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Abstract

We make use of a finite support product of the Jensen minimal I7}
singleton forcing to define a model in which IT2 Uniformization fails for a
set with countable cross-sections. We also define appropriate submodels of
the same model in which Separation fails for I73.

1 Introduction

The uniformization problem, introduced by Luzin [13], is well known in modern
set theory. (See Moschovakis [14] and Kechris [I12] for both older and more
recent studies.) In particular, it is known that every 31 set can be uniformized
by a set of the same class X3, but on the other hand, there is a H% set (in fact,
a lightface ITJ set), not uniformizable by any set in TT3.

The negative part of this result cannot be strengthened much further in the
direction of more complicated uniformizing sets since any I} set admits a Aé—
uniformization assuming V = L and admits a Hé—uniformization assuming the
existence of sharps (the Martin — Solovay — Mansfield theorem, [I4, 8H.10]).

However, the mentioned IT}-non-uniformization theorem can be strength-
ened in the context of consistency. For instance, the IT} set

P={(z,y): 2,y € 2 Ny ¢ Lz]}

is not uniformizable by any ROD (real-ordinal definable) set in the Solovay
model and many other models of ZFC in which it is not true that V = Lz]
for a real x, and then the cross-sections of P can be considered as “large”, in
particular, they are definitely uncountable. Therefore one may ask:
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Question 1.1. Can such a ROD-non-uniformizable I13 set P have the property
that all his cross-sections are at most countable?

This question is obviously connected with another question, initiated and
briefly discussed at the Mathoverflow exchange desk and at FOME :

Question 1.2. Is it consistent with ZFC that there is a countable definable set
of reals X # @ which has no OD (ordinal definable) elements.

Ali Enayat (Footnote 2]) conjectured that Question can be solved in the
positive by the finite-support product P<“ of countably many copies of the
Jensen “minimal IT} real singleton forcing” P defined in [7] (see also Section
28A of [5]). Enayat demonstrated that a symmetric part of the P<“-generic
extension of L definitely yields a model of ZF (not a model of ZFC!) in which
there is a Dedekind-finite infinite OD set of reals with no OD elements.

Following the mentioned conjecture, we proved in [8] that indeed it is true
in a P<“-generic extension of L that the set of P-generic reals is a count-
able non-empty I13 set with no OD elementsﬂ Using a finite-support product
Hg . P¢<*, where all P are forcings similar to, but different from, Jensen’s
forcing P (and from each other), we answer Question [[.T] in the positive.

Theorem 1.3. In a suitable generic extension of L, it is true that there is a
lightface I3 set P C 2% x 2% whose all cross-sections P, = {y: (z,y) € P}
are at most countable, but P is not uniformizable by a ROD set.

Using an appropriate generic extension of a submodel of the same model,
similar to models considered in Harrington’s unpublished notes [3], we also prove

Theorem 1.4. In a suitable generic extension of L, it is true that there is a
pair of disjoint lightface H?} sets X, Y C 2%, not separable by disjoint E% sets,
and hence IIY Separation and II3 Separation fail.

This result was first proved by Harrington in [3] on the base of almost dis-
joint forcing of Jensen — Solovay [6], and in this form has never been published,
but was mentioned, e.g., in [14) 5B.3] and [4, page 230]. A complicated alter-
native proof of Theorem [[.4] can be obtained with the help of countable-support
products and iterations of Jensen’s forcing studied earlier in [I], 10, [IT]. The
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finite-support approach which we pursue here yields a significantly more com-
pact proof. As far as Theorem [I.3lis concerned, countable-support products and
iterations hardly can lead to the countable-section non-uniformization results.
We recall that the H% Separation hold in L, the constructible universe.
Thus Theorem [[4] in fact shows that the IT} Separation principle is “killed” in
an appropriate generic extension of L. It would be interesting to find a generic
extension in which, the other way around, the E% Separation (false in L) holds.

Acknowledgement. The authors thank Jindra Zapletal and Ali Enayat for
fruitful discussions.

2 Trees, perfect-tree forcing notions, splitting

Let 2<“ be the set of all strings (finite sequences) of numbers 0,1. If ¢ € 2<%
and i = 0,1 then t"k is the extension of ¢ by k. If s, € 2<% then s C ¢t means
that ¢ extends s, while s C t means proper extension. If s € 2<% then 1hs is
the length of s, and 2" = {s € 2<“: 1hs = n} (strings of length n).

A set T C 2<% is a tree iff for any strings s C ¢t in 2<%, if t € T then s € T.
Thus every non-empty tree T' C 2<% contains the empty string A. If T C 2<%
isatree and s € T thenput T'[,={t€T:sCtVtCs}.

Let PT be the set of all perfect trees @ # T C 2<“. Thus a non-empty tree
T C 2<% belongs to PT iff it has no endpoints and no isolated branches. Then
there is a largest string s € T' such that 7' = T'[; it is denoted by s = stem(T")
(the stem of T'); we have s1 € T and s"0 € T in this case.

Each perfect tree T' € PT defines [T] = {a € 2* :Vn(a|n € T)} C 2¢, the
perfect set of all paths through T .

Definition 2.1. A perfect-tree forcing notion is any set P C PT such that if
u€eT € P then T'[, € P. Let PTF be the set of all such P C PT. O

Such a set P can be considered as a forcing notion (if 7C T” then T is a
stronger condition); such a forcing P adds a real in 2.

Example 2.2. If s € 2<% then the tree Iy, = {t € 2<¥:s CtV t C s} belongs
to PT and the set Py = {I;:s € 2<“} is a perfect-tree forcing. O

Lemma 2.3. If P,P' € PT, T € P, T' € P’, then there are trees S € P,
S" € P such that SCT, S CT', and [S|N[S]=2.

Proof. If T =T’ then let s = stem(T) and S =T 4ng, S' = T'[4n;. If say
TZT thenlet se T\T", S=T],, and simply ' =1T". O



If P € PTF then let FSS(P) be the set of all finite splitting systems over P,
that is, systems of the form ¢ = (T) co<n, where n = hgt(p) < w (the height
of ¢), each value Ts = (s) is a tree in P, and

(x) if s € 2<™ (¢ = 0,1) then T,n; C Ts and stem(Ts)"i C stem(Tyn;) —
it easily follows that [Tsag] N [Tsno] = 2.

Let ¢, be systems in FSS(P). Say that

— ¢ extends 1, symbolically 1) < ¢, if n = hgt(¥) < hgt(p) and ¥(s) =
©(s) for all s € 2<™;

— properly extends 1, symbolically ¥ < ¢, if in addition hgt(y) < hgt(y);

— reduces 1, if n =hgt(¢)) = hgt(y), @(s) C ¥(s) for all s € 201 and
CP(S) = 1/1(3) for all s € 2<het(p)—1

In other words, reduction allows to shrink trees in the top layer of the system,
but keeps intact those in the lower layers.

The empty system A is the only one in FSS(P) satisfying hgt(A) = 0. To
get a system ¢ € FSS(P) with hgt(p) = 1 take any T' € P and put p(A) =T
The next lemma provides systems of bigger height.

Lemma 2.4. Assume that P € PTF. If n > 1 and 1 = (Ts)seo<n € FSS(P)
then there is a system ¢ = (Ts)sco<n+1 € FSS(P) which properly extends 1.

Proof. If s € 2"7! and i = 0,1 then let Tyr; = Ty [ stem(T) i - O

Corollary 2.5. Let P € PTF. Then there is an <-increasing sequence {©pn)n<w
of systems in FSS(P). In this case the limit system ¢ = J,, on = (Ts)sea<w
satisfies of Section[2 on the whole domain 2<%, T = (), Uscon Ts is a perfect
tree in PT (yet not necessarily in P), and [T] =, Uscon[Ts]- O

Say that a tree T occurs in ¢ € FSS(P) if T = (s) for some s € 2<h&t(¥)

3 Multitrees and splitting multisystems

Suppose that ¥ € Ord and p = (P¢)ecy is a sequence of sets P € PTF. We'll
systematically consider such sequences below, and if g = <Q§>5<19 is another
such a sequence of the same length then let pVg = (P¢ U Q¢)e<y-

Definition 3.1. A p-multitree is a “matrix” of the form 7 = (T, €k>izfn where
each 7(§, k) = T¢y, belongs to P¢, and the support |7| = {(&, k) : Ter, # 29} is

finite. Let MT(p) be the set of all p-multitrees. If 7 € MT(p) then let
(7] = {z €27V (g k) €| (@(& k) € [T R}



this is a cofinite-dimensional perfect cube in 29%%.

A p-multisystem is a “matrix” of the form & = (gogm>§n<<ﬁw, where each
®(&,m) = @em belongs to FSS(P¢), and the support |®| = {(&,m) : per, #
2<%} is finite. Let MS(p) be the set of all p-multisystems.

Say that a multitree 7 = <T§k>ij¢i occurs in a multisystem ® = <<p§m>§n<<’9w
if |7| C |®| and for each (£,k) € |7| there is a number m < w and a string

s € 2<% with 1hs < hgt(pem) such that Tep = @em(s). O

The set MT(p) is equal to the finite support product H§<19([P§)“ of ¥ x w-
many factors, with each factor P¢ in w-many copies. Accordingly, the set MS(p)
is equal to the finite support product [[._,(FSS(P¢))* of (¥ xw)-many factors,
with each factor FSS(P¢) in w-many copies. We order MT(p) componentwise:
o < 7 iff o(,k) C 7(§,k) in P¢ for all £, k. The forcing MT(p) adds a
“matrix” <$£k>izi’ where each x¢j, € 2 is a P¢-generic real.

If &, ¥ € MS(p) then we define

- U< iff U(E,m) =P m) (in FSS(P¢)) for all &, m;

— & reduces ¥ iff |¥| C |®| and ®(&,m) reduces ¥(&, m) for all pairs
(€,m) € |Vl;

— &KV iff |[®C|¥|and ®(§,m) =< V(& m) for all ({,m) € |P|.

Lemma 3.2. If ® < ¥ and @' reduces V then still ® << &' and & < ®'. O

4 Jensen’s extension of a perfect tree forcing

Let ZFC' be the subtheory of ZFC including all axioms except for the power
set axiom, plus the axiom saying that 22 (w) exists. (Then w; and continual
sets like PT exist as well.) Let 9 be a countable transitive model of ZFC'.

Suppose that p = (P¢)ec € M is a sequence of (countable) sets P € PTF,
of length 6 < wi". Then the sets P¢ and FSS(P¢) for all £ < 0, as well as the
sets MT(p) and MS(p), belong to M, too.

Definition 4.1. (i) Let us fix any <-increasing sequence ¢ = (®7),,, of multi-
systems ®7 = <<p%m>§n<<w € MS(p), generic over 9 in the sense that it intersects
every set D € M, D C MS(p), dense in MS(p) .

(ii) Suppose that £ < 6 and m < w. In particular, the sequence ¢ intersects

every set of the form

Demp = {® € MS(p) : hgt(®(&,m)) > h}, where h <w.

* Meaning that for any ¥ € MS(p) there is ® € D with ¥ < ®.



It follows that the sequence (cpgm>j<w of systems gpgm € FSS(P¢) satisfies
goém =< gpgi_ll for infinitely many indices j (and goém = gpgi_ll for other j).

(iii) We conclude that the limit system g7, = U, gogm has the form
(T'¢,,(5))sea<w such that each T, (s) is a tree in P¢, and if j < w then we
have o, = (T () sepchirem  where h(j,,m) = hgt(gh,).

(iv) Moreover, by Corollary 2.5 the trees

Uﬁm = nn Us€2” Tfm(s) ’ Uﬁm(s) = nnzlhs Ut€2”, sCt Tfm(t)

belong to PT (not necessarily to P¢) for each s € 25 thus Uy, = Uy, (7).
(v) If £ < 0 then let Ug = {Ug,,(s) :m <wAs €25}
Let u= <[U§>§< .
Finally let pVu = (P¢ U Ug)ec . O

Lemma 4.2. (i) if ({,m) # (n,n) then U, |N[U,,]=2;
(i) if £<06, m<w, s €2, then Uy, (s) = Ug, N T, () ;

(iii) of £ < 6, m < w, and strings s C t belong to 2=¢ then [T, (s)] C

(iv) If € <0, m < w, and strings t' # t in 2<% are C-incomparable then
[Uen()] N [Ugp ()] = [T, ()] N [T (8)] = 2.

Proof. By Lemma 23] the set D of all multisystems ® such that the pairs
(¢,m), (n,n) belong to |®| and, for some h < min{hgt(®({,m)),hgt(®(n,n))},
we have [®(&,m)(s)] N [®(n,n)(t)] = @ for all s,t € 2", is dense.

easily follows from of Section 2 is obvious.

Note that [p(s70)] N [p(s"1)] = @ for any system ¢ with hgt(p) >
1+ 1hs by [(x)] of Section 2 Therefore [T',,(s"0)] N [T, (s"1)] = 2. O

It follows that if U € U£< Ue then there is a unique triple of £ <0, m < w,
and s € 25 such that U = Uy,,,(s)!

Lemma 4.3. If { <0 then the sets Ug and Pe U U belong to PTE . O

Lemma 4.4. Let £ <0. The set Ug is dense in Ug U Pe.

Proof. If T' € P¢ then the set D(T) of all multisystems & = (¢5m>§n<<w in
MS(p), such that ¢¢p,(A) = T for some k, belongs to 9 and obviously is
dense in MS(p). It follows that ®/ € D(T) for some J < w, by the choice of
®. Then T,,(A) =T for some m < w. However Uy, (A) C T¢,,(A). O



Lemma 4.5. If £ <0 and a set D € M, D C P¢ is pre-dense in P¢, and
U € Ug, then U C*® | D, that is, there is a finite set D' C D with U C |JD'.

Proof. Suppose that U = Uy,(s), M < w and s € 2<%, Consider the set
A € M of all multisystems ® = (pgr,) € MS(p) such that ({, M) € |P|,
lhs < h = hgt(pen), and for each t € 2771 there is a tree S; € D with
wem(t) € S. Theset A is dense in SC<“(P) by the pre-density of D. Therefore
there is an index J such that ®’ belongs to A. Let this be witnessed by trees
S; € D,tec 2"l where 1hs < h = hgt(gogM), so that gng(t) C S;. Then

U=Ugpy(s) SUep(A) S Urean 0 (t) € Uean St CUD
by construction, where D' = {S;:t € 2"~} C D is finite. O

Lemma 4.6. If a set D € M, D C MT(p) is pre-dense in MT(p) then it
remains pre-dense in MT(pVu).

Proof. Given a multitree 7 € MT(pVu), prove that 7 is compatible in MT(pVu)
with a multitree o € D. For the sake of brevity, assume that 7 € MT(u) and
|| = {(n,K),(¢,L)}, where ( <n <06 and K,L < w. Then by construction
T(n, K) = U, (s) and 7((, L) = Uy (t) for some M, N < w and s,t € 25%.

Consider the set A € 9 of all multisystems & = <<,0§m>§n<<w € MS(p)
such that there are strings s',t' € 2<% with s C s', t C ¢/, 1hs’ < hgt(pym),
1ht’ < hgt(pen), and multitrees o € D and o/ € MT(p), such that ¢’ < o and
o’ occurs in ® in such a way that o'(n, K) = ¢y (s’) and o/(¢,L) = @en(t).

The set A is dense in MS(p) by the pre-density of D. Therefore there
is an index j such that ®/ belongs to A. Let this be witnessed by strings
s',t" € 2=, and multitrees ¢ € D, and ¢’ € MT(p), ¢’ < o, as above. In
other words, s C s’, t Ct', 1hs' < hgt(cpZ]M), 1ht' < hgt((péN),' and o’ occurs
in ® in such a way that o'(n, K) = gpf?M(s’) and o'((,L) = wéN(t’). The set
lo’| = {{&1, k1), (€2, ka), .., (Eny kn)} € B x w is finite and contains the pairs
<777K>7 <C7L>7 letv say, <€17k1> = <777K>7 <§27k2> = <C7L> .

And if 4 = 1,2,...,n then by definition o’(&;, k;) = gpélml(sl) = Tflml(sl)
holds for some m; < w apd si € 25¢. In particular o'(n, K) = ¢;,,(s") =
T, (s") and o'(C, L) = @l n(t') = Ten(t'), for i = 1,2.

Consider the multitree 7/ € MT(u) defined so that |7/| = |6’'| and 7/(&;, k;) =
Ug,m,(si) forall i =1,...,n. In particular 7/(n, K) = U, ,(s") and 7/(¢,L) =
U,y(t"). Then 7/ < o' (since Uy, (si) € T, (si)), therefore 7/ <o € D.

It remains to prove that 7' < 7, which amounts to 7/(n, K) C 7(n, K) and
T'(¢, L) € 7(¢, L). However 7(n, K) = U, (s) CU,y(s") = 7'(n, K) since
s C ', and the same for the pair ((,L). O



5 Forcing a real away of a pre-dense set

Let 9 be still a countable transitive model of ZFC' and p = <[P£>§<w‘{ﬂ € M be
as in Section @l The goal of the following Theorem is to prove that, under
the conditions and notation of Definition 1] if £ < 6 and ¢ is a MT(p)-name
of a real in 2¢ then it is forced by the extended forcing MT(pVu) that ¢ does
not belong to sets [U] where U is a tree in Us — unless ¢ is a name of one of
generic reals x¢j, themselves. We begin with a suitable notation.

Definition 5.1. A MT(p)-real name is a system ¢ = (Chi)n<w, i<z Of sets
Cpni € MT(p) such that each set C,, = Cpo U Cp is dense or at least pre-dense
in MT(p) and if o € Cpp and 7 € Cp1 then o, 7 are incompatible in MT(p).

If a set G C MT(p) is MT(p)-generic at least over the collection of all sets
C), then we define c[G| € 2¢ so that c[G](n) =i iff GNCy; # 2. O

Thus any MT(p)-real name ¢ = (C;) is a MT(p)-name for a real in 2¢.
Recall that MT(p) adds a generic sequence (T¢g)e< k<w Of reals xgy € 2.

Example 5.2. If £ < 0 and k¥ < w then define a MT(p)-real name &¢, =
<Cfﬁ>n<w7,~<2 such that each set Cff contains a single multitree pff € MT(p),

)

such that | pfj] = {(& k)} and finally pi]z(g, k) = Ry, where
Ryi={s€2¥:1lhs>n = s(n)=1i}.
Then x¢j; is a MT(p)-real name of the real x¢, the (&, k)th term of a MT(p)-

generic sequence (x§k>g< Jk<w - =

Let ¢ = (Cy;) and d = (D,;) be MT(p)-real names. Say that 7 € MT(p):

e directly forces c(n) =i, where n < w and ¢ = 0,1, iff there is a finite set
¥ C Cp; such that [7] C U exlo]s

e directly forces s C ¢, where s € 2<%, iff for all n < 1hs, 7 directly forces
c(n) =i, where i = s(n);

e directly forces d # c, iff there are strings s,t € 2<¥, incomparable in 2<%
and such that 7 directly forces s C ¢ and t C d;

o directly forces ¢ ¢ [T], where T € PT, iff there is a string s € 2<“ \ T
such that 7 directly forces s C c;

Theorem 5.3. In the assumptions of Definition [{.1], suppose that n < 9,
c = (C! Ym<w. i<z € M is a MT(p)-real name, and for all k the set

D(k) = {1 € MT(p) : T directly forces ¢ # &y, }

is dense in MT(p). Let w € MT(pVu), n <0, and U € U,,. Then there is a
stronger multitree v € MT(u), v < w, which directly forces c ¢ [U].



Proof. By construction U C U, ,, for some M < w; thus we can assume that
simply U = U, ;. The indices n, M are fixed in the proof. We can assume by

Lemma (4.4 that w € MT(u). The support |u| = {(&1,k1), ..., (§u, k) CO X w
is a finite set (v < w), and if i = 1,...,v then, as u € MT(u), there is a string
s; and a number m; such that w(&;, k;) = U&_mi(si). We can assume that

(a) if i # 4" and & = & then k; # k.;

(b) s; # sy whenever i #4', and there is h < w such that 1hs; = h, Vi ;ﬁ

(c) there is a number p < v such that { =---=¢, =nand m; =--- =
m,, = M (then p < 2"), but if 4 <i <wv then (&,m;) # (n, M).

In these assumptions, define a multitree 7 € MT(p) so that |7| = |u| =
{{&, k1), (& ko) and T(&i, ki) = T,y (si) for i =1,... v, so that u < 7.
Consider the set Z of all multisystems ® = <<p§m>§n<<w € MS(p) such that
(1) there is a number H > h and strings s; € 2/ satisfying s; C s, and
hgt(pem,) =H+1fori=1,...,v;

(2) there is a multitree & € MT(p) which occurs in @ (Definition B.I]) and
satisfies conditions below;

(3) (&, ki) = @em,(s;) for i =1,...,v;
(4) o directly forces ¢ ¢ [T], where T = J,com pnrr(s).
Lemma 5.4. 2 is dense in MS(p).

Proof. By Lemma [B2] it suffices to prove that for any multisystem & =
<<p§m>§n<<w € MS(p) which already satisfies by means of a number H and
strings s; € 2, 1 <i < v, there is a multisystem ® € 2 which reduces ®.

Let p = 2 (a number) and let {t1,...,t,} =2/ = {t € 2<¥: 1ht = H}.
We suppose that the enumeration is chosen so that t; = s; for i =1,...,u. Let
l; = k; whenewer 1 <i<pu. If u4+1<n <p then let

by :n+1+11%?%cu{ki:& =n},
so that pairs of the form (n,¢,), n > p+ 1, do not belong to |7|.
Consider a multitree p € MT(p), defined so that

o lpl=|r|U{(nly):p+1<n<p};

>1If s C s; €2<¥ for all i, and u' € MT(u), |u'| = |u| and v (&, ki) = U, (s;) for all
i, then w’ < w. Thus if we prove the theorem for w’ then it implies the result for u as well.




o p(&i ki) = @em,(s;) forall i=1,... v;
o p(n,ln) = @ym(ty) forall n, p+1<n <p — note that by construction

the equality p(n,¥;) = gpnM( ;) also holds for i = 1,...,u, being just a
reformulation of p(&;, ki) = ©¢,m, (8;)-

By the density of sets D(k), there exists a multitree & € MT(p), o < p,
which directly forces ¢ # @,, for all n = 1,...,p — including ¢ # Xy,
for ¢ = 1,...,u. Then there are strings u,vi,...,v, € 2<% such that w is
incompatible in 2<% with each v, and o directly forces each of the formulas

uCc, and v, C &y, forall n, 1 <n <p.

However o directly forces vy, C &y, iff v, C stem(o(n,£,)). We conclude that
o directly forces ¢ ¢ [T], where T'= U, ,,, o(n, ).

Now let @' = <<,p§m>m<w € MS(p) be defined as follows.

(I) welet g, (s;) =0(&i ki) for i=1,...,v;
(1) if p+1 <n < p then let ¢y, (tn) = o(n,£,) — the equality is also true
for n < p by.;

(IMI) if (¢, m) € |®|, s € 2<%, and 1hs < hgt(pey,) (that is, gem(s) is defined),
but ¢,,(s) is not defined by [(D)]and (D)9, then we keep Pem(8) = pem(s);

(IV) for any (k) € |o| ~ |p| add to |®| a pair ({,m) ¢ |®| and define
hgt(¢g,,) = 1, ¢, (A) = (&, k) — to make sure that o occurs in @'

By construction, the multisystem ® € MS(p) reduces @, the multitree o occurs
in @ by[(IV)|and satisfies o < p. Finally to check note that by construction
Ui<n<p @ 6n) = Useor @rar(s). Thus @' € 2, as required. O (Lemma)

Come back to the proof of the theorem. It follows from the lemma that there
is an index j such that the system ®/ = <<pém>§n<<w belongs to Z. Let this be
witnessed by a number H > h, a collection of strings s; €2l (1 <i<vw),
and a multitree o € MT(p), so that conditions [(1)] [(2)} [(3)] [(4)] are satisfied
for ® = ® and o. Then, for instance, gpgm( 8;) = T¢,p,(8;) (see Defini-
tion [A.IJ(iii)). However o (&, ki) = gpg . ) by [B)] while T(&, ki) = Tk, (s4)
by the construction, and s; C s;. It follows that o < 7.

Finally consider a multitree v € MT(u), defined so that |u| = |o|, u(&, ki) =
Ug,m,(s;) for i = 1,... v, and if (§,k) € |o| ~ {(&, ki) :1 < i < v} then let

v(&, k) be any tree in [ng satisfying v(&, k) C o (&, k) (we refer to Lemma [4.4)).

6 That is, except for the triples (¢, m,s) = (&, mi,s,) and (0, M, t,).
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Recall that by construction s; C s; for all ¢. It follows that v < w. On
the other hand, v < o, therefore v directly forces ¢ ¢ [T] by where
T = Useon @%M(s) = Usearr Tpyps(s). And finally by definition U = U, ,, C
Usear Typr(s), so v directly forces ¢ ¢ [U], as required. O

6 The product forcing

In this section, we argue in L, the constructible universe. Let <j be the
canonical wellordering of L.

Definition 6.1 (in L). We define, by induction on « < wy, sequences u* =
(Ug)e<as P* = (P¢)e<a of countable sets of trees Ug, Pg in PTF, as follows.

First of all, we let PS¢ =0 and U% = Py (see Example 2.2) for all a; note
that the terms P§, US do not participate in the sequences p® and u®.

The case o = 0. Let p’ = u® = A (the empty sequence).

The step. Suppose that 0 < A < wy, and u®, pP® as above are already
defined for every o < A. Let 91, be the least model 9t of ZFC’ of the form
Ly, k < w1, containing (u*),<y and (p“)a<x, and such that A < P and U%,
Pg are countable in 90 for all £ < a < A.

We first define a sequence p* = (|P2‘>5<,\ so that [Pg‘ = Ug<acr Ug for all
¢ < \. In particular if A = a+1 then IP?Jrl = PgUUg for all { < a+1 (because
Pg = U&a,@é [Ug‘/ at the previous step), and, for ¢ = a, PO = PAUUL = Py
(see above). Thus p®*! is the extension of p®Vu® (see Section [3]) by the default
assignment P2t = P(. For instance, p! = (Pg).

Thus a sequence p* = <[Pg‘>5< A is defined.

To define v* and accomplish the step, let ¢ = (P’ )j<w be the <g-least
sequence of multisystems ®7 € MS([p)‘), <-increasing and generic over 91, and
let v = <[Ug‘>§< A be defined, on the base of this sequence, as in Definition .11

After the sequences u® = (Uf)ecq and p* = (P¢)¢<q, and the model My,
have been defined for all o < wy, we let P¢ = U&(Kw1 Ug for all £ < wy, and
let p=p*! = (P¢)¢cw, - The set MT(p) of all p-multitrees (Definition B.I]) will
be our principal forcing notion. O

Proposition 6.2. The sequences (U*)a<w,, (P“)a<w, belong to AYC. O

Remark 6.3. If a <y < w; then the sets MT(p®) and MT(p”) of multitrees
are formally disjoint. However we can naturally embed the former in the latter.
Indeed each multitree T = (T, 5”223 € MT(p®) can be identified as an element
of MT(p”) by the default extension Tg, = 2<“ whenever a < & < . With
such an identification, we can assume that MT(p®) C MT(p?) C MT(p), and

similarly MT(p*) = (J, -, MT(u®) for all limit A, and the like. O
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Lemma 6.4. If a < w; and a set D € M,, D C MT(p®) is pre-dense in
MT(p®) then it remains pre-dense in MT(p).
Therefore MT(u®) is pre-dense in MT(p).

Proof. By induction on 7, £ <y < wy, if D is pre-dense in MT(p?) then it
remains pre-dense in MT(p” V u”) by Lemma A6 hence in MT(p”*!) too by
constructions. Limit steps including the step w; are obvious.

To prove the second part, note that MT(u®) is dense in MT(p® V u®) by
Lemma B4}, therefore, pre-dense in MT(p®*!), and MT(u®) € Myy1. O

Corollary 6.5. If £ < a < w; then the set [Ug‘ is pre-dense in Pg¢.

Proof. Let T' € P¢. Consider a multitree 7 € MT(p) defined so that 7(£,0) =
T and 7(n, k) = 2<¥ whenever (n,k) # (£,0). By Lemma[6.4] 7 is compatible
in MT(p) with some w € MT(u*). We conclude that 7" is compatible in P
with U = u(¢,0) € Ug. O

Lemma 6.6. If X C HC = L, then the set Wx of all ordinals o < wy such
that (Lo ; X NLy) is an elementary submodel of (L, ; X) and X NL, € M,
is unbounded in wy. More generally, if X, C HC for all n then the set W of
all ordinals o < wy, such that (Lgy; (X, N La)n<w) s an elementary submodel
of (L, ; (Xn)n<w) and (X, NLa)ncw € My, is unbounded in w; .

Proof. Let ap < w;. Let M be a countable elementary submodel of Ly,
onto

containing «ag, wy, X, and such that M NHC is transitive. Let ¢ : M — L,
be the Mostowski collapse, and let o = ¢(w;1). Then ap < @ < A < w; and
#(X) = XNL, by the choice of M. It follows that (L, ; XNL,) is an elementary
submodel of (L, ; X). Moreover, « is uncountable in Ly, hence Ly C 9M,.
We conclude that X N L, € M, since X N L, € L, by construction.

The second claim does not differ much. O

Corollary 6.7. The forcing MT(p) satisfies CCC.

Proof. Suppose that A C MT(p) is a maximal antichain. By Lemmal[6.6, there
is an ordinal « such that A" = ANMT(p®) is a maximal antichain in MT(p®)

and A’ € M,,. But then A’ remains pre-dense, therefore, maximal, in the whole
set MT(p) by Lemma 64l It follows that A = A’ is countable. O

7 The extension: non-uniformizable set and Theorem [1.3]

Working in terms of Definition [6.1], we consider the set MT(p) € L as a forcing
notion over L. It is equal to the finite-support product H5 <wy [P§<w, which also
can be understood as the finite-support product H§ <wr, k<w Pék> where each P,
is equal to one and the same P¢ = U&(Km Ug of Definition [6.1]

We make use of this forcing to prove Theorem [I.3l
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Lemma 7.1 (= Lemma 7 in [7]). Let £ < wl. A real x € 2 is P¢-generic
over L iff x € Z¢ = ﬂ€<a<w% UUeug[U]-

Proof. All sets Ug are pre-dense in P¢ by Corollary [6.5l On the other hand, if
A CP¢, A€L is amaximal antichain in P¢, then easily A C P¢ for some «,
¢ < a < wl, by Corollary [6.71 But then every tree U € Ug satisfies U ctin| JA
by Lemma [£.5] so that UUeug[U] C UpealT]. O

Corollary 7.2. In any generic extension of L with the same wq, the set
P={{&x): £ <wk Az €2¥is Pe-generic over L} C wi x 2¥

is IT}C, and II3 in terms of a usual coding system of ordinals < w; by reals.

Proof. Use Lemma [Tl and Proposition d
Definition 7.3. From now on, let G C P<“ be a set MT(p)-generic over L.
Note that w{‘[G} = wl' by Corollary 6.7

If £ <wl and k < w then let G, = {T(£,k): 7 € G}, so that each G
is P¢-generic over L and Xg¢ = mTeng [T] is a singleton X¢p = {z¢;} whose
only element x¢, € 2 is a real P¢-generic over L. O

The whole extension L[G] is then equal to L{(z¢), <l k <w]» and our goal
is now to prove that it contains no P¢-generic reals except for the reals x¢y.

Lemma 7.4 (in the assumptions of Definition [T3)). If ¢ < w and = € L[G]N2¥
then x € {x¢,:k <w} iff x is a Pe-generic real over L.

Proof. Otherwise there is a multitree 7 € MT(p) and a MT(p)-real name
¢ = (Chi)n<w,i=0,1 € L such that 7 MT(p)-forces that c is P¢-generic over L
while MT(p) forces ¢ # ¢, Vk. (Recall that @¢;, is a MT(p)-name for xgy.)
The sets C,, = CpgUCy,1 are pre-dense in MT(p). It follows from Lemma [6.6]
that there is an ordinal \, ¢ < A < wy, such that each set C!, = C,, " MT(p*)
is pre-dense in MT(p?), and the sequence (C’.),<w, i=01 belongs to My, where
Cl, = Cl NCp — then O} is pre-dense in MT(p), too, by Lemma Thus
we can assume that in fact C,, = C’ , that is, ¢ € 9 and c is a MT(p*)-name.
Further, as MT(p) forces that ¢ # ¢, the set Dy of all multitrees o €
MT(p) which directly force ¢ # &, is dense in MT(p) — for every k. There-
fore, still by Lemma [6.6] we may assume that the same ordinal A as above
satisfies the following: each set Dj = D N MT(p") is dense in MT(p?).
Applying Theorem with p = p*, u=u*, 6 = X\, n = &, we conclude
that for each U € [Ug‘ the set Qp of all multitrees v € MT(u") which directly
force ¢ ¢ [U], is dense in MT(u? V p), therefore, pre-dense in MT(p*1). As
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obviously Qu € M1, we further conclude that Qp is pre-dense in MT(p) by
Lemma [6.4l Therefore MT(p) forces c ¢ UUEU? [U], hence, forces that c is not

P¢-generic, by Lemma [Z.Il But this contradicts to the choice of . O
Lemma 7.5 (in the assumptions of Definition [T3)). If & < wt and k < w then
() er & Ll{Tne) (n02(e k)]
(i) wer is not OD((@ne)nre, kew) in LIG]. O

Proof. is a usual property of product forcing, while to prove we need
to make use of the fact that by construction the &-part of the forcing is itself a
finite-support product of countably many copies of P¢. O

Example 7.6 (non-uniformizable [T} set). Arguing in the assumptions of
Definition [.3] we consider, in L[G] = L[(x§k>§<w%’k<w], the set P of Corol-

lary First of all P is IIf¢ in L[G] by Corollary Further, it follows
from Lemma [T.4] that

P={{aeg): {<wl Nk <w},

and hence all vertical cross-sections of P are countable. And by Lemma it
is not ROD uniformizable since any real in L[G] belongs to a submodel of the
form L{(z¢r)e<c kew], where ¢ < wl. O

Example 7.7 (non-uniformizable IT3 set). To get a non-uniformizable I3 set
in 2¢¥ x 2¥ on the base of the abovedefined set P C w{‘ x 2¢, we make use of
a usual coding of countable ordinals by reals. Let WO C 2% be the II} set of
codes, and for w € WO let |w| < wy be the ordinal coded by w. We consider

P = {{w,z) € WO x 2¥: (Jw|,z) € P},

a I1} set in L[G]. Suppose towards the contrary that, in L[G], P’ is uniformiz-
able by a ROD set Q' C P'. As w¥ = w; by Corollary 6.7, for any & < w; there
is a code w € WONL with |w| =¢. Let we be the <g-least of those. Then

Q={(&z) € P:(we,z) € Q'}
is a ROD subset of P which uniformizes P, contrary to Example d

O (Theorem [L3)
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8 Non-separation model

Here we prove Theorem [[L4l The model we use will be defined on the base of the
model L[G] = L[(x§k>§<w%7k<w] of Definition[73] of the form M= = L{(z¢p)cez],
where = C w{‘ will be a generic subset of w{‘, so that, strictly speaking, 9= is
not going to be a submodel of L[G].

To define =, we recall first of all that the ordinal product 2v is considered
as the ordered sum of v copies of 2 ={0,1}. Thus if v = A + m, where )\ is a
limit ordinal or 0 and m < w, then 2v =A+2m and 2v+1=A+2m + 1.

Now let Q = 3T with finite support, so that a typical element of Q is a
partial map q : w%‘ — 3 =0,1,2 with a finite domain domq C w{‘; this is a
version of the Cohen forcing, of course.

Definition 8.1 (in the assumptions of Definition [7.3]). Let H C Q be a set
generic over L[G]. It naturally yiels a Cohen-generic map Fp : w%‘ — 3. Let

Ay = {v<wl:Fy@) =0}, By = {v<uwl:Fy)=1},
Dy = {v<wlt:Fy() =2}, and
Eg={2v:ve Ay UDy}U{2v+1:ve By UDg}.
We consider the model My = L{{z¢0)¢ez,]. Let HC(H) = (HC)"#. O

Note that 91y is not a submodel of L[G] since the set Z5 does not belong
to L[G]; but My C L[G|[H], of course.

Theorem 8.2 (in the assumptions of Definition BIl). It is true in My that

(H)

Ag and By are disjoint ch sets not separable by disjoint X5 sets.

Example 8.3 (non-separable T3 sets). In the notation of Example [T.7] let
X ={wg:£€ Ay} and Y ={we:{€ Bp}.
HC(H)

The sets X, Y C WONL are II, together with Ay and By, and hence
IIi, and X NY = &. Suppose towards the contrary that X', Y’ C 2¢ are

disjoint sets in X1, hence in EgC(H), such that X C X’ and Y CY’. Then

A={¢<wliwee X'} and B={¢{<wl:weeY'}

are disjoint sets in ZSC(H), and we have Ay C A and By C B by construction,
contrary to Theorem O

The proof of Theorem involves the following result which will be estab-
lished in the next section. Theorem 8.4 esentially says that the coding structure
in L[G] described in Section [ survives a further Cohen-generic extension.
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Theorem 8.4 (Cohen-generic stability). In the assumptions of Definition [81:

(i) if € <wl and z € LIG[H] N2¥ then z € {xe, k <w} iff x is a Pe-
generic real over L ;

(i) if € <wl and k <w then e, & L{{@ne) iy.02(e.0 ) [H] ;
(iif) if & <wl and k <w then zg¢y is not OD((Tye)yre, kew, H) in L[G][H].

Proof (Theorem modulo Theorem B4]). That Ay N By = @ is clear. To
see that, say, Ay is H; ) i m H, prove that the equality

Ag={v<wi:=3JzP2v+1,2)}

holds in 9y, where P is the IIj'¢ set of Corollary (For By it would be
P(2v,x) in the displayed formula.)

First suppose that v < wF, € =20 +1, 2 € Ny Nw®, and P(£,z) holds in
MNp; prove that v ¢ Ay . By definition x is Pg-generic over L. Then z = z¢
for some k by Theoremm Therefore £k = 0 and £ has to belong to Zg by
Theorem But then v € By U Dy, so v ¢ Ap, as required.

To prove the converse, suppose that v ¢ Ap, so that v € By U Dy. Then
£ =2v+1 € Eg, and hence v = x¢9 € MNy. We conclude that (§,z) =
(2v +1,z) € P by Lemma[(4] as required.

Finally, to prove the non-separability, suppose towards the contrary that, in
Ny, Ag and By are separable by a pair of disjoint X5¢ sets 4, B C wy = wl.
These sets are defined in the set HC(H) = (HC)™# by II, formulas, resp.,
¢(a, &), (b, &), with real parameters a,b € My N2%. Let A < wl be a limit
ordinal such that a,b € L[(z¢0)ecz,nn], and let 0,7 € L[G] be Q-real names
such that a = o[H] and b = 7[H], which depend on (z¢p)¢c=,nx only.

If K CQ is aset Q-generic over L|G] (e.g., K = H), then let

A = {€ <ol 10K, "M}, By = {€ < w1 o(r[K], )"},

so that by definition Ay C A= A};, By C B = B}, and A;; N B}; = @. Fix
a condition gy € H which forces, over L[G], that Ay, C A}, By C By, and
A} N B}, = @, where h is the canonical name for /. We may assume that
domgg C A as well, for otherwise just increase A.

Now let & be any ordinal with A < & < wy. Consider three sets Hy, Hi,
H, C Q, generic over L|G] and containing g, whose generic maps Fy, : wl — 3
satisfy Fp,(§o) =i and Fp,(§) = Fu,(§) = Fu, (&) for all £ # &.

Then o[Hy| = o[Hs|, T[Ho] = 7[Ha2], and Zg, = Eg, U {2& + 1}, hence,
Nu, € Npg,. It follows by Shoenfield that AEO C AEZ and BI*LIO C B}‘JZ, hence

AHQQAHOQAEOQAEQ, BHQZBHOQB;}OQB}}Q, *H2QB?{2:@
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by the choice of go. We conclude that §y € A7y, just because §y € Ap, by the
choice of Hy. And we have {y € By, by similar reasons. Thus Ay, N By, # @,
contrary to the above. The contradiction ends the proof.

O (Theorems B2 and L4 modulo Theorem [B4))

9 The proof of the Cohen-generic stability theorem

Here we prove Theorem [B.4. We concentrate on Claim |(i)| of the theorem since
claims are established by the same routine product-forcing arguments
outlined in the proof of Lemma

First of all, let us somewhat simplify the task. It is known that every real
in a Q-generic extension belongs to a simple 2<“-generic extension (that is, a
Cohen-generic one) of the same model. That is, it suffices to prove this:

Lemma 9.1 (in the assumptions of Definition [7.3). If a € 2¥ is 2<“-generic
over LG, ¢ <wk¥, and a real z € L|G][a] N 2¥ is P¢-generic over L[G] then
x = x¢), for some k.

Proof. Coming back to Definition [6.1] we conclude that the sequence & there is
generic not only over 2y but also over 9y [a] by the product forcing theorems.
It follows that Lemma also is true in Lja] for all sets D € My[a], and so
are Lemma [6.0] (for models Ly, [a] and L,[a]) and Corollaries [6.5] and This
enables us to prove Lemma [T.4] for all reals x € L|G][a], and we are done. [

O (Theorem B4
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