable Borel equivalence relations
E, beginning say with E; ?
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9 We use the same symbol f to denote both f € L itself, which is a Borel map in L, and its natural
extension in V. The same for E( and E.
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